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Computational Implementation of LuGre Friction
Law 1n a Revolute Joint with Clearance

Onesmus Muvengei, John Kihiu and Bernard Ikua

Abstract—This paper demonstrates how LuGre friction law can
be implemented to model the stick-slip friction in revolute clearance
joints of a mechanical system. The effective coefficient of friction
is represented as a function of the relative tangential velocity of the
contacting bodies, that is, the journal and the bearing, and an internal
state. In LuGre friction model, the internal state is considered to be
the average bristle deflection of the contacting bodies. By applying
the LuGre friction law on a typical slider-crank mechanism, the
friction force in the revolute joint having clearance is seen not to have
a discontinuity at zero slip velocity throughout the simulation unlike
in static friction models. In addition, LuGre model is observed to
capture the Stribeck effect which is a phenomenon associated directly
with stick-slip friction.

Keywords—Dynamic response. LuGre friction model. Multi-body
system. Revolute clearance joint. Stick-slip friction

I. INTRODUCTION

N traditional dynamic modeling of multi-body mechanical

systems, clearance, friction, impact and other phenomena
associated with real joints have been routinely ignored in
order to simplify the dynamic model. However, due to the
increasing requirement for high-speed and precise machines,
mechanisms and manipulators demands that the kinematic
joints be treated in a realistic way. The realistic modeling of
multi-body mechanical systems is a complex and important
issue.

At the joints, a clearance should always be present to permit
relative motion of the connected bodies as well as permitting
assemblage. Due to the relative motion of the bodies, friction
at the kinematic joints will be inevitable and can lead to
physical and dynamic deterioration of the mechanical system
especially for poorly lubricated joints.

There is a significant amount of available literature which
discuses theoretical and experimental analysis of imperfect
kinematic joints in a variety of planar and spatial mechanical
systems with rigid or flexible links [1]-[29]. Many of these
works focus on the planar rigid-body mechanical systems in
which friction is neglected, or modeled using the classical
Coulomb law [1]-[3], [25], [26] or modeled using a modified
Coulomb’s friction law [6], [7], [17]-[19], [21], [22], [27]-[29]
for purposes of avoiding discontinuity of force at zero velocity
and hence allow numerical stabilization of the integration
algorithm. However, the classical Coulomb’s friction law does
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not cater for the stiction phenomena which occurs when the
relative tangential velocity of two impacting bodies, that is,
the journal and the bearing (incase of a revolute clearance
joint), approaches zero. But a suitable friction model must
be able to detect sliding and sticking to avoid energy gains
during the impact. Also, modifying the Coulomb’s friction
law to avoid discontinuity of friction force at zero relative
tangential velocity is done purely in a mathematical manner
and hence this does not represent accurately the physical pro-
cesses associated with the friction phenomenon at the revolute
clearance joints. Hence there is a need to model the actual
physical friction phenomenon in a revolute clearance joint,
that is, the sliding friction, stiction friction and the stick-slip
transition motion both at microscopic and macroscopic levels.
There has been efforts to model stick-slip friction at lower
pairs of mechanical systems, such as in [30]-[32], however in
these works, the normal force in the joint was not considered
to result from the contact-impact forces due to the clearance
at the joint, and the friction models are strongly coupled with
the rest of equations of motion of the system. More recently,
Changkuan [33] presented a Finite Element based approach
of modeling the stick-slip friction in revolute clearance joints
of a flexible multi-body system using LuGre friction law. The
author presented the kinematic and unilateral contact equations
(both normal and friction forces at the revolute clearance joint)
in forms easier for discretization.

In this study therefore, a simple and computationally ef-
fective approach of continuously modeling and simulating the
stick-slip friction in revolute clearance joints of a planar rigid
multi-body system is presented. The LuGre friction law is
proposed to model the stick-slip friction by calculating the
effective coefficient of friction (i) as a function of the relative
tangential velocity of the contacting bodies and an internal
state (z). The internal state (z) is considered to be the average
bristle deflection of the contacting bodies, that is, the journal
and the bearing of the revolute clearance joint. The normal
force due to the impact at the revolute clearance joint is
modeled using the Lankarani and Nikravesh model [34] which
captures the energy dissipated during the impact.

II. FRICTION

The term friction comes from the Latin verb fricare, which
means to rub [35]. Friction is an inevitable non-linear phe-
nomenon that occurs in all kind of mechanical systems. It is
one of the major limitations to achieve good performance in
controlled mechanical systems, and hence it should be taken
into account at the early stages of engineering design. One of



the areas where friction is evident in a mechanical system is
at the joints since it is where the bodies move relative to each
other. Ideally, when modeling these kinematic joints, friction
is normally neglected for purposes of simplifying the dynamic
model of the mechanical system. This implies that the physical
phenomena at the joints is not realistically captured by the
developed model, and hence significant differences between
numerical simulation and experimental results are evident.
Friction in the kinematic joints of mechanical systems is
not wanted, hence efforts are made to reduce it by design,
or by control. A widely used principle of friction control is
model-based friction compensation which is utilized to apply
a force or torque command equal and opposite in sign to the
instantaneous friction force [35]. An accurate friction model is
needed for this purpose. Thus, various mathematical models
have been proposed in literature that describe the important
friction phenomena observed, most of them are still used now.
The preferred model depends on its purpose, but the one that
accurately describes all the observed phenomena is in general
to be preferred. Other than the effectiveness and correctness of
the friction model, the model efficiency, that is, the required
computational time, can be of importance when the model
is used in simulation studies. Due to the complexity of the
physical phenomenon of friction, most models are of empirical
nature and only approximate the friction phenomenon.

A. Static Friction Models

The static friction models describe the steady-state behavior
between velocity and friction force. These models are charac-
terized by a discontinuity of friction force at zero velocity,
implying that the friction force can take on an infinite number
of possible values at zero velocity [36]. This discontinuity does
not reflect the friction phenomenon realistically and leads to
instability of the algorithms used in simulating the friction
forces.

1) Coulomb Friction: Devised in 1785, Coulomb friction
law [37] which represents sliding friction is the most funda-
mental and simplest model of friction between dry contacting
surfaces. During sliding between two surfaces, Coulomb law
states that the frictional force is directly proportional to the
magnitude of normal force at the contact point, where the
constant of proportionality is termed as the kinetic coefficient
of friction (). This is mathematically represented as;

Fo = —ppFnsgn(vr) (D
where
vr
sgn(vr) = Vel 2

Fy and F are the normal reaction force between the con-
tacting surfaces and the Coulomb friction force respectively.
Equation (1) shows that the Coulomb friction force depends
on the direction of the velocity of slip but not its magnitude
as also shown Fig. 1(a), and acts in the opposite direction of
the velocity of slip as indicated by the negative sign. Equation
(1) has been used by several researchers [1]-[3], [25], [26] to
model friction in revolute joints with clearance.
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(a) (b)

(© (d

Fig. 1. Friction force versus tangential velocity plot for static friction models
(a) Coulomb friction (b)Coulomb, viscous and stiction friction (c)Coulomb
friction, Viscous friction, static friction and Stribeck effect (d)Continuous
zero-velocity crossing model

Coulomb’s friction law does not model the stiction phenom-
ena which occurs when the relative tangential velocity of two
contacting bodies approaches zero. In addition its simplicity
is only apparent, and when used as it is, leads to several
numerical challenges in simulation of mechanical systems.
This led C. Glocker [38] to comment; “With this friction
law, one has chosen one of the most complicated force laws
that occur in application problems. It seems so easy and so
clear at first view, however, when trying to apply it, or even
just trying to write it down as a mathematical expression,
one immediately encounters a lot of serious and not expected
problems of different nature” .

2) Stiction Friction: Stiction describes the threshold value
of friction force when the contacting surfaces are at rest.
Experimentally, it has been observed that friction force at rest
is higher than the kinetic or Coulomb friction [39]. If the
system is experiencing stiction, an externally applied force
that is equal to or greater than the stiction force is needed to
put the body in motion, that is, to bring the body in slipping.
The force required to overcome the static friction and initiate
motion is called the break-away force [40]. Transition from
sticking to sliding leads to intermittent motion known as stick-
slip motion. The corresponding graph of friction force and the
tangential velocity when both Coulomb, viscous and stiction
frictions are considered is as shown in Fig. 1(b)

3) Stribeck Friction: Richard Stribeck [41] showed that, at
low velocities friction decreases continuously with increasing
velocity when entering the slipping phase. This phenomenon
contradicts the discontinuous behavior of the stiction friction
(Fs as shown in Fig. 1(b)) but describes the friction force
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in the transition between sticking and slipping, which can be
approximated by the following equation;

~
vrT

Vs

FSt = (Fs—Fc)e

3

where v, is the Stribeck velocity and -~y is the gradient of
friction decay in the velocity dependent term. This leads to a
more general model of stick-slip motions that usually has the
shape as depicted in Fig. 1(c).

4) Continuous Zero-velocity Crossing Friction Model: The
limitations of discontinuity of force at zero velocity for static
friction models as shown in Figs. 1(a), 1(b) and 1(c) have
led several researchers on multi-body dynamics [42]-[46] to
modify these models in order to avoid the discontinuity of
force at zero relative velocity and to obtain a continuous
friction force-velocity relationship, such as the one shown in
Fig. 1(d).

Several researchers [6], [7], [17]-[19], [21], [22], [27]-[29]
on the area of multi-body systems with clearance joints have
used a modified Coulomb’s friction law proposed by Ambrosio

[46] which gives the tangential friction force (Fr) as;
v

—ppcaFy —— 4
[vr|

where ¢4 is a dynamic correction coefficient expressed as,

Fr =

0 if v <y
ca=1 T2 if v Svr < ()
1 if vT Z (¥

in which, vy and v; are the given tolerances for the velocity.
The correction factor prevents the friction force from changing
direction when the value of the tangential velocity approaches
zero, and allows numerical stabilization of the integration
algorithm. However it does not account for stiction phenomena
of the contacting surfaces. This led Flores [29] to recommend
that friction laws which account for stick-slip conditions in
revolute clearance joints of multi-body mechanical systems
be included in the numerical models.

B. Stick-Slip Friction

Stick-slip motions consist of sticking where the motion
stops and slipping where the bodies suddenly accelerate again.
Stick-slip motion is caused by the fact that friction is larger at
rest than during motion. When the applied force reaches the
break-away force the body starts to slide and friction decreases
rapidly due to the Stribeck effect as shown in Fig. 1(d).

Superimposing the Coulomb, Stiction, Viscous and Stribeck
models can lead to a complete static friction model which can
be used to model stick-slip motions. However the discontinuity
of force at zero velocity for these static friction models poses
some numerical challenges and does not model real friction
phenomenon at microscopic levels. This has led researchers
to develop dynamic friction models which are also called
state variable models to try to model the friction phenomenon
more realistically in all stages of motion. The idea in dynamic
friction models is to introduce extra state variables (or internal
states) that determine the level of friction in addition to
velocity.
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Some of the dynamic friction models include; Dahl friction
model, Bristle friction model, Reset integrator friction model,
Karnopp friction model, Bliman-Sorine friction model, Leuven
friction model and a more recent LuGre friction model.
Pennestri, et. al [30] attempted to model friction in lower
pairs of a planar multi-body mechanical system using the Dahl
friction model. Karnopp [31] presented a friction model to
simulate the stick-slip friction in planar multi-body mechanical
systems. Kim [32] presented a methodology that automatically
assembles dynamic equations in a matrix form according to
different types of friction modes (sliding and sticking) in
the lower pairs of a mechanical system. However in these
three research works, the normal force in the joint was not
considered to result from the contact-impact forces arising
from the effect of clearance at the joint, and the friction models
are strongly coupled with the rest of equations of motion of
the system.

In 1995, Canudas de Wit et al. [47] through a collaboration
between control groups in Lund and Grenoble, presented the
LuGre (Lund-Grenoble) model which can effectively describe
stick-slip motion due to its ability of capturing the Stribeck
effect. The LuGre model has further been refined by Swevers
et al. [48], and its characteristics and advantages reviewed by
Astrom et al. [49]. Due to the advantages of LuGre friction
model, such as, its ability to capture the variation of friction
force with slip velocity, thus making it suitable for studies
involving stick-slip motions, this work uses the model with
a slight modification in representation in order to include the
friction force resulting from the normal contact-impact forces
at the clearance of the revolute joint.

LuGre model uses the microscopic average bristle deflection
z of the contacting surfaces as the internal state. In this model,
friction is visualized as forces produced by bending bristles
which behave like elastic springs as shown in Fig. 2. As the
velocity at microscopic level increases, the number of bristles
in contact progressively decrease until the bodies in contact
start sliding relative to one another. LuGre model gives the
dynamic friction force (Fr) as [48];

FT = UQZ+012}+UQU (6)

where o is the bristle stiffness, o is the microscopic damping
and o5 is the viscous friction coefficient.

Fig. 2. Bristle interpretation of friction

For small displacements which is normally the case with
mechanical systems, the bristles will behave like a spring-
damping system in which the average deflection z is a function
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of the velocity. An appropriate model is given in [50];

p= 2, %olv| (D

dt B
Fo+ (Fs — Fc)e

C
Vs

III. MODELING OF REVOLUTE JOINTS WITH CLEARANCE

A revolute joint can be described as an assembly of a journal
and a bearing in which the journal is free to rotate inside the
bearing. In the classical analysis of a revolute joint, the journal
and bearing centers are considered to coincide throughout the
motion, but in reality, there must be a clearance between the
bearing and the journal to permit for the relative motion and
the assemblage. The inclusion of the clearance allows for the
separation of these centers since the bearing can translate
inside the bearing, and hence two degrees of freedom are
added to the system by a clearance revolute joint. However,
the journal is limited to stay inside the bearing walls. In dry
contact situations (without lubrication), the journal can move
freely within the bearing until contact between the two bodies
takes place. In modeling of a revolute clearance joint, the
normal contact force together with a friction force resulting
from impact of the journal and bearing are evaluated to obtain
the dynamics of the real revolute joint.

A. Kinematic Model of a Revolute Joint with Clearance

In order to simulate a real revolute joint, its necessary to
develop a mathematical model for the joint in the multi-body
system. Figure 3 shows two bodies i and j connected with
a revolute joint with clearance. Part of body i is the bearing
while part of body j is the journal. X;Y; and XY} are the
body coordinate systems, while XY is the stationary global
coordinate system. P; is the center of the bearing and P; is
the center of the journal at the given instant.

—

Fig. 3. Generic revolute joint with clearance

The eccentricity vector € which connects the centers of the
bearing and the journal is given as,
€ = rp; —Tp;i

= (RJ- + A]‘UP]') - (Ri + AiuPi) ®)

where A; and A; are the transformation matrices of coor-
dinates X;Y; and XY} respectively to coordinate XY, and
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up; and up; are the coordinates of centers of bodies i and
J with respect to their coordinate systems. The magnitude of
the eccentricity vector is,

R
o

e =

©)

The indentation depth due to the impact between the journal
and the bearing can be shown to be,

§ =e—c (10)

where c is the radial clearance at the joint which is the
difference between the radius of the bearing (Rp) and the
radius of the journal (R ). The contact points on bodies i and
J during indentation are C; and C; respectively as shown in
Fig. 4.

Fig. 4. Indentation depth due to impact between the bearing and the journal

The position of the contact points are given as,

rci = R+ Ajup; + Rpfi
roj = Rj+ Ajup; + Ryil

(11)
(12)
where 77 is the unit vector in the direction of indentation

caused by the impact between the journal and the bearing,
given as,

Si
Il

13)

ooy

The velocity of the contact points in the global coordinate
system is found by differentiating (11) and (12) with respect
to time to get,

fci = Ri+ Ajup; + Rpn
fcj = R]‘ + AJ—UPJ' + Rjﬁ

(14)
15)

The components of the relative velocity of the contact points
in the normal and tangential plane of collision are represented
as ¥y and v, and are given as,

iy = (y‘«cj —m)ﬁ (16)

—

iy = (y‘«cj—fcl-)t 17)

where £ is obtained by rotating 7 anticlockwise by 90°.
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B. Dynamic Model of a Revolute Joint with Clearance and
Friction

When the journal makes contact with the bearing, then
impact occurs and the normal and friction forces are created
at the joint. In reality, there are three distinct motions of the
journal inside the bearing, that is, free flight motion when the
journal makes no contact with the bearing, continuous contact
motion when the journal follows the bearing wall and impact
motion between the journal and the bearing. In numerical
analysis, there is a big challenge of contact detection, that
is finding the precise moment when transition between these
different motions occur, otherwise there will be a build-up
of errors which make the final results to be inaccurate. The
problem of contact detection is very critical in the dynamic
analysis of mechanical systems as illustrated in [5], [S1]. A
closer inspection of (10) and Fig. 4 shows that;(a)

1) when the journal is not in contact with the bearing, then
e < c and the indentation depth has a negative value. In
this case, the journal is in free-flight motion inside the
bearing, and no impact-contact forces are created.

2) when contact between the journal and the bearing is
established, the indentation depth has a value equal to
or greater than zero. In this case, impact-contact forces
at the joint are established.

Therefore the computational algorithm developed for dynamic
analysis of a system with revolute clearance joint in this work
ensures that, impact-contact forces are generated when the
depth of indentation is equal to or greater than zero. Since
there are velocity components in the normal and tangential
directions of the collision between the journal and the bearings
as given in (16) and (17), then forces are generated in these
two directions.

1) Normal Force at a Revolute Joint with Clearance: Con-
tact Force Models: Once the journal makes contact with the
bearing, forces normal to the direction of contact are created.
The nonlinear continuous contact force models between two
colliding bodies which include Hertz, Lankarani-Nikravesh,
Dubowsky-Freudenstein and ESDU-78035 contact force mod-
els are the widely used since they represent the physical nature
of the contacting surfaces.

The Hertz law of contact relates the contact force as a
nonlinear power function of the indentation depth as,

Fy = Ko" (18)

where Fy is the normal contact force and § is the indentation
depth of the contacting bodies given in (10). For metallic
surfaces n = 1.5. The generalized stiffness K which depends
on the material properties and the shape of the contacting
surfaces is given as;

4

K = 3(o1 +02)[

RiR, }%

19
R+ Ry (19

where;

R, and Ry are the radii of the spheres (considered
negative for concave surfaces and positive for convex
surfaces)
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o1 and o9 are the material parameters given by;

1—v?

E i fori=1,2 (20)

ag; =

where F; and v; are the Young’s Modulus and Poisson’s
ratio for each sphere.

Unfortunately, the Hertz Law as given in (18) does not
account for energy dissipation during the impact process and
hence cannot be used in both phases of contact (compression
and restitution). Lankarani and Nikravesh [34] extended the
Hertz contact force model to include a hysteresis damping
function and hence represent the energy dissipated during the
impact. The authors separated the normal contact force given
in (18) into elastic and dissipative components as;

Fy = K& + D6 Q1)

where ¢ is the relative impact velocity given in (16), and D
is the hysteresis coefficient given as;

3K(1—¢c2)

D= |
45,

]5” (22)
where §; is the initial impact velocity. Therefore the final

normal contact force can be expressed as;

_2)4
3(1 0)5} 3

Fy = K& [1 ST
Equation (23) is only valid for impact velocities lower than
the propagation velocity of elastic waves across the bodies,
ie., (51 < 107® % where F is the Young’s modulus and p is
the material mass density [52].

The contact models given by (18) and (23) are applicable for
colliding bodies with spherical contact areas. Various elastic
models have been put forward for the cylindrical contact
surfaces, with the commonly used ones being the Dubowsky
and Freudenstein model and the ESDU-78035 model, both of
which are given as in (24) and (25) respectively;

6 = FN<U1ZUQ)[1n<FNZ£1(]g;(;1R_2)02))+1} 24)

o1+ 02) {m <4L(R1 — Ry)

0 = FN( L FN(01+02)

) n 1} (25)
where L is the length of the cylinder.

It has been shown by several researchers such as [7],
[53]-[56] that the two cylindrical contact models do not
present any added advantage compared to the elastic spherical
contact model (that is, the Hertz contact model). However, the
cylindrical models are nonlinear and implicit functions, and
therefore they require an iterative procedure such as Newton-
Raphson algorithm to solve them which is computationally
expensive. In this work therefore, Lankarani-Nikravesh contact
force model represented in (21) is used to evaluate the force
normal to the direction of collision (Fi) since it accounts for
energy dissipation during the impact process.
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2) Friction Force at a Revolute Joint with Clearance: Based
on LuGre Friction Law: Since the normal reaction force at a
revolute clearance joint can be obtained from the contact force
models as illustrated in (23), then from the classical definition
of friction, we have;

Fp = plby (26)

where 1 is considered to vary as a function of the relative
tangential velocity (vr) of the contacting bodies and an
internal state z as defined in the LuGre friction model. Hence
the instantaneous coefficient of friction () to be used in (26)
is represented as,

W = o9z + 012+ oqur 27

and the evolution differential equation for the average bristle
deflection being;

. dz aolvr]
Z:EZUT_ 17:Wz (28)

Vs

pe + (ps — p)e
where g 1s the coefficient of kinetic friction which is a
measure of the Coulomb friction force and i, is the coefficient
of static friction which is a measure of the stiction friction
force. Equation 28 can be substituted in (27) to solve for the
instantaneous coefficient of friction (p) as;

01|UT|

w = o0zl - - =] + (01 + 02)029)

Vs

pe + (s — pr)e
Once the instantaneous coefficient of friction () is obtained
using (29), then (26) can be used to find the friction force
which will capture the stick-slip motion. However, solving (29)
numerically proved to be burdensome in terms of simulation
time. This was overcame by writing (27) and (28) in non-
dimensional forms as illustrated in [33] to get;

B = (1-p501)z+ (01 +02)0r (30)
- L __ VT .Y _ 2.%5 _ 00Z = _ glvr) _
where; 7w = -“—k,_vq; 1%, i=F= ot g(vr) = H: =
L4 (f2 = 1)elrs 5 = 2257y = 2 and 7 = 22
Therefore the friction force in (26) becomes;
Fr = muFx €2

The Friction Model Parameters: As already seen, LuGre
friction model description is characterized by eight parameters,
namely; three dynamic parameters; z, og and oy; and five
static parameters; j, s, Us, v and og. The selection of these
parameters is of great importance since the choice influences
the outcome of the results. These parameters can be estimated
more accurately by performing laboratory experiments which
have been shown to be laborious and challenging. The static
parameters are first estimated by performing open-loop experi-
ments. These parameters are then used in dynamic experiments
to estimate the dynamic parameters using non-linear numerical
methods [57]. Swevers et al. [48] and Kermani et al. [58]
presented experimental methodologies of identifying these
LuGre friction model parameters for a joint of an industrial
robot. The first step in identifying friction parameters of a
manipulator’s joint is to obtain an experimental plot between
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the friction force and the velocity at the joint [58]. Then using
the derived analytical LuGre model, the plot is dynamically
interpreted for purposes of estimating the friction parameters.
However, obtaining such friction-velocity plot by running the
joint at different constant velocities and measuring friction
force is not always feasible [50]

In this work, the choice of z and oy was based on the
following assumptions: (a)

1) Since simulations at steady-state condition are required,
then the average bristle deflection (z) was assumed to
be constant for a particular value of relative tangential
velocity of the journal and bearing. Hence at steady-state

[58];
d o
Z = —Z = — g |UT| ’YZ = O
dt |z
e+ (ps — pu)e 17
_|z !
|vr| 0

2) Since this work is concerned with dry friction at the
joints, then the viscous friction coefficient (o2) which
models the lubricant’s viscous properties was assumed
to be zero.

The values of og, 01, vs, v were chosen based on the
observations made by other researchers as follows;(i)

1) A lot of friction models are sufficiently described with
v =2 [50]

2) oo = 100000N/m [33]

3) o1 = 400Ns/m [58]

4) The characteristic Stribeck velocity v, is usually chosen
to be small compared to the maximum relative velocity
encountered during the simulation. In every simulation,
vs was chosen as 1% of the maximum tangential velocity
achieved.

The effects of the other parameters, that is, 1 and pg on
the dynamic behavior of a mechanical system are investigated
in this work.

3) Unilateral Force at a Revolute Joint with Clearance:
Since the direction of the normal unit vector 7 is used as the
working direction for the contact-impact forces, then the total
unilateral contact-impact force Fy; at body i is given by;

Fy;, = (FN +FT)ﬁ (33)

From the Newton’s third law of motion, the contact reaction

force at body j will be,
Fnj = —Fni (34)

These forces which act at the contact points are transferred to

the center of masses of bodies i and j as shown in Fig. 5. This
transfer of forces from contact points to the center of masses
contributes to the moments given as,

(l'Ci - 11) Fniy — (ycl- - yz) Fnix  (35)

(xcl- - lz) Fnjy — (yCi — yl) Fyix  (36)

M; =

M; =
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Yo 7Y

Fig. 5. Transfer of impact forces to the center of masses of the bodies

The forces in (33) and (34) and also the moments in (35)
and (36) are added to the systems’s equations of motion as
externally applied forces and moments.

IV. RESULTS AND DISCUSSIONS

This section contains results obtained from computational
simulations of a slider-crank mechanism with a revolute
clearance joint when the stick-slip friction is modeled using
the LuGre friction law as described in section III-B2. A
typical slider-crank mechanism as shown in Fig. 6 is used
as a demonstrative example to study the effect of stick-slip
friction on a revolute joint with clearance on the dynamic
response of a multi-body mechanical system. Table I provides
the parameters which were used in simulation of the slider-
crank mechanism with revolute clearance joint in either c-cr
or s-cr joint.

c-cr joint (A)

with clearance .
Connecting rod (cr)

s-cr joint (B)
with clearance

YT

Crank (¢) /.

t—— Slider (s)
Ground

77

clearance (cs)

Fig. 6. Slider-crank mechanism
TABLE 1
PARAMETERS USED IN THE DYNAMIC SIMULATION OF THE SLIDER-CRANK
MECHANISM
Length of crank, Lo 4 0.05m
Length of the coupler link, Lap | 0.3m
Mass of the crank, mo 17.9kg
Mass of the coupler, m3 1.13kg
Mass of the slider, m4 1.013kg

0.460327kg.m?
0.015300kg.m?

Moment of inertia of crank, o
Moment of inertia of coupler, 2

Nominal bearing diameter, d 10mm
Coefficient of restitution, ce 09
Young’s modulus, E 207GPa
Poisson’s ratio, v 0.3
Reporting time step, At 0.000001s
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In the simulations, the initial configuration of the mech-
anism is defined when the crank and the connecting rod
are collinear, and the journal and the bearing centers of the
considered clearance revolute joint coincide. The initial posi-
tions and velocities necessary to start the dynamic simulation
are obtained from kinematic simulation of the slider-crank
mechanism in which all the joints are considered perfect. Since
the equations of motion developed were numerically stiff, then
an in-built MATLAB odel5s solver which is a variable order
multi-step solver employing Numerical Differentiation Formu-
las (NDFs) and is able to handle stff problems efficiently, was
used as the integrator.

This study takes into account four main functional param-
eters of the slider-crank mechanism, that is, the location of
the clearance joint, input crank speed, the kinetic coefficient
of friction and the static coefficient of friction at the joint.

Figure 7 shows the slider acceleration and the friction force
responses when the crank-conrod (c-cr) joint is modeled with
0.5mm radial clearance, the input speed being 2500rev/min,
pr = 0.1 and ps = 0.2. The results are presented for one
cycle of the mechanism after the first cycle when steady state
is reached.
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Fig. 7. Response curves, ¢ 4=0.5mm, N=2500rev/min, £¢;,=0.1 and ps=0.2
(a) Slider acceleration and (b) Friction force

When the journal moves freely inside the bearing walls,
the slider moves with a constant velocity. This is replicated
in the slider acceleration curve (Fig. 7(a)) as regions of zero
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acceleration since the slider moves with a constant velocity,
and also in the friction force curve (Fig. 7(b)) as regions
of zero friction force since in free-flight motion, no impact-
contact forces are created. The smooth regions in the slider
acceleration curve indicate that the journal and the bearing
are in continuous contact motion, that is, the journal follows
the bearing wall. This situation is confirmed by the purely
sliding friction in the friction force curve. The sudden changes
in velocity of the slider is due to the impacts and rebounds
between the journal and the bearing. These impacts are visible
in the acceleration curve as high peak values, and also in the
friction force curve where the stick-slip motions are depicted.
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Fig. 8. Slider acceleration response curve when c-cr joint is modeled as a
real joint: ¢ 4=0.5mm, N=2500rev/min, p=0.1 and s=0.2

Figure 8 shows the slider acceleration curves for a small
period of time (0.005s) in order to show clearly how stick-
slip friction at c-cr joint affects the acceleration of the slider.
It is seen that, during the transition from sliding to sticking,
the acceleration of the slider increases suddenly to a maxi-
mum, while during the transition from sticking to sliding the
acceleration of the slider decreases suddenly to a minimum.
During pure sliding, there is a very slight difference witnessed
in the slider acceleration curves in both friction and frictionless
situations. However, a closer look on the curves show that the
slider acceleration when friction is considered is either higher
or lower than the slider acceleration for frictionless case. This
scenario can be attributed to the fact that during sliding motion
inside the clearance joint, the horizontal component of friction
force can act on a direction similar or opposite to that of
the slider motion. If the slider motion and the horizontal
component of friction force are on the same direction, then the
slider acceleration will be higher than that for the frictionless
case.

Figures 9 shows the friction force and slider acceleration
curves of which the time is very small (0.0002s) in order to
capture clearly the transition of friction force when the relative
tangential velocity of impacting bodies in the clearance joint
is zero. The transition of friction force for zero velocity when
using the LuGre friction law is compared in Fig. 9(a) to when a
modified Coulomb law is utilized. When the relative tangential
velocity of the journal and the bearing is zero, that is at
t=0.0321s, there is no discontinuity of friction force and slider
acceleration as it is the case with static friction models. This
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Fig. 9. Response curves for a smaller period of time (0.0002s), ¢ 4=0.5mm,
N=2500rev/min, z=0.1 and zs=0.2 (a)Friction force (b) Slider acceleration

shows that using the proposed representative version of LuGre
friction model, the friction varies continuously throughout the
simulation time and the Stribeck effect is also captured as it is
expected in real friction phenomenon. This is as also illustrated
in Fig. 10 which shows a plot of friction force against the
tangential velocity of the journal and bearing for one cycle of
the mechanism when c-cr joint is the clearance joint.
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Fig. 10. Friction force Vs tangential velocity curve,
N=2500rev/min, £t;,=0.1 and ps=0.2

c4=0.5mm

Modifying the Coulomb law to a continuous friction law
only eliminates the discontinuity of friction force at zero
velocity, however, this does not capture the Stribeck effect
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which is a phenomenon associated with stick-slip motions.
In other words the curves when Lugre law is applied are
comparable to Figs. 1(c) and 1(d) which capture the Coulomb,
Stiction and Stribeck frictions, and at the same time ensuring
that there is no discontinuity of friction force at zero relative
tangential velocity. Hence the proposed representative version
of LuGre friction model in this work can be said to fairly
model the sliding and stiction friction as well as stick-slip
transitions in a revolute clearance joint. The effects of varying
the static coefficient of friction (1), the dynamic coefficient
of friction (p¢) and the driving speed on the dynamic response
of a mechanical system are studied in [59].

V. CONCLUSIONS

In this work, LuGre friction law has been implemented
to computationally model stick-slip friction in revolute clear-
ance joints of a mechanism. From the numerical simulations
presented in this work, the proposed representative version
of LuGre friction law has been shown to capture both the
sliding and stiction friction together with stick-slip motions
inside a revolute clearance joint. The developed algorithm
is capable of capturing the frictional forces developed in
a clearance revolute joint during all motion modes of the
journal inside the bearing. When the journal is in free-flight
motion inside the bearing the frictional force is zero since
in free-flight motion, no impact-contact forces are created.
During the continuous contact motion, that is, when the journal
follows the bearing wall, the frictional force is characterized
by a purely sliding (Coulomb) friction. During the periods of
impacts and rebounds between the journal and the bearing,
stick-slip motion at microscopic levels is witnessed. The
microscopic transitions from pure sticking to pure sliding
and vice vasa have been shown to significantly affect the
dynamic responses of a mechanical system in a nonlinear and
unpredictable manner. This poses a challenge in controlled
mechanical systems in which the effective controllers should
be able to follow closely these nonlinear and sudden changes
on the dynamics of the system introduced by the stick-slip
friction.

Unlike the case when Coulomb law is mathematically
modified to a continuous law, the LuGre friction law has been
shown to eliminate the discontinuity of friction force at zero
velocity while at the same time capturing the Stribeck effect
which is a phenomenon entirely attributed to the stick-slip
friction. The elimination of the discontinuity of friction force
at zero velocity is very vital since it ensures that the friction
force varies continuously throughout the simulation time as it
is expected in real life. Also, the LuGre friction law shows
major dynamic effects on the responses of the mechanical
system.
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