








aspect and volume ratios and were also employed where
high-stress gradients were anticipated.

The choice of the number of elements and geometric
ratios in each division or line edge was based on the
following: for parts away from the cross bore, to ensure
that the far-�eld stresses were close to the exact solution
of a plain cylinder; in the cross bore areas, to ensure that
the SCF reasonably converged while minimizing the
frontal width and processing time {5}. The stress
concentration factor (SCF) is de�ned as the ratio of
the maximum hoop stress around the cross bore region
to the far-�eld hoop stress. The pressure vessel material
was a high-strength SA-372 steel having a yield stress
of 450N/mm2, a Poisson ratio of 0.29 and a
Young modulus of 209 6 103N/mm2 {34}. To obtain
the displacements, Gauss point strains and stresses, the
frontal solution technique {35} was employed. In the

elastic–plastic range, the incremental theory of plasticity
and the plastic stress–strain constitutive matrix were
used {14}. Stress projection followed by tensor transfor-
mation techniques {36} were employed to obtain
cylindrical coordinate stress curves for the nodal arrays.

An elastic perfectly plastic material obeying the von
Mises yield criterion was assumed. The Bauschinger
effect was not included since reverse yielding was not
allowed. During the overstrain process, any element that
attained an effective stress which was within 5 per cent
of the material yield stress was considered to have
yielded {14}. Whereas this procedure has the effect of
introducing errors, it reduces the number of loading
cycles necessary before a given OVR is achieved. A more
stringent yield condition of 0.5 per cent was also
demonstrated in order to assess the degree of error
associated with the 5 per cent yield condition. Various
OVR values were considered.

4 RESULTS AND DISCUSSION

4.1 Overstrain stresses

For clarity, the stresses and OVP results are shown as
the stress–yield stress ratio …s=Y s† and the OVP–yield
stress ratio (OVP/Y s) respectively. The overstrain
stresses are the stresses that occur when a cylinder is
under OVP. The stresses presented in this section refer
to the global hoop, radial, axial and effective stresses in
the cylindrical coordinate system of the cylinder and are
not referred to the cross bore local coordinate system.
The overstrain hoop stresses for nodes on the cross bore
surface are shown in F ig. 3 for OVR ˆ 7 per cent,
k ˆ 2.25, d ˆ 0.1 and an internal pressure ratio of 0.21.
The location of the node in the meridional plane is
shown as a ratio of its distance from the crotch corner to

Fig. 1 Discretization of a plain cross-bored cylinder

Fig. 2 Isoparametric eight-noded brick element
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the cylinder wall thickness, measured in the direction
approaching the cylinder outer surface. For clarity, only
the nodes in the meridional plane (H IJ) and transverse
plane (BCD) are shown in the legend. The remaining
stress curves represent the nodes in the intermediate
planes. The meridional plane (y–z plane) has been
shown to be the critical plane in loaded plain cross-
bored cylinders {5, 32, 33} and therefore the results
presented mainly address the stresses in this plane.

The stress patterns are similar to those of an elastic
analysis of the same con�guration {5}. The levels are
higher both for positive and negative stresses since the
pressure is higher than that used in elastic analysis.
F igure 4 shows the overstrain effective stresses for the
same nodes. The effective stresses are higher and nodes
within 158 of the crotch corner in the x–z plane have
already yielded. The stress curves are very close around
point I, indicating that the elastic–plastic front is rather
narrow in the x–z plane and does not spread out much
along the IC direction.

The overstrain stresses along the meridional curve
HIJ are shown in Fig. 5 for OVR ˆ 7 per cent. The
radial stress ratio has a value of about ¡ 0.22 at point H.
At the crotch corner, it reduces asymptotically,
approaching zero along line IJ. This behaviour is
normal since radial stresses are expected to vanish at
point J. The axial stress ratio has a value of about 0.05
at point H and drops to about ¡ 0.17 at point I,
remaining at this level along line IJ. The hoop stress
ratio has a value of 0.39 at point H and rises sharply to
reach a value of 0.84 at a point between points I and J.
This is followed by a gradual drop. It is notable that the
location of the maximum hoop stress has now moved
deeper inside the wall thickness, coinciding with the

elastic–plastic interface. The elements already yielded
tend to have a lower hoop stress. This behaviour is
normal in plain cylinders {5}where the outer elastic shell
tends to restrain the inner plastic core from moving out
in the radial direction, thus reducing the hoop stress.
The crotch corner plus the adjacent elements along IJ
have yielded while the rest on either side of point I are
still elastic. The elastic–plastic behaviour around the
cross bore is not quite like that of the plain cylinder {5}.
In this case, the elastic shell is not perfect since some
elements are on the free cross bore surface and are not

Fig. 3 Hoop stresses around a cross bore for OVR ˆ 7 per
cent …k ˆ 2:25, d ˆ 0:1† Fig. 4 Effective stresses around a cross bore for OVR ˆ 7 per

cent …k ˆ 2:25, d ˆ 0:1†

Fig. 5 Meridional stresses for OVR ˆ 7 per cent …k ˆ
2:25, d ˆ 0:1†
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restricted to the same boundary conditions as those in
the plain cylinder case. The yielding of an element on the
cross bore surface weakens that particular point, causing
a redistribution in the local structural stiffness. The local
displacements and stresses are therefore not as pre-
dictable as those in a plain cylinder.

The OVP to achieve an OVR of 0.3 per cent for
k ˆ 1.25–3 and d ˆ 0.005–0.4 are shown in F ig. 6. For a
given d, the pressure increases with increasing k . For
each k , the maximum pressure is observed for the lowest
d. As d increases, the pressure drops sharply, with the
gradient increasing as k increases. The 0.3 per cent OVR
means a higher absolute dimension in the higher than in
the lower k cylinders and therefore more pressure is
required for the same OVR level. The variation of the
incipient yield pressure with respect to d is shown in
F ig. 7. The incipient pressure patterns are similar to
those in Fig. 6. The curves are smooth since only one
element is loaded to the yield point during the incipient
yield process and the structural stiffness adjustments
associated with the OVP have not taken place. The
�gures provide quick look-up tables in the process of
autofrettage and help to select the correct OVP for the
desired con�guration.

To understand the cylinder response to increasing
OVR, the cylinder was subjected to OVR ˆ 7–83 per
cent. The meridional overstrain hoop stresses are shown
in F ig. 8. For each OVR, the maximum stress occurs at

Fig. 6 Internal pressure versus d for OVR ˆ 0:3 per cent Fig. 7 Incipient yield pressure versus d

Fig. 8 Meridional hoop stresses for varying OVRs …k ˆ
2:25, d ˆ 0:1†
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the elastic–plastic interface and progressively decreases
in magnitude and shifts away from the crotch corner in
the radial direction as the OVR is increased. The stresses
increase very rapidly along line HI. At the crotch corner,
the stress drops sharply and then rises along line IJ. The
extent of this rise is governed by the elastic–plastic
interface location. The decrease is highest for OVR ˆ 83
per cent. This decrease is due to the stress redistribution,
which arises from yielded elements having a lowered
stiffness. Each of the curves has a plateau once the
maximum stress is achieved and before the interface.
F igure 9 shows the meridional overstrain effective
stresses and clari�es how the elastic–plastic interface
location shifts with an increase of the OVR. At
OVR ˆ 83 per cent, all the nodes along line IJ have
yielded. This through-thickness yielding should always
be avoided since there is no elastic shell containment in
the global coordinate system to hold the material from
deforming to limits outside the cylinder outer shell. This
situation could lead to gross deformation and rupture of
the cylinder at the cylinder edge around point J.
However, in the cross bore local coordinate system,
the elastic containment may be considered to exist,
though it is not uniformly distributed about the full arc
of the cross bore. This non-uniformity introduces
further complexity in the overstrain stress system
around the cross bore. The variation of the OVR with
the OVP is shown in F ig. 10. For OVR 4 7 per cent, the
OVP is constant for the 5 per cent yield condition. The
more stringent yield condition of 0.5 per cent shows a
straight curve for these low OVR values.

4.2 Residual stresses

The meridional residual hoop stresses are shown in
F ig. 11 for varying the OVR and for k ˆ 2.25 and
d ˆ 0.1. For nodes along line HI, the stress drops
sharply, reaches a minimum value and then rises
asymptotically, approaching zero away from the crotch
corner. The nominal minimum value increases with an
increase in the OVR. The 83 per cent OVR curve shows
a minimum stress ratio of about ¡ 0.8. After the drop in
stress, the point at which the curves attain a zero value is
dependent on the OVR, this point progressively moving

Fig. 9 Meridional effective stresses for varying OVR …k ˆ
2:25, d ˆ 0:1†

Fig. 10 Pressure versus OVR for two yield conditions …k ˆ
2:25, d ˆ 0:1†

Fig. 11 Meridional residual hoop stresses for varying OVRs
…k ˆ 2:25, d ˆ 0:1†
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away from the crotch corner as the OVR is increased.
F igure 12 shows the corresponding effective stresses for
the varying OVR. These curves are almost a mirror
image of the hoop stresses about the line y ˆ 0, as shown
in F ig. 11. The curves show a maximum stress at a point
away from and around the crotch corner. This
maximum increases with an increase in the OVR. The
83 per cent OVR curve has a maximum stress ratio value
of about 0.78. The higher the value of the hoop stress,
the better the cylinder is predisposed to accommodate
further positive pressure loading in service. However,
the residual stress system should not be such that reverse
yielding of the elements takes place. This would induce
cycling in service, which may lead to early fatigue
failure.

An interesting and yet to be fully explained observa-
tion is the variation of the minimum residual hoop stress
with d, as shown in Fig. 13. The curves have no gradual
variation but tend to have scattered and unpredictable
points. However, as a group, the general variation is
predictable and may be approximated using a poly-
nomial curve (of �fth order). It is important to note that
the maximum hoop stress for the elastic {5}and elastic–
plastic curves do not lie at the same point as d changes.
The elastic–plastic interface shape and extent varies
from one d to the other. This has the effect of changing
the resultant superposed residual stress system in a
rather unpredictable manner. This behaviour could be
further con�rmed by adopting the more stringent yield
condition. The variation of the minimum residual hoop
stress for varying the OVR is shown in F ig. 14 for
k ˆ 2.25 and d ˆ 0.1. The curve shows an increase in the
nominal value of the minimum stress with an increasing

OVR and is similar to F ig. 10. Different yield conditions
are considered.

The method of overstraining in this work is such that
a cylinder with a plain cross bore is overstrained to the
desired level and then of�oaded with a negative pressure
equal to the OVP. This means that the full effects of
autofrettage are only felt by the elements around the
cross bore. This process does not achieve the true
bene�ts of autofrettage and is limited in order to avoid
through-thickness yielding of the elements. For the

Fig. 12 Meridional residual effective stresses for varying
OVRs …k ˆ 2:25, d ˆ 0:1†

Fig. 13 Minimum residual hoop streses versus d for OVR ˆ 7
per cent

Fig. 14 Minimum residual hoop stress for two yield condi-
tions
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whole cylinder to experience autofrettage, it would be
necessary that a plain cylinder is �rst autofrettaged to
the required OVR. The cross bore should then be
introduced and overstrained. The resultant residual
stress system around the cross bore for that set-up
would be interesting to compare with the results in this
work. A future research work will address this approach
of achieving overstrain.

4.3 Service stresses

In assessing the bene�ts of autofrettage, it is important
to quantify and demonstrate the service stress levels and
their distributions around the cross bore. For k ˆ 2.25
and d ˆ 0.1, the in-service meridional hoop stresses are
shown in F ig. 15 for a selected number of OVR values
and an internal pressure ratio of 0.09. For 0 per cent
OVR, the maximum stress occurs at point P away from
the crotch corner {5}. Increasing the OVR results in
lower minimum stresses accompanied by a decreasing
maximum. As the OVR is increased, point P does not
become the point of minimum stress. The point having a
minimum stress is located between point P and the
crotch corner. Towards points J and H, the stresses have
the same value for all OVRs. Between points I and P, the
stress has very high gradients. This is in contrast to the 0
per cent OVR case. The 37 per cent OVR case results in
the minimum stress and this has a negative value.
Negative service hoop stresses have the advantage of
stopping any crack-like �aws, especially near the crotch
corner from propagating. It can be deduced that the
cylinder can now accommodate much higher pressures
before re-yielding can take place. This can be useful in

preventing accidental overpressure damage in the case of
short-term overpressure control failure. A negative
residual hoop stress should be accompanied by a
negative service hoop stress if stress reversals are to be
avoided. In terms of hoop stress, the new distribution is
not as smooth as that of 0 per cent OVR. The
corresponding effective service stresses are shown in
F ig. 16, where the point of minimum effective stress
coincides with the point of minimum hoop stress. For
OVR 416 per cent the maximum effective stress occurs
between points H and I. This also applies to the hoop
stresses.

5 CONCLUSIONS AND RECOMMENDATIONS

The incipient yield pressures were established for
varying k and d. The collected data could be a reliable
guide when elastic–plastic conditions are to be avoided
for elastic service. For OVR ˆ 0.3 per cent, the OVPs
were established for varying k and d. For k ˆ 2:25,
d ˆ 0:1 and varying OVR, the overstrain, residual and
service stress levels and pro�les have been presented and
the resultant stresses discussed. The overstrain process
was found to result in favourable residual and service
stress systems, especially beyond an OVR of 37 per cent
when the service hoop stress was negative and the
operating pressure ratio could not go beyond the value
of 0.21. An operating pressure beyond this value would
cause stress reversals at some points, leading to
possibility of fatigue failure. At 7 per cent OVR, all
the elements within 308 of the transverse plane and near

Fig. 15 Service hoop stresses for varying OVRs …k ˆ
2:25, d ˆ 0:1†

Fig. 16 Service effective stresses for varying OVRs …k ˆ
2:25, d ˆ 0:1†
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the cross bore had negative hoop stresses for k ˆ 2:25
and d ˆ 0:1.

In using any of the yield conditions, some error was
retained through the method of averaging the Gauss
point stresses to determine whether an element has
yielded. In reality, some Gauss points within an element
yield while others are still elastic. This was observed in
the high stress gradient regions. However, this error
could be reduced by further re�nement of the elements
around such geometrical points. Another and more
economical approach would be to alter the yield
condition in such a way that the nodes rather than the
elements would be allowed to yield for the yield
condition to be satis�ed.
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