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Abstract

This study considered Wishart affine diffusion processes, which are stochastic processes de-
fined as matrix-valued square root processes or as matrix generalization of a squared Bessel
process. The aim of the study was to develop a double Wishart stochastic volatility model
to price European option: A multifactor Heston model whose volatility components follow
Wishart affine processes for a single risky asset, with two dependence matrices describing the
correlations between the asset dynamic and the Wishart processes, making it more flexible
enough to price options or describe the market prices for short or long maturities. We con-
structed the double Wishart stochastic volatility model, through the generalization of Heston
model into a multifactor nature of implied volatilities, together with the associated properties.
The partial differential equation describing the behavior of prices associated to the dynamics
of stock price under double Wishart volatility model was derived and solved through the ap-
plication of Fourier techniques, combined with perturbation methods to obtain European call
option pricing formula to confirm the applicability of the model in financial derivatives. Then
the log asset return price dynamic under double Wishart model was derived using Ito lemma
and its integrals are solved using corrected Euler-Maruyama discretization technique in order
to obtain the numerical solution for the log-asset return in order to illustrate the behavior of the
log asset returns. The numerical examples show that the call price predictions under double
Wishart model exhibits similar pricing behavior with respect to the market price in short and
long maturities due to the flexibility in the model. Additionally, the numerical illustrations on
the log-asset price return shows the effect of model parameters more so the correlation matrices
on the log-asset price return behavior under double Wishart volatility model in trading, which
is of importance for investors to analyze the stock prices over time.
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Chapter 1

Introduction

1.1 Background

The Wishart process was introduced in Bru (1991), and is a stochastic process which is defined

as a positive semi definite matrix-valued generalization of the square root process. The square

root process itself is a generalized square Bessel process. La Bua & Marazzina (2019), defines a

Wishart process as a matrix valued continuous time stochastic process with a marginal Wishart

distribution, (that is a generalization to multiple dimensions of chi-squared distribution). The

Wishart affine process found its application in finance by Gourieroux & Sufana (2004).

Due to the limitation of Black & Scholes (1973), of assuming that volatility is constant and

so not incorporating the observable phenomenon that implied volatility of derivative products

is strike-and-maturity-dependent. This caused the introduction of Heston (1993) stochastic

volatility model, and it has been powerful and widely applied in financial markets, due to

its flexibility, financial interpretation of parameters and analytical tractability property since

it belongs to the class of affine processes (see Filipovic & Mayerhofer (2009)). The affine

property allows the model to form a closed form solution of the characteristic function of the

log-price, in order to obtain European call option price by Fourier transform inversion.

However, despite the Heston model popularity, the existing literature has documented the

limitation of the model, Da Fonseca et al. (2008); Christoffersen et al. (2009); Ahdida & Alfonsi
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(2013); Kang et al. (2017); La Bua & Marazzina (2019), Gouriéroux (2006) point out that,

the major deficiency of the model is that, does not generate the realistic term structure of the

volatility smiles; Heston model provides too flat implied volatility surface to attain reality. Yet

implied volatility curve generally has steep slope and it is convex in short maturity and tends to

be linear for long maturity. Thus the Heston model is not flexible enough to describe the market

prices in short or long maturities. More effort has been extended to solving this problem by

generalizing the Heston model using two approaches; by adding jump in the stock dynamic or

volatility and investigating the multifactor nature of the implied volatility.

It is well understanding that, the multifactor approach is capable of handling the pricing

problem of derivative products and volatility skew. This usher in the application of the stochas-

tic matrix defined process, that is the Wishart multidimensional stochastic volatility model.

The Wishart process introduced in Bru (1991) as a matrix generalized square process posses

complex parameter specification, but fully preserves tractability and analytical features, since

it belongs to the class of affine processes. The Wishart model considers the volatility of the

asset as trace of the Wishart process which allows to take into account a stochastic correlation

between the underlying asset and the volatility process and gives nice but complex model. A

large existing literature recommends the application of matrix-defined stochastic processes in

derivative pricing or options pricing, the Wishart stochastic volatility model, is among the best

flexible models which can match the term structure of implied volatility well, Da Fonseca et al.

(2008) and Da Fonseca et al. (2005). The term structure of the realized volatilities in this model

is explained by positive semi-definite matrix valued stochastic process.

This study aimed at developing a double Wishart stochastic volatility model (i.e can also be

called Bi-Wishart stochastic volatility model) for pricing the options whose volatility compo-

nents follow Wishart affine processes. This double Wishart diffusion model is obtained through

generalizing Heston model into multifactor nature of implied volatilities with two dependence

matrices for a single risky asset; that is the asset dynamics depends on two Wishart volatility

processes (double Wishart volatility processes). Following Kang et al. (2017) and Benabid

et al. (2008), the matrix specification of the Wishart model makes it flexible enough to describe
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the market prices.

Therefore in order to handle the European call options pricing problem, we consider the

transform methods of Duffie et al. (2000) and the Fast Fourier transform (FFT) methods of Carr

& Madan (1999), together with the perturbation techniques in Benabid et al. (2008) to obtain

the analytical pricing formula. Then the corrected Euler-Maruyama discretization scheme is

employed to obtain the numerical solution for log-asset price dynamic under double Wishart

stochastic volatility model.

Although there are some aspects of the Wishart stochastic volatility model which have

been studied like in Benabid et al. (2008), Da Fonseca et al. (2011), Da Fonseca et al. (2008),

Gauthier & Possamaı̈ (2010), Kang et al. (2017), La Bua & Marazzina (2019), however, there is

no study which has been considered on pricing European options under double Wishart affine

processes (i.e Bi-Wishart affine processes) through the generalization of Heston model; for

a single risky asset pricing model with Fourier transform methods together with perturbation

techniques. That is why the current study is carried out on European option pricing under

double Wishart stochastic volatility model.

1.2 Problem statement

Due to the fact that volatility levels affect all sectors of the economy, more so option trading.

The limitation of the famous standard Black-Scholes model in option pricing for assuming that

volatility is constant which is not realistic in the financial market, this caused the introduction

of Heston volatility model which has been widely applied in option pricing, but the literature

shows that the model has its deficiency, it does not describe the market prices well due to lack of

flexibility in the correlation factors and so can not capture the stylized facts of the market. This

problem of option pricing can be solved through generalizing Heston model, although there

are some aspects of Wishart affine processes which have been studied in Da Fonseca et al.

(2008) and Kang et al. (2017). However, no attention has been put on pricing European options

under double Wishart diffusion processes for a single risky asset pricing model, through gen-
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eralization of Heston model into a multifactor form of implied volatility with two dependence

matrices. This enables enough flexibility to provide fair option pricing predictions or describe

the market prices well for short or long maturities. That is why it is imperative to consider the

current study on European option pricing under double Wishart stochastic volatility model.

1.3 Objectives of the study

1.3.1 General objective

The general objective of the study was to develop double Wishart stochastic volatility model in

option pricing.

1.3.2 Specific objectives

The specific objectives of this study are:

(i) To construct double Wishart stochastic volatility model.

(ii) To determine the call price by solving partial differential equation associated to the dy-

namic of the stock price under double Wishart affine processes.

(iii) To discretize the dynamic of stock price under double Wishart affine processes.

(iv) To compare the Bi-Wishart stochastic volatility model price behavior with market price.

1.4 Significance of the study

This study provides the required theoretical frame work to practitioners on how to derive the

European option pricing formula under double Wishart stochastic volatility model; This study

attempts to improve the existing methods to allow investors invest with minimum risks in finan-

cial markets. The study will also contribute to the literature on how to construct the model, de-

rive the partial differential equation and to develop a discretization scheme for double Wishart
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stochastic volatility model. This will be of great importance to investors, policy makers, re-

searchers, practitioners and data scientists as regard to the application of double Wishart model

in financial markets.

1.5 Scope of the study

This study covers the multifactor Heston volatility model, with two correlation matrices de-

scribing the correlations between the Brownian matrices of the stock process and those of the

Wishart processes. Ito calculus, complex integrals, Fourier techniques together with perturba-

tion methods are employed in order to price the European options, also the Euler numerical

scheme is taken into account.

1.6 Limitation of the study

This study does not analyze the stock distribution function, Greeks and also do not capture

parameter estimations but rather focuses on developing a double Wishart stochastic volatility

model in option pricing, in order to derive new European option pricing formula under double

Wishart stochastic volatility model.
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Chapter 2

Literature Review

This chapter presents the rational of carrying out a research on Wishart stochastic volatility

model by different authors both theoretically and empirically, and identifying the gap to be

alleviated by this study.

The double Heston model suggested by Christoffersen et al. (2009) introduced a second

factor for the variance, which is driven by its own stochastic differential equation. The reason

was to offer more flexibility in modeling volatility surface. In their study on ”The shape and

term structure of the index option smirk: Why multi-factor stochastic volatility models work

so well”. Observed that the state-of-the-art stochastic volatility models generate a volatility

smirk, where this gives explanation of prices being high for out of money index puts compared

to Black-Scholes model, and these models widely explains how volatility smirk moves up and

down in response to change in risk. However the data reflected that the slope and level of smirk

fluctuated largely independently. But in single factor model stochastic models they capture the

smile and can not explain such largely independent fluctuations in its level and slope over time,

hence these movements can only be modeled by two factor models, because the model gen-

erates stochastic correlation between volatility and stock returns because of two independent

correlations with market returns. The empirical results shows that the model improves Heston

model by 15% in-sample and 11% out of sample.

Da Fonseca et al. (2008), studied a Multi-factor volatility Heston model. They considered
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a model for a single risky asset whose volatility follows a matrix Wishart affine process, which

was introduced by Gourieroux and Sufana (2004) in finance. As in the study of Duffie and Kan

(1996) that the affine models, the pricing problem can be solved via Fast Fourier transforms of

Carr and Madan (1999). The numerical results shows that the specification provides a separate

fit of the long term and short term implied volatility surface, that is additional factor allows

better fit of the smile skew effect at both short and long maturities, and it is possible to identify

a specific factor accounting for a stochastic leverage effect as compared to previous stochastic

diffusive models, as in a well known analyzed fact of FX option markets analyzed in Carr

and Wu (2004). They concluded that multi-factor volatility extension of the Heston model

is flexible enough to take into consideration of correlations with underlying asset returns and

preserves analytical tractability feature which is useful in calibration procedure.

According to La Bua & Marazzina (2019), on the calibration and advanced simulation

schemes for the Wishart stochastic volatility models, where they used calibration and Mont

Carlo simulation of the Wishart stochastic volatility model. Regardless of the analytical tractabil-

ity property of the considered model and being affine type, implementing Wishart based stochas-

tic volatility models poses non-trivial challenges from the numerical part. The task was to pro-

vide a fast and accurate calibration procedure for efficient numerical schemes for Mont Carlo

simulation. The matrix structure of Wishart based model gives a degree of flexibility in ex-

plaining the evolution of asset volatility. They concluded by showing a leverage on a complete

analysis of distribution properties of Wishart process and possible solution to make the model

suitable for market application.

Benabid et al. (2008) studied Wishart stochastic volatility: Asymptotic smile and numer-

ical framework. The emphasis was on stochastic volatility model on asset pricing which was

originally studied in Da Fonseca (2005,2008), the Wishart model takes the volatility of the asset

as a trace of a Wishart process. Which is not the case with classical multi-factor Heston model

because the model allows to add the degree of freedom with regard to stochastic correlation.

They observed that the model‘s flexibility gives a better fit of the market data compared to the

Heston model and maintains the clear interpretation of its parameters and preserves an efficient
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tractability. Having known the problem of data fitting for short and long maturities, Wishart

model can solve the problem efficiently, since it preserves the advantage of affine models gives

a semi-closed formula for price of some options like call and put options and better understand-

ing of volatility effect through the model parameters. Using singular perturbation technique,

closed forms are obtained concerning asymptotic smiles for short and medium maturities. This

later can be used in practice as a calibration tool to demonstrate the effect of the parameter on

the smile that can benefit businessmen. Generalizing the model in the world of interest rates

where a great number of factors are required. One expects that type of model, where volatility

is a function of a Wishart process, manifests specific market-existing source of risk and gives

good smile flexibility.

Kang et al. (2017), Kang & Kang (2013) carried out a study on Exact simulation of

Wishart multidimensional stochastic volatility model, the aim was to propose an exact sim-

ulation method of the Wishart multidimensional stochastic volatility model of a single asset

model with a multidimensional Wishart variance process, the method was based on the anal-

ysis of conditional characteristic function of log price given volatility level. They obtained an

explicit expression for the conditional characteristic function for Heston model and numerical

experiment for the performance and accuracy of the method. The method showed better per-

formance than Euler discretization method. The exact simulation of asset price and volatility

factor of Wishart model is inspired by Fourier inversion method of Broadie and Kaya (2006)

and based on the analysis of the conditional Laplace transformation of the asset price given a

volatility.

Gauthier & Possamaı̈ (2010), investigated efficient simulation of the double Heston model.

They worked on the simulation and discretization issues of the double Heston model origi-

nally introduced in Christoffersen et al (2009), observed that not only the model is analytically

tractable but also the additional volatility factor cause flexibility to capture the volatility term

structure and this leads the model to be calibrated easily. The aim was to extend the original

Heston model to new two-factor form model. They worked on the issue of European options

pricing using the characteristic function technique and generalized some efficient discretiza-
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tion created for Mont Carlo pricing with the square root process of Alfonsi and Zhu schemes.

Zhu scheme performs good compared to Euler scheme but Alfonsi scheme does better than

them and is quite faster making it a better scheme to apply in Heston model or double Heston

model. This because the Zhu scheme does not improve its convergence properties and also time

consuming.

Filipovic & Mayerhofer (2009), looked at Affine diffusion processes; Theory and appli-

cations. The hard work on general and canonical space was performed on the affine diffusion

processes. The focus was on theoretical and applied aspects of this class of Markov processes

and also to derive admissibility conditions, existence and uniqueness through stochastic in-

variance of canonical state space, where affine transform formula and exponential moments are

established, later applied in pricing of bonds by applying CIR, Vasicek and Heston models.

Grasselli & Tebaldi (2008), studied Structural Models of Solvable Affine Concepts. Here

the pricing contingent claims in the Affine term structure models can be reduced to the solution

of a set of Riccati ordinary differential equation as in Duffie, Pan and Singleton (2000) and

also in Duffie, Filipovic and Schachermayer (2001). The discussion as on solvability of these

equations, and admissibility is a necessary and sufficient condition in order to obtain the general

solution as an analytical series expansion. Let factors follow continuous paths, the ode admit

a fundamental system of solutions if and only if all positive factor are independent.Lastly all

consistent polynomial term structure models relating to fundamental system of solutions were

solved.

Da Fonseca et al. (2013), studied a flexible matrix Libor model with smiles. The objec-

tive was to explore a flexible approach for the valuation of interest rate derivative based on

Affine process. By the help of the method suggested in Keller-Ressel et al (2009) of chang-

ing the choice of state space, semi-closed type solutions for the pricing of caps and floors was

provided. In this multi-factor setting, the methodology can be adapted to this state space in a

straightforward manner and can be efficiently priced by expansion . It can help identify effects

of correlation that can not be addressed by a single-factor framework. Because of off-diagonal

elements new possibilities emerge in regulating the form of the implied volatility surface due to
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the numerical work of the Wishart Libor model. The numerical exercise thus shows the versa-

tility of the Wishart Libor model in defining the movements of the volatility surface predicted

by it.

Gouriéroux (2006), the Wishart process for stochastic risk continuous time. In the study,

Risks are defined and measured by volatility co-volatility matrices, while Wishart processes

are models for dynamic multivariate risk analysis and describes the evolution of stochastic

volatility co-volatility matrices, restricted to being symmetrically positive definite. The auto

regressive Wishart process is the multivariate extended version of CIR process. The CIR pro-

cess allows for a closed form solution to a variety of financial problems such as term structure

of T-bonds and corporate bonds, derivative pricing in a multivariate stochastic volatility model,

and credit risk model. However Wishart dynamics are very flexible and taken for less structural

multivariate ARCH models to be serious competitors. The study shows that the Wishart pro-

cess is suitable in various financial problems for modeling multivariate risk and provides highly

closed form derivative prices and is sufficiently versatile enough to compete with multivariate

ARCH models.

Exact and Higher-order discretization schemes for Wishart processes and their affine ex-

tensions, was studied in Ahdida & Alfonsi (2013) where the focus was on the simulation of

Wishart processes and affine diffusion on positive semi-definite matrices and also the work

dealt with the splitting of the infinitesimal generator in order apply the composition method.

The Wishart processes initially introduced by Bru (1991), additionally Cuchiero et al. (2011)

introduced a general framework for affine processes and includes possible jumps. The study

sampled exactly every Wishart distribution and suggested a third-order scheme for Wishart

system, second order scheme for general affine diffusion. Confirmation of convergence rates

was supported with numerical tests and analysis of the time complexity of each method. This

made them to recommend for the use of exact scheme simulation to compute expectations that

depend on one time. For the case of path wise expectations the study recommend to use dis-

cretization schemes that is second order scheme. Further work was suggested on extending the

current schemes to affine diffusion on positive semi definite matrices that include jumps.
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In the study of moment non-explosions for Wishart-based stochastic volatility model, (Jose

Da Fonseca,2006), showed a result on moment non-explosions for a stock following a Wishart

multidimensional stochastic volatility dynamics, when the parameter values are conditional to

certain constraints. The study reformulated the stock process in terms of volatility path together

with standard results on matrix Lyapunov and matrix Riccati equations, a non-explosion results

of the moment of order greater than one can be obtained; The study also emphasized a con-

ditional sub filtration generated by volatility pat to rewrite the moment-generating function of

Wishart dynamic and its integral for which explicit conclusions can be obtained, which might

be useful for exotic option pricing.

The Autoregressive Conditional Heteroscedasticity (ARCH) model was introduced by En-

gle (1982) to model volatility by relating conditional variance of the disturbance term to the

linear combination of the squared disturbances in the recent past. Later Bellerslev (1986) gen-

eralized the ARCH model through modeling the conditional variance to depend on its lagged

values as well as squared lagged values of disturbances; Several variants of GARCH model

have been developed to model volatility. The ARCH family models have been used to capture

the volatility and stock returns volatility behavior, by practitioners in the financial markets.

Philipov and Glickman (2006), proposed a high dimensional factor multivariate stochastic

volatility model in which factor covariance matrices are driven by Wishart random processes.

The frame work allows for unrestricted specification of inter temporal sensitivities, which can

handle the persistence in volatilities, kurtosis in returns, and correlation breakdowns and con-

tagion effects in volatilities. This factor structure allows addressing high dimensional setups

used in portfolio analysis and risk management together with modeling conditional means and

conditional variances. The general model allows for the conditional volatility of an asset to de-

pend not only on its past volatility but also on past covariances with other assets, incorporating

the observed contagion among asset returns into their covariance structure. They concluded by

showing that it is possible to implement factor multidimensional stochastic volatility models

with higher dimensionality, making them feasible for practical applications in risk manage-

ment, asset allocation and portfolio optimization.
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This study considers continuous diffusion models where volatility in the stock price dy-

namic is driven by Wishart diffusion stochastic processes. The existing literature gives the

evidence that, Heston stochastic volatility model and double Heston volatility model considers

constant correlations making them not flexible enough to describe the market prices in short

or long maturity. This current work is an extension of the Heston model to multifactor Heston

model considering two dependence matrices describing the correlation between Brownian ma-

trices of the stock process and those of Wishart affine dynamics, this makes it flexible enough

to capture the stylized facts of the market: Fourier transform methods combined with per-

turbation methods will be the sophisticated techniques used in order to obtained European call

option pricing formula. This provides a clear gap that there is no research study which has been

conducted on pricing European option under double Wishart stochastic volatility processes for

single risky asset pricing model.

12



Chapter 3

Methodology

This chapter discusses the methodology that is used throughout the entire thesis, it includes all

the technical proofs needed in developing the model and achieving the analytical pricing for-

mula which is the major objective of this study. Section 3.1 presents the definitions and prop-

erties, Wishart process, connection between Wishart process and OU process, double Wishart

model construction, condition for existence and uniqueness of the solution, change of proba-

bility measure, derivation of log-price dynamic and correlation structure. Section 3.2 provides

the derivation of the partial differential equation, derivation of Ito infinitesimal operator, the

Laplace and Fourier transform methods, Riccati differential equations, perturbation techniques

and pricing formula. Section 3.3 gives the numerical methods for stock price dynamics.

3.1 Wishart Processes and Double Wishart Volatility Model

This section provides some of the concepts, definitions and properties of Wishart processes in

order to construct double Wishart model.

3.1.1 Definitions and properties

Definition 3.1.1 Martingale. Let (Ω,F ,P) be a fixed probability space equipped with an in-

creasing sequence of sub-σ-fields (Ft, t ∈ N) or (Ft)t≥0.

13



A stochastic process (Xt)t≥0 is said to be (Ft)-adapted, if for each t, Xt is Ft-measurable.

Martingale. An (Ft)-adapted stochastic sequence (Xt)t≥0 is said to be an (Ft)- martingale

if for each t ≥ 0, Xt is integrable such that

E [Xt+1|Ft] = Xt a.s (3.1)

Stopping time. A random variable τ : (Ω,F) −→ [t,+∞] is called a stopping time or

optimal time, if for each s ≥ t,

[τ ≤ s] := [ω ∈ Ω : τ(ω) ≤ s] ∈ Fs

.

Definition 3.1.2 Standard Brownian motion. A continuous time stochastic process W :=

(W )t≥0 on a probability space (Ω,F ,P) is called a standard Brownian motion (SBM) or a

standard Wiener process if the following properties hold;

i) W0 = 0 P a.s

ii) The process Wt has independent increment.

iii) Each incrementWt−Ws, 0 ≤ s < t, is normally distributed with zero mean and variance

t− s,Wt −Ws ∼ N(0, t− s).

iv) All sample paths W (., ω) : [0,∞) −→ R, ω ∈ Ω, are continuous P -a.s.

Definition 3.1.3 Let X be an m× n continuous matrix stochastic process and let Y be n× p

matrix stochastic process for which the following differentials holds

i) d(AX)t = AdXt, A ∈ Rp×m

ii) d(XA)t = dXtA, A ∈ Rn×p

iii) d(XY )t = XtdYt + dXtYt + dXtdYt

14



We can consider the convention of two real-valued processes X and Y , d[X,Y ]t = dXtdYt,

taking note for any two matrix-valued processesX and Y , dXtdYt as a component-wise, where

the product is understood to be the matrix multiplication

Proof.

i) d(AX)t = AdXt

d(AX)t = d(
m∑
k=1

aikX
kj
t )

=
m∑
k=1

aikdX
kj
t

= [AdXt]ij

ii) d(XA)t = dXtA

d(XA)t = d(
m∑
k=1

Xkj
t aik)

=
m∑
k=1

dXkj
t aik

= [dXtA]ij

iii) [d(XY )t]ij = d(
∑n

k=1X
ik
t Ykj)

[d(XY )t]ij = d(
n∑
k=1

X ik
t Ykj)

=
n∑
k=1

(X ik
t dY

kj
t + dX ik

t Y
kj
t + d[X ik, Y kj]t)

=
n∑
k=1

X ik
t dY

kj
t +

n∑
k=1

dX ik
t Y

kj
t +

n∑
k=1

dX ik
t , dY

kj
t

= [dXtYt]ij + [XtdYt]ij + [dXtdYt]ij

Counter example. Let W be m× n Brownian matrix, then

15



d(W TW )t = W T
t dWt + dW T

t Wt + dW T
t dWt

Since

[dW T
t dWt]ij =

n∑
k=1

dW ki
t dW

kj
t

=
n∑
k=1

d[W ki,W kj]t

=

 ndt if i = j

0 if i ̸= j

Hence d(W TW )t = W T
t dWt + dW T

t Wt + nIdt, where I is the n× n identity matrix. □

Definition 3.1.4 Covariation of two processes. If Xt and Yt are two continuous time process

on the same probability space (Ω,F ,P), the (quadratic) variation of Xt and Yt is defined as

the following limiting process in probability when it exists

[X, Y ]t := lim
δtn→0

n−1∑
k=0

(Xtk+1
−Xtk)(Ytk+1

− Ytk)

for every time t ∈ [0, T ].

Definition 3.1.5 A process X = (Xt) is called semimartingale, if X can be decomposed as

follows

X =M + A (3.2)

where M is a local martingale, A is an adapted process with finite variation

Let D be a class of processes. The localized class of D, denoted by Dloc is defined as follows: a

process X = (Xt) belongs to Dloc iff X0 ∈ F and there exists a sequence Tn of stopping times

with Tn ↑ ∞ such that for each n the stopped process XTn −X0 ∈ D.
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3.1.2 Wishart process

Definition. Let Wt, t ≥ 0 be a n × n matrix-valued Brownian motion under the probability

measure Q. The matrix-valued process Σ is said to be a Wishart process if the following

diffusion equation is satisfied

dΣt = (βQQT +MΣt +ΣtM
T )dt+

√
ΣtdWtQ+QTdW T

t

√
Σt (3.3)

where Q ∈ GLn(R), M is a n× n non positive matrix, Σ0 ∈ S+
n and β a real parameter, such

that β > (n− 1). The condition β > (n− 1) is introduced to ensure existence and uniqueness

of the solution Σt ∈ S+
n of equation (3.3) and eigen values of the solution are non negative for

all t ≥ 0 a.s Σt ∈ S+
n . Like in Benabid et al. (2008), the probability measure Q corresponds to

a risk-neutral measure.

Then for us to be able to construct the double Wishart stochastic volatility model, the

following properties and assumptions should also be taken into consideration.

Infinitesimal generator. Let Σt be process, then the infinitesimal generator A of Σt de-

fined on C2(Rn×n,R), is given as

A = Tr[(MΣ +ΣMT + βQTQ)D + 2ΣDQTQD] (3.4)

where D is n× n matrix differential operator defined by Dij =
∂

∂xij
and C2(Rn×n,R) denotes

the real-valued functions defined on Rn×n.

The trace dynamics of Wishart process. For Brownian motion W , the trace of Σt follow

stochastic differential equation

d(Tr(Σt)) = 2
√
Tr(QTQΣt)dWt + (2Tr(MΣt) + βTr(QTQ))dt (3.5)

Lemma 3.1.1 Semimartingale property. Let (Ft)t≥0 represents the filtration generated by

Wt, t ≥ 0. We consider continuous (Ft)- adapted processes (at)t≥0, (bt)t≥0, (ct)t≥0 respectively
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valued in Mn(R),Mn(R) and Sn(R), and a process (Mt)t≥0 that admits the following semi-

martingale decomposition

dMt = ctdt+ btdWtat + aTt dW
T
t b

T
t (3.6)

For i, j,m, n ∈ 1, ..., n, then the quadratic covariation of (Mt)i,j and (Mt)m,n given as

⟨d(Mt)i,j, d(Mt)m,n⟩ = [(btb
T
t )i,m(a

T
t at)j,n + (btb

T
t )i,n(a

T
t at)j,m

+ (btb
T
t )j,m(a

T
t at)i,n + (btb

T
t )j,n(a

T
t at)i,m]dt

Clearly we see that the quadratic covariation (3.6) depends on at and bt only through the

matrices aTt and bTt

Proof.

dMt = ctdt+ btdWtat + aTt dW
T
t b

T
t

= ctdt+
n∑

k,l=1

((bt)i,k(at)l,j + (bt)j,k(at)l,i)(dWt)k,l

The quadratic covariation is calculated as follows

⟨d(Mt)i,j, d(Mt)m,n⟩ =
n∑

k,l=1

((bt)i,k(at)l,j + (bt)j,k(at)l,i)((bt)m,k(at)l,n + (bt)n,k(at)l,im)dt

=
n∑

k,l=1

(bt)i,k(bt)m,k(at)l,n(at)l,j +
n∑

k,l=1

(bt)i,k(bt)n,k(at)l,m(at)l,j

+
n∑

k,l=1

(bt)j,k(bt)m,k(at)l,n(at)l,i +
n∑

k,l=1

(bt)j,k(bt)n,k(at)l,m(at)l,i

= (btb
T
t )i,m(a

T
t a

T
t )n,j + (btb

T
t )i,n(a

T
t a

T
t )m,j

+ (btb
T
t )j,m(a

T
t a

T
t )n,i + (btb

T
t )j,n(a

T
t a

T
t )m,i

□
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Particularly Mt can be written in form of trace, as follows

dTr(Mt) = Tr(ct)dt+ 2Tr(aTt btdWt),

d⟨Tr(Mt)⟩ =
n∑

i,j=1

d⟨(Mt)i,i, (Mt)j,j⟩ = 4
n∑

i,j=1

(btb
T
t )i,j(a

T
t at)i,j

= 4Tr(btb
T
t a

T
t at).

Lemma 3.1.2 Characteristic function of Wishart process. Given a real symmetric matrix D,

the conditional characteristic function of the Wishart processes Σt is given by,

ϕ̃DΣt
= E [exp{iT r[DΣt]}]

= exp{Tr[A(τ)Σt] + C(τ)}

where the deterministic complex-valued function A(τ) ∈Mn(C), C(τ) ∈ C.

3.1.3 Link between Wishart processes and Ornstein Uhlembeck processes

Following Benabid et al. (2008), a natural way to generate a Wishart process is to replace

the Gaussian vector Xi in the definition of a Wishart distribution with Ornstein Uhlembeck

processes Xi,t, with this representation it implies that β is an integer. Considering β inde-

pendent n-dimensional Ornstein Uhlembeck processes. dXk,t = MXk,tdt + QTdWk,t and

Σt :=
∑β

k=1Xk,tX
T
k,t. Where dΣ(t) = Σ(t + dt) − Σ(t) then, the process Σt is a Wishart

process with the following stochastic differential equation

dΣt = (βQQT +MΣt +ΣtM
T )dt+

√
ΣtdWtQ+QTdW T

t

√
Σt

With Wt a matrix valued Brownian motion, obtained by

√
ΣtdWt =

β∑
k=1

Xk,tdW
T
k,t
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Proof. For dXt =MXtdt+QdWt and Σt := XtX
T
t

dΣ(t) = Σ(t+ dt)−Σ(t)

= X(t+ dt)XT (t+ dt)−XtX
T
t

= (X(t) + dX(t))(dXT (t) +XT (t))−XtX
T
t

= X(t)dXT (t) + dX(t)dXT (t) + dX(t)XT (t)

= X(t)[MTXT
t dt+QTdW T

t ] + [(MXtdt+QdWt)(M
TXT

t dt+QTdW T
t )]

+ (MXtdt+QdWt)X
T (t)

= ΣtM
Tdt+QTdW T

t X(t) + βQQTdt+MΣtdt+XT
t dWtQ

= (βQQT +MΣt +ΣtM
T )dt+

√
ΣtdWtQ+QTdW T

t

√
Σt

□

3.1.4 Mathematical illustration of the model

Let consider a stochastic differential equation (SDE) in Björk (2009), driven by the standard

Brownian motion Zt defined by a system

dSt = µ(t, St)dt+ γ(t, St)dZt, S0 = s ∈ R, 0 ≤ t ≤ T

to be satisfied by an unknown process St, where µ(t, St) and γ(t, St) are drift and diffusion

coefficients respectively.

Such that, the same SDE can be written in matrix form

dSt = µ(t, St)dt+ γ(t, St)dZt

= µ(t, St)dt+ γ(t, St)dZt + 0dZ̄t

= µ(t, St)dt+ Tr

γ(t, St)dZt 0

0 0dZ̄t


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If  µ(t, St) = µSt

γ(t, St) = γSt

(3.7)

that is

dSt
St

= µdt+ Tr

γdZt 0

0 0dZ̄t


Considering two volatility components, gives

dSt = µ(t, St)dt+ Tr

γ(t, St) 0

0 γ̄(t, St)

 d
Zt 0

0 Z̄t


let Σ(t, St) ∈ S+

n a positive semi-definite symmetric matrix and Zt ∈Mn(R), such that

Σ(t, St) =

γ(t, St) 0

0 γ̄(t, St)


T γ(t, St) 0

0 γ̄(t, St)


and

ZΣ
t =

Zt 0

0 Z̄t


Therefore  dSt = µ(t, St)dt+ Tr[

√
Σ(t, St)dZ

Σ
t ]

S0 = s
(3.8)

taking  Σ(t, St) = S2
tΣt

µ(t, St) = µSt

(3.9)

then  dSt = µStdt+ StTr[
√
ΣtdZ

Σ
t ]

S0 = s
(3.10)
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This can be written as
dSt
St

= µdt+ Tr[
√
ΣtdZ

Σ
t ]

Considering A = 0 null matrix, then it is the same as the above diffusion process

dSt
St

= µdt+ Tr[
√
ΣtdZ

Σ
t + AdZ̄Σ̄

t ]

= µdt+ Tr[
√
ΣtdZ

Σ
t + (0)dZ̄Σ̄

t ]

= µdt+ Tr


√

ΣtdZ
Σ
t (0)

(0) (0)dZ̄Σ̄
t




For non-zero matrix A, such that A ̸= 0

dSt
St

= µdt+ Tr


√

ΣtdZ
Σ
t (0)

(0) AtdZ̄
Σ̄
t




Assumptions on At

let Σt = ATt At, for A ∈ S+
n (R)

Therefore St is stock under Wishart process, as follows

dSt
St

= µdt+ Tr[
√
ΣtdZ

Σ
t +

√
Σ̄tdZ̄

Σ̄
t ]

Then generalizing the idea with many Wishart volatility processes

dSt
St

= µdt+ Tr


A1
tdZ

Σ1
t · · · (0)

... . . . ...

(0) · · · Ant dZ
Σn
t


where Ait, i = 1, ..., n verify Σi

t = AiTt A
i
t
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The study focuses on two Wishart diffusion components, for i = 1, 2 that is;

dSt
St

= µdt+ Tr

A1
tdZ

Σ1
t (0)

(0) A2
tdZ

Σ2
t


Which can be written as

dSt
St

= µdt+ Tr[A1
tdZ

Σ1
t + A2

tdZ
Σ2
t ]

From the assumption, the asset price dynamic disturbed by double Wishart processes (i.e double

Wishart volatility model) can be written as follows

dSt
St

= µdt+ Tr[
√
Σ1
t dZ

Σ1
t +

√
Σ2
t dZ

Σ2
t ] (3.11)

where the volatility follow Wishart process

dΣi
t = (βiQiQ

T
i +MiΣ

i
t +Σi

tM
T
i )dt+

√
Σi
tdWtQi +QT

i dW
iT
it

√
Σti, Σi

0 = Σi, i = 1, 2.

(3.12)

where the volatility components are trace of the Wishart diffusion processes, which follow

multi-dimensional CIR processes.

3.1.5 The uniqueness and existence of the solution of Wishart process

The Wishart processes are affine processes defined on S+
n (R). Following Bru (1991), La Bua

& Marazzina (2019) and Alfonsi (2015), the results on weak and strong solution of the Wishart

differential equation (3.3) can be showed.

Lemma 3.1.3 Let Xt be generic affine process with continuous trajectories defined in S+
n (R),

following stochastic differential equation

Xt = X0 +

∫ t

0

(ᾱ +D(Xs)) ds+

∫ t

0

(√
XsdWsQ+QT (dWs)

T
√
Xs

)
(3.13)
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whereX0, ᾱ ∈ S+
n (R),Q ∈Mn(R) andD : S+

n (R) −→ S+
n (R) is a linear transformation.

The process admits a unique weak solution in S+
n (R) if

(i) ᾱ− (n− 1)QQT ∈ S+
n (R)

(ii) For all X1, X2 ∈ S+
n (R) such that Tr[(X1)X2] = 0 =⇒ Tr[D(X1)X2] ≥ 0, where Tr[.]

is a trace of a square matrix. So if X0 contain in a set of real positive definite matrices

S+
n (R), with condition (i) is replaced by a stronger requirement

(iii) ᾱ− (n+1)QQT ∈ S+
n (R). Then there exist a unique strong solution for equation (3.13)

in S+
n (R). By observation ᾱ = ΩΩT and D[X0] =MX0 +X0M

T and when we assume

restrictive parametrization for the deterministic part of the drift, ΩΩT = βQQT . The

conditions (i) and (iii) are satisfied as long as β ≥ n − 1 and β ≥ n + 1 respectively,

with direct comparison Wishart SDE (3.3) from (3.13) can be obtained. The real positive

parameter β also plays a role in Feller’s condition in the univariate case.

3.1.6 Change of probability measure

From mathematics perspective, it is important to discuss the change of the probability measure

to allow a change of the drift in the dynamics processes . In the financial application, more so

in the practical aspects, Wishart process has to be simulated in its general form with β ≥ n+1,

such that β ∈ R. The function allows to write K = β + 2λ with β = K ≥ n + 1 and λ real

number such that 0 ≤ λ ≤ 1
2
.

The objective of this idea, is to find a change of probability measure in order to change the

generalized Wishart diffusion into the simple one, where β is an integer. Therefore the new

probability measure P, following Benabid et al. (2008) and Shreve (2004), can be expressed as

follows.

Theorem 3.1.1 Let (Ω,F ,Q) be probability space equipped with filtration Ft satisfying usual

conditions.
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Let q = β + λ− n− 1. If hT (Q,P) = dQ
dP defines the Radon-Nikodym derivative of Q with

respect to P, then

hT (Q,P) =
(
det(ΣT )

det(Σ0)

)λ
2

exp(−λTTr(M))exp

[
−λ
2
q

∫ T

0

Tr(Σ−1
s QTQ)ds

]
(3.14)

Proof. The probability measure P can be specified through an exponential martingale (see

Benabid et al. (2008)),

dQ
dP

= exp{λ
∫ T

0

Tr[
√
Σ−1
s dWsQ]−

λ2

2

∫ T

0

Tr(Σ−1
s QTQ)ds} (3.15)

The new process is defined as follows

Wt = W̃t + λ

∫ t

0

√
Σ−1
s QTds (3.16)

It is simple to check by Girsanov theorem thatW is a matrix-valued Brownian motion under the

probability measure P. Consequently, the dynamics of Wishart process under the probability

measure P can be written as follows

dΣt = (βQQT +MΣt +ΣtM
T )dt+

√
ΣtdWtQ+QTdW T

t

√
Σt (3.17)

where

Wt = W̃t + λ

∫ t

0

√
Σ−1
s QTds

dWt = dW̃t + λ

√
Σ−1
t QTdt (3.18)

Replacing Wt in the Wishart dynamic process

dΣt = (βQQT +MΣt +ΣtM
T )dt+

√
Σt(dW̃t + λ

√
Σ−1
t QTdt)Q+QT (dW̃t

+ λ

√
Σ−1
t QTdt)T

√
Σt

(3.19)

dΣt = (βQQT+MΣt+ΣtM
T )dt+

√
ΣtdW̃tQ+QTdW̃ T

t

√
Σt+λQ

TQdt+λQTQdt (3.20)
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Then

dΣt =
(
(β + 2λ)QQT +MΣt +ΣtM

T
)
dt+

√
ΣtdW̃tQ+QTdW̃ T

t

√
Σt (3.21)

The Radon-Nikodym derivative can be handled using the determinant dynamics.

∫ T

0

d log(detΣs) =

∫ T

0

[(β − n− 1)Tr(Σ−1
s QTQ) + 2Tr(M)]ds+ 2

∫ T

0

Tr[
√
Σ−1
s dWsQ]

log

(
detΣT

detΣ0

)
= 2TTr(M) +

∫ T

0

(β − n− 1)Tr(Σ−1
s QTQ)ds+ 2

∫ T

0

Tr[
√
Σ−1
s dWsQ]

log

(
detΣT

detΣ0

)λ
2

= λTTr(M) +
λ

2

∫ T

0

(β − n− 1)Tr(Σ−1
s QTQ)ds

+ λ

∫ T

0

Tr[
√
Σ−1
s dWsQ](

detΣT

detΣ0

)−λ
2

= exp{−λTTr(M)− λ

2

∫ T

0

(β − n− 1)Tr(Σ−1
s QTQ)ds

− λ

∫ T

0

Tr[
√
Σ−1
s dWsQ]}

eλ
∫ T
0 Tr[

√
Σ−1

s dWsQ] =

(
detΣT

detΣ0

)λ
2

exp{−λTTr(M)}exp{−λ
2

∫ T

0

(β − n− 1)Tr(Σ−1
s QTQ)ds}

From the equation (3.15) the new measure with W̃ is given by

dQ
dP

= exp{λ
∫ T

0

Tr[Σ−1
s dWsQ]}exp{−

λ2

2

∫ T

0

Tr(Σ−1
s QTQ)ds} (3.22)

dQ
dP

=

(
detΣT

detΣ0

)λ
2

exp{−λTTr(M)}exp{−λ
2

∫ T

0

(β + 2λ− n− 1)Tr(Σ−1
s QTQ)ds}

.exp{−λ
2

2

∫ T

0

Tr(Σ−1
s QTQ)ds}

=

(
detΣT

detΣ0

)λ
2

exp{−λTTr(M)}exp{[−λ
2
(β + 2λ− n− 1)− λ2

2
]

∫ T

0

Tr(Σ−1
s QTQ)ds}

=

(
detΣT

detΣ0

)λ
2

exp{−λTTr(M)}exp{−λ
2
(β + λ− n− 1)

∫ T

0

Tr(Σ−1
s QTQ)ds}

dQ
dP

=

(
detΣT

detΣ0

)λ
2

exp{−λTTr(M)}exp{−λ
2
(β+λ−n−1)

∫ T

0

Tr(Σ−1
s QTQ)ds} (3.23)
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The change of the probability measure is obtained. □

3.1.7 Wishart stochastic volatility model

In Da Fonseca et al. (2008) and Benabid et al. (2008), under the risk neutral probability mea-

sure, the risky asset price dynamic and its quadratic variation follows,


dS(t)

S(t)
= rdt+ Tr[

√
ΣtdZ(t)], S0 = s

dΣt = (βQQT +MΣt +ΣtM
T )dt+

√
ΣtdWtQ+QTdW T

t

√
Σt, Σ0 = Σ

(3.24)

where r denotes risk free interest rate, Tr is trace operator, Z ∈ Mn is a matrix Brownian

motion under the risk-neutral measure, and Σt belongs to the set of symmetric n× n positive-

definite matrices (as well as its square root
√
Σt). Observe that volatility of the risky asset is the

trace of the matrix Σt, with Ω,M,Q ∈ Mn, Ω invertible, and Wt ∈ Mn is a matrix Brownian

motion.

The dynamic of the Wishart process in Bru (1991), denotes a matrix analogue of the square

root mean-reverting process. To ensure strict positivity and the typical mean reverting feature

of the volatility, matrix, M is taken to be negative semi-definite, while Ω satisfies

ΩΩT = βQTQ

with the real parameter β > n − 1, for condition for uniqueness and existence of the

solution of the dynamic of the Wishart processes.

3.1.8 The double Wishart stochastic volatility model

This section introduces a novel model, the double Wishart stochastic volatility model in the

stock market. The model takes two underlying volatility components defined as the trace of

Wishart processes. However, the diagonal components of the Wishart matrices will be the
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factors guiding the dynamics of volatilities.

In an arbitrage-free financial market and under the risk neutral probability measure, the

risky asset price and Wishart process dynamics follows;


dSt
St

= rdt+ Tr[
√
ΣtdZt +

√
Σ̄td̄Zt], S0 = s

dΣt = (βQQT +MΣt +ΣtM
T )dt+

√
ΣtdWtQ+QTdW T

t

√
Σt, Σ0 = Σ

dΣ̄t = (β̄Q̄Q̄T + M̄Σ̄t + Σ̄tM̄
T )dt+

√
Σ̄t

¯dW tQ̄+ Q̄T ¯dW
T
t

√
Σ̄t, Σ̄0 = Σ̄

(3.25)

where β, β̄ are real parameters such that β, β̄ > n− 1, Q, Q̄,M, M̄ ∈ Mn, Q is invertible

matrix and Wt, W̄t ∈Mn are matrices Brownian motions, also Zt, Z̄t ∈Mn.

Lemma 3.1.4 The correlations between the Brownian matrices of the stock price dynamics

and the Brownian matrices of the Wishart processes in equation (3.25) are given by

ρt =
Tr(RTQΣt)√

Tr(Σt)
√
Tr(QTQΣt)

ρ̄t =
Tr(R̄T Q̄Σ̄t)√

Tr(Σ̄t)
√
Tr(Q̄T Q̄Σ̄t)

Proof. Deriving the correlations as follows

dSt
St

= rdt+ Tr[
√
ΣtdZt +

√
Σ̄tdZ̄t]

= rdt+
√
Tr(Σt)

Tr(
√
ΣtdZt)√

Tr(Σt)
+
√
Tr(Σ̄t)

Tr(
√
Σ̄tdZ̄t)√

Tr(Σ̄t)

= rdt+
√
Tr(Σt)dXt +

√
Tr(Σ̄t)dX̄t

where Xt and X̄t are standard Brownian motions and also taking the trace of the Wishart

volatility dynamics (3.25), we have

dTr(Σt) = ((βTr(QTQ)) + 2Tr(MΣt))dt+ 2Tr(QdWt

√
Σt)

dTr(Σ̄t) = ((β̄T r(Q̄T Q̄)) + 2Tr(M̄Σ̄t))dt+ 2Tr(Q̄dW̄t

√
Σ̄t)
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These processes can still be written in the form

dTr(Σt) = ((βTr(QTQ)) + 2Tr(MΣt))dt+ 2
√
Tr(QTQΣt)

Tr(QdWt

√
Σt)√

Tr(QTQΣt)

dTr(Σ̄t) = ((β̄T r(Q̄T Q̄)) + 2Tr(M̄Σ̄t))dt+ 2
√
Tr(Q̄T Q̄Σ̄t)

Tr(Q̄dW̄t

√
Σ̄t)√

Tr(Q̄T Q̄Σ̄t)

where ξt and ηt are Brownian motions, then

dTr(Σt) = ((βTr(QTQ)) + 2Tr(MΣt))dt+ 2
√
Tr(QTQΣt)dξt

dTr(Σ̄t) = ((β̄T r(Q̄T Q̄)) + 2Tr(M̄Σ̄t))dt+ 2
√
Tr(Q̄T Q̄Σ̄t)dηt

Now determining the covariation of the stock price and Wishart processes as follows

Covt(dXt, dξt) = Covt

(
Tr(

√
ΣtdZt)√

Tr(Σt)
,
T r(QdWt

√
Σt)√

Tr(QTQΣt)

)

= Et

(
Tr(

√
ΣtdWtR

T )√
Tr(Σt)

Tr(QdWt

√
Σt)√

Tr(QTQΣt)

)

=

∑
ij Covt(e

T
i

√
ΣtdWtR

T ei, e
T
j QdWt

√
Σtej)√

Tr(Σt)
√
Tr(QTQΣt)

=

∑
ij Et(eTi

√
ΣtdWtR

T eie
T
j Q

TdW T
t

√
Σtej)√

Tr(Σt)
√
Tr(QTQΣt)

=

∑
ij ei

√
ΣtTr(R

T eie
T
j Q

T )
√
Σtejdt√

Tr(Σt)
√
Tr(QTQΣt)

=

∑
ij Tr(QReie

T
j )e

T
i Σtejdt√

Tr(Σt)
√
Tr(QTQΣt)

=

∑
ij e

T
j QReie

T
i Σtejdt√

Tr(Σt)
√
Tr(QTQΣt)

=

∑
ij e

T
j QRΣtejdt√

Tr(Σt)
√
Tr(QTQΣt)

Covt(dXt, dξt) =
Tr(RTQΣt)√

Tr(Σt)
√
Tr(QTQΣt)

Similarly for the second stochastic differential equation of the Wishart processes, the de-

termination of covariation follow the same procedures, that is

Covt(dXt, dηt) =
Tr(R̄T Q̄Σ̄t)√

Tr(Σ̄t)
√
Tr(Q̄T Q̄Σ̄t)
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□

Corollary 3.1.1 Let us verify that the following processes Xt, X̄t, ξt, ηt are Brownian motions

(in lemma 3.3.1).

Proof.

Covt(dXt, dXt) = Et[(dXt)(dXt)
T ]

= Et

[
Tr(

√
ΣtdZt)√

Tr(Σt)

Tr(
√
ΣtdZt)√

Tr(Σt)

]

=

∑
i,j Covt(e

T
i

√
ΣtdZtei, e

T
j

√
ΣtdZtej)√

Tr(Σt)
√
Tr(Σt)

=

∑
i,j e

T
i

√
ΣtTr(eie

T
j )
√
Σtejdt

Tr(Σt)

=

∑
i,j Tr(eie

T
j )e

T
i Σtejdt

Tr(Σt)
=

∑
i,j e

T
j eie

T
i Σtejdt

Tr(Σt)

=

∑
j e

T
j Σtejdt

Tr(Σt)
=
Tr(Σt)dt

Tr(Σt)

= dt

Similarly for Brownian motion X̄t, its proof can be obtained through the same procedures as

above. □

Then showing that ξt is a Brownian motion as follows
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Proof.

Covt(dξt, dξt) = Et

[
Tr(QdWt

√
Σt)√

Tr(QTQΣt)

Tr(QdWt

√
Σt)√

Tr(QTQΣt)

]

=

∑
i,j Covt(e

T
i QdWt

√
Σtei, e

T
j QdWt

√
Σtej)√

Tr(QTQΣt)
√
Tr(QTQΣt)

=

∑
i,j e

T
i

√
ΣtTr(Q

T ei, e
T
j Q)

√
Σtejdt√

Tr(QTQΣt)
√
Tr(QTQΣt)

=

∑
i,j Tr(Q

TQeie
T
j )e

T
i Σtejdt

Tr(QTQΣt)
=

∑
i,j e

T
j Q

TQeie
T
i Σtejdt

Tr(QTQΣt)

=

∑
i,j e

T
j Q

TQΣtejdt

Tr(QTQΣt)
=
Tr(QTQΣt)dt

Tr(QTQΣt)

= dt

Similarly the same procedures can be followed to show that ηt is a Brownian motion. □

3.1.9 The correlation structure

The Brownian motion matrices Wk,t, Zk,t, are correlated in a way that all Brownian motions

belonging to the column i of Zk,t and that of column j of Wk,t have the same correlation,

say Rk,ij . This gives a constant correlated matrix Rk ∈ Mn which completely describes the

correlation structure, such that Zk,t can be written as

Zk,t := Wk,tR
T
k +Bk,t

√
I−RkRT

k , for k = 1, 2.

where I denotes the identity matrix, T is the transpose, andBk,t is an independent Brownian

motion matrix from Wt. Observing that, in order to preserve the affine property, the correlation

structure should be introduced in the model.

Proposition 3.1.1 The correlation structure Zk,t := Wk,tR
T
k + Bk,t

√
I−RkRT

k is a matrix

Brownian motion.
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Proof. Worthy noting that Zk,t is a matrix Brownian motion iff for αk, βk ∈ Rn

Covt(dZk,tαk, dZk,tβk) = Et[(dZk,tαk)(dZk,tβk)T ] = αTk βkIdt

Covt(dZk,tαk, dZk,tβk) = Et[(dWk,tR
Tαk + dBk,t

√
I−RkRT

k αk)

.(dWk,tR
T
k βk + dBk,t

√
I−RkRT

k βk)]

= Covt(dWk,tR
T
k αk, dWk,tR

T
k βk)

+ Covt(dBk,t

√
I−RkRT

k αk, dBk,t

√
I−RkRT

k βk)

= αTkRkR
T
KβkIdt+ αTk (I−RkR

T
k )βkIdt

= αTk βkIdt

for correlation structures; Z1,t := W1,tR
T
1 +B1,t

√
I−R1RT

1 , the Covt(dZ1,tα1, dZ1,tβ1)

= αT1 β1Idt

and Z2,t := W2,tR
T
2 +B2,t

√
I−R2RT

2 , the Covt(dZ2,tα2, dZ2,tβ2) = αT2 β2Idt □

3.1.10 The dynamic of log-price for the double Wishart model

The matrices R and R̄ describes the correlations between the Brownian of the asset price and

those of the Wishart processes.

Lemma 3.1.5 The log-price dynamic Yt = log(St) under double Wishart model is given as

dYt = (r − 1

2
Tr[Σt + Σ̄t])dt+ Tr[

√
ΣtdZt +

√
Σ̄td̄Zt] (3.26)

Proof. Let Yt = log(St), the asset dynamic given as ,

dS(t)

S(t)
= rdt+ Tr[

√
ΣtdZt +

√
Σ̄td̄Zt] (3.27)

By applying the Ito’s formula on Yt, see Björk (2009); Shreve (2004), we get

dYt = d log(St) =
dSt
St

− 1

2

(dSt)
2

S2
t

(3.28)
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Substituting the asset process (3.27) in the derivative expression (3.28) of Yt

dY (t) = rdt+ Tr[
√
ΣtdZt +

√
Σ̄tdZ̄t]−

1

2
Tr[Σt + Σ̄t]dt (3.29)

dYt = (r − 1

2
Tr[Σt + Σ̄t])dt+ Tr[

√
ΣtdZt +

√
Σ̄td̄Zt]

which can be written as

dY (t) = (r − 1

2
Tr[Σt + Σ̄t])dt+ Tr[

√
Σt(dWtR

T + dBt

√
I−RRT )

+
√
Σ̄t(dW̄tR̄

T + dB̄t

√
I− R̄R̄T )], Y0 = y.

(3.30)

□

3.2 The Solution of Partial Differential Equation under

Double Wishart Model

In this section, the infinitesimal generator and the partial differential equation associated to

double Wishart stochastic volatility model are derived. The Fourier techniques, combined with

perturbation methods are applied in order to obtain European call option pricing formula.

3.2.1 Infinitesimal generator

The infinitesimal generator is obtained and also following Benabid et al. (2008), it is acceptable

to write the log-price and its volatility dynamics as driven by two correlated Brownian motions,

ZY
s , Z

Σ
s , and Z̄Y

s , Z̄
Σ̄
s ; as follows for easy handling of the complexity of the computation of the
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problem


dYt = (r − 1

2
Tr[Σt + Σ̄t])dt+ Tr[

√
ΣtdZ

Y
t +

√
Σ̄td̄Z

Y
t ]

dTr(Σt) = ((βTr(QTQ)) + 2Tr(MΣt))dt+ 2
√
Tr(QTQΣt)(ρtdZ

Y
t +

√
I − ρ2tdZ

Σ
t )

dTr(Σ̄t) = ((β̄T r(Q̄T Q̄)) + 2Tr(M̄Σ̄t))dt+ 2
√
Tr(Q̄T Q̄Σ̄t)(ρ̄tdZ̄

Y
t +

√
I − ρ̄2tdZ̄

Σ̄
t )

(3.31)

or 
dYt = (r − 1

2
Tr[Σt + Σ̄t])dt+ Tr[

√
ΣtdZt +

√
Σ̄td̄Zt]

dTr(Σt) = ((βTr(QTQ)) + 2Tr(MΣt))dt+ 2Tr(QdWt

√
Σt)

dTr(Σ̄t) = ((β̄T r(Q̄T Q̄)) + 2Tr(M̄Σ̄t))dt+ 2Tr(Q̄dW̄t

√
Σ̄t)

where

d < ZY , ZΣ >t= ρt =
Tr(RTQΣt)√

Tr(Σt)
√
Tr(QTQΣt)

d < Z̄Y , Z̄Σ̄ >t= ρ̄t =
Tr(R̄T Q̄Σ̄t)√

Tr(Σ̄t)
√
Tr(Q̄T Q̄Σ̄t)

Proposition 3.2.1 The infinitesimal generator of double Wishart stochastic volatility model for

couple of (Yt, Σt, Σ̄t) given as;

LY,Σ,Σ̄ =

(
r − Tr[Σ + Σ̄]

2

)
∂

∂y
+
Tr[Σ + Σ̄]

2

∂2

∂y2

+ (βTr(QTQ) + 2Tr(MΣ))
∂

∂Σ
+ 2Tr

(
Σ

∂

∂Σ
QTQ

∂

∂Σ

)
+ (β̄T r(Q̄T Q̄) + 2Tr(M̄Σ̄))

∂

∂Σ̄
+ 2Tr

(
Σ̄

∂

∂Σ̄
Q̄T Q̄

∂

∂Σ̄

)
+ 2Tr

(
ΣRQ

∂

∂Σ

)
∂

∂y
+ 2Tr

(
Σ̄R̄Q̄

∂

∂Σ̄

)
∂

∂y

(3.32)

Proof.

The infinitesimal generator has non-trivial term which arise from covariation

d < Σij
θ , Y > corresponding to the coefficients of the term

∂2

∂xθ;ij∂y
=

∂

∂xθ;ij

(
∂

∂y

)
, i, j = 1, ..., n, θ = 1, 2.
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Let Vθ;t :=
√
Σθ;t be square root matrix such that

Σij
θ;t =

n∑
t=1

V il
θ;tV

lj
θ;t =

n∑
t=1

V il
θ;tV

jl
θ;t

Due to the fact that Vθ;t is symmetric, the covariation terms matching with ∂2

∂xθ;ij∂y

coefficients can be determined

d < Σij
θ , Y > = Et

[
(

n∑
i,k=1

V il
θ;tdW

θ
lkQ

θ
kj +

n∑
l,k=1

V jl
θ;tdW

θ
lkQ

θ
ki)(

n∑
l,k,h=1

V lk
θ;tdW

θ
khR

θ
lh)

]

=
n∑

l,k,h=1

(
V il
θ;tQ

θ
kj + V jl

θ;tQ
θ
ki

)
V hl
θ;tR

θ
hkdt

=
n∑

k,h=1

[
(
n∑
l=1

V il
θ;tV

hl
θ;t)Q

θ
kj + (

n∑
l=1

V jl
θ;tV

hl
θ;t)Q

θ
ki

]
Rθ
hkdt

=
n∑

k,h=1

(
Σih
θ;tQ

θ
kj +Σjh

θ;tQ
θ
ki

)
Rθ
hkdt

This gives the corresponding coefficients of the term since

2Tr(ΣθR
θQθDθ)

∂

∂y
= 2

n∑
i,j,k,h=1

Dij
θ Σ

jh
θ R

θ
hkQ

θ
ki

∂

∂y

The notation when θ = 1, Σ1 = Σ,R1 = R,Q1 = Q,D1 =
∂

∂xij
while for

θ = 2, Σ2 = Σ̄, R2 = R̄, Q2 = Q̄,D2 =
∂

∂x̄ij
, since our D is symmetric. □

3.2.2 The Laplace transform of the asset returns

Following Duffie et al. (2000) and Da Fonseca et al. (2008), in order to solve the European

options pricing problem, consider the Laplace transform of process (3.30). The Laplace trans-

form of Wishart process is exponentially affine as in Bru (1991), hence the conditional moment

generating function of the log-asset returns is the exponential of an affine combination of Y

and Wishart components, so we provide for the deterministic functions λ1(t), λ2(t) ∈ Mn and
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δ(t), ε(t) ∈ R, as parameters of the Laplace transform

ψγ,t(τ) = E
(
eγYt+τ

)
= exp[Trλ1(τ)Σt + Trλ2(τ)Σ̄t + δ(τ)Yt + ε(τ)]

(3.33)

where Et denotes the conditional expected value with respect to the risk-neutral measure and

γ ∈ R.

By applying the Feynman-Kac argument, a set of ordinary differential equations for each

of the functions mentioned above is obtained
∂ψγ,t

∂τ
= LY,Σ,Σ̄ψγ,t

ψγ,t(0) = exp{γYt} = eγYt
(3.34)

The setting of matrices for the Wishart dynamics implies a non standard definition of the in-

finitesimal generator for (Yt, Σt, Σ̄t). The infinitesimal generator for the double Wishart pro-

cess, Σt and Σ̄t can be written as

LY,Σ,Σ̄ =

(
r − Tr[Σ + Σ̄]

2

)
∂

∂y
+
Tr[Σ + Σ̄]

2

∂2

∂y2

+ Tr[(βQTQ+ 2MΣ)D]

+ Tr[(β̄Q̄T Q̄+ 2M̄Σ̄)D̄] + 2Tr(ΣDQTQD) + 2Tr(Σ̄D̄Q̄T Q̄D̄)

+ 2
[
Tr(ΣRQD) + Tr(Σ̄R̄Q̄D̄)

] ∂
∂y

(3.35)

where D is a matrix differential operator with elements

Di,j = ( ∂
∂Σi,j ) and D̄i,j = ( ∂

∂Σ̄i,j )

From equation (3.34) and the Laplace transform (3.33), solve the problem by considering

proposition (3.2.1), for double Wishart stochastic volatility model as follows

ψγ,t(τ) = exp{Tr[λ1(τ)Σt + λ2(τ)Σ̄t] + δ(τ)Yt + ε(τ)} (3.36)
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∂ψγ,t
∂τ

=

(
r − Tr[Σ + Σ̄]

2

)
∂ψ

∂y
+
Tr[Σ + Σ̄]

2

∂2ψ

∂y2

+ (βTr(QTQ) + 2Tr(MΣ))
∂ψ

∂Σ
+ 2Tr

(
Σ

∂

∂Σ
QTQ

∂

∂Σ

)
ψ

+ (β̄T r(Q̄T Q̄) + 2Tr(M̄Σ̄))
∂ψ

∂Σ̄
+ 2Tr

(
Σ̄

∂

∂Σ̄
Q̄T Q̄

∂

∂Σ̄

)
ψ

+ 2Tr

(
ΣRQ

∂

∂Σ

)
∂ψ

∂y
+ 2Tr

(
Σ̄R̄Q̄

∂

∂Σ̄

)
∂ψ

∂y

(3.37)

Considering equation (3.34) to obtain the boundary conditions as follows

 ψγ,t(τ) = e{Tr[λ1(τ)Σt+λ2(τ)Σ̄t]+δ(τ)Yt+ε(τ)}

λ1(0) = 0, λ2(0) = 0, δ(0) = γ, ε(0) = 0
(3.38)

∂ψγ,t(τ)

∂τ
= Tr

(
dλ1(τ)

dτ
Σt +

dλ2(τ)

∂τ
Σ̄t

)
+

d

dτ
δ(τ)Yt +

d

dτ
ε(τ)ψγ,t(τ)

= (r − Tr[Σ + Σ̄]

2
)δ(τ)ψγ,t(τ) +

Tr(Σ + Σ̄)

2
δ2(τ)ψγ,t(τ)

+ [(βTr(QTQ) + 2Tr(MΣ))λ1(τ) + (β̄T r(Q̄T Q̄) + 2Tr(M̄Σ̄))λ2(τ)]ψγ,t(τ)

+ 2Tr[Σλ1(τ)Q
TQλ1(τ)]ψγ,t(τ) + 2Tr[Σ̄λ2(τ)Q̄

T Q̄λ2(τ)]ψγ,t(τ)

+ 2Tr[ΣRQδ(τ)λ1(τ)]ψγ,t(τ) + 2Tr[Σ̄R̄Q̄δ(τ)λ2(τ)]ψγ,t(τ).

(3.39)
∂ψγ,t(τ)

∂τ
= [Tr(λ́1(τ)Σt + λ́2(τ)Σ̄t) + δ́(τ)Yt + έ(τ)]ψγ,t(τ) = LY,Σ,Σ̄ψγ,t(τ) (3.40)

−∂ψγ,t(τ)
∂τ

+ LY,Σ,Σ̄ψγ,t(τ) = 0 (3.41)

By substituting in equation (3.41) provides the following expression,

− [Tr(λ́1(τ)Σt + λ́2(τ)Σ̄t) + δ́(τ)Yt + έ(τ)] + (r − Tr[Σ + Σ̄]

2
)δ(τ)

+
Tr(Σ + Σ̄)

2
δ2(τ) + Tr[(βQTQ+MΣ +ΣMT )λ1(τ) + (β̄Q̄T Q̄+ M̄Σ̄ + Σ̄M̄T )λ2(τ)

+ 2Σλ1(τ)Q
TQλ1(τ) + 2Σ̄λ2(τ)Q̄

T Q̄λ2(τ) + 2ΣRQδ(τ)λ1(τ) + 2Σ̄R̄Q̄δ(τ)λ2(τ)] = 0

(3.42)
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Identifying the coefficients in equation (3.42) as follows

− Tr(
d

dτ
λ1(τ)Σ)− 1

2
Tr[Σ]δ(τ) +

1

2
Tr[Σ]δ2(τ)

+ Tr[(MΣ +ΣMT )λ1(τ) + 2Σλ1(τ)Q
TQλ1(τ) + 2ΣRQδ(τ)λ1(τ)] = 0

(3.43)

− Tr(
d

dτ
λ2(τ)Σ̄)− 1

2
Tr[Σ̄]δ(τ) +

1

2
Tr[Σ̄]δ2(τ)

+ Tr[(M̄Σ̄ + Σ̄M̄T )λ2(τ) + 2Σ̄λ2(τ)Q̄
T Q̄λ2(τ) + 2Σ̄R̄Q̄δ(τ)λ2(τ)] = 0

(3.44)

−δ́(τ)Yt − έ(τ) + rδ(τ) + Tr[βQTQ]λ1(τ) + Tr[β̄Q̄T Q̄]λ2(τ) = 0 (3.45)

Then arranging equations (3.43), (3.44) and (3.45), then matrix Riccati ordinary

differential equations are obtained as below


d
dτ
λ1(τ) =Mλ1(τ) + (MT + 2γRQ)λ1(τ) + 2λ1(τ)Q

TQλ1(τ) +
γ(γ−1)

2
In

λ1(0) = 0
(3.46)


d
dτ
λ2(τ) = M̄λ2(τ) + (M̄T + 2γR̄Q̄)λ2(τ) + 2λ2(τ)Q̄

T Q̄λ2(τ) +
γ(γ−1)

2
In

λ2(0) = 0
(3.47)

For the constant ε the matrix Riccati ordinary differential can be obtained as follows

−δ́(τ)Yt − έ(τ) + rδ(τ) + Tr(βQTQ)λ1(τ) + Tr(β̄Q̄T Q̄)λ2(τ) = 0

δ(τ) = C0 = γ, since ´δ(τ) = 0 so⇒ δ(τ) = C0 = γ
dε(τ)
dτ

= rγ + βTr[(QTQ)λ1(τ)] + β̄T r[(Q̄T Q̄)λ2(τ)]

ε(0) = 0
(3.48)

Such that ε(τ) can be obtained by direct integration

ε(τ) =

∫ τ

0

rγds+

∫ τ

0

Tr[βQTQλ1(s) + β̄Q̄T Q̄λ2(s)]ds
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Where λ1, λ2 ∈Mn(R) and δ(τ), ε(τ) ∈ R.

Matrix Riccati linearization; The matrix Riccati equations above are linearized to provide

representation of the closed form solution, following the techniques of Benabid et al. (2008);

Da Fonseca et al. (2008). So from Riccati equations (3.46) and (3.47),


d
dτ
λ1(τ) =Mλ1(τ) + (MT + 2γRQ)λ1(τ) + 2λ1(τ)Q

TQλ1(τ) +
γ(γ−1)

2
In

λ1(0) = 0


d
dτ
λ2(τ) = M̄λ2(τ) + (M̄T + 2γR̄Q̄)λ2(τ) + 2λ2(τ)Q̄

T Q̄λ2(τ) +
γ(γ−1)

2
In

λ2(0) = 0

Let

λ1(τ) = H1(τ)
−1H2(τ)

where H1(τ) ∈ GLn(R) and H2(τ) ∈Mn(R) and therefore

d

dτ
[H1(τ)λ1(τ)] =

dH1(τ)

dτ
λ1(τ) +H1(τ)

dλ1(τ)

dτ

H1(τ)
dλ1(τ)

dτ
=

d

dτ
[H1(τ)λ1(τ)]−

dH1(τ)

dτ
λ1(τ) (3.49)

H1(τ)λ1(τ)M +H1(τ)(M
T + 2γRQ)λ1(τ) + 2H1(τ)λ1(τ)Q

TQλ1(τ)

+H1(τ)
γ(γ − 1)

2
= H1(τ)

dλ1(τ)

dτ

(3.50)

H2(τ)M +H1(τ)(M
T + 2γRQ)λ1(τ) + 2H2(τ)Q

TQλ1(τ)

+H1(τ)
γ(γ − 1)

2
= H1(τ)

dλ1(τ)

dτ

(3.51)

Since H2(τ) = H1(τ)λ1(τ), then

dH2(τ)

dτ
=
dH1(τ)

dτ
λ1(τ) +H1(τ)

dλ1(τ)

dτ
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This implies that

H1(τ)
dλ1(τ)

dτ
=
dH2(τ)

dτ
− dH1(τ)

dτ
λ1(τ) (3.52)

Such that it provides an expression

dH2(τ)

dτ
− dH1(τ)

dτ
λ1(τ) = H2(τ)M +H1(τ)(M

T + 2γRQ)λ1(τ)

+ 2H2(τ)Q
TQλ1(τ) +H1(τ)

γ(γ − 1)

2

= H1(τ)
γ(γ − 1)

2
+H2(τ)M + [H1(τ)(M

T + 2γRQ)

+ 2H2(τ)Q
TQ]λ1(τ)

(3.53)

Then
dH2(τ)

dτ
= H1(τ)

γ(γ − 1)

2
+H2(τ)M (3.54)

dH1(τ)

dτ
= −H1(τ)(M

T + 2γRQ)− 2H2(τ)Q
TQ (3.55)

d

dτ
(H2(τ) H1(τ)) =

(
H2(τ) H1(τ)

) M −2QTQ

γ(γ−1)
2

In −(MT + 2γRQ)

 (3.56)

The solution of differential equation (3.56) above is given as

(
H2(τ) H1(τ)

)
=

(
H2(0) H1(0)

)
eQτ (3.57)

Proof.

Indeed by letting and differentiating

X(τ) = (H2(τ) H1(τ))

dX(s)

ds
= X(s)Q

dX(s)

X(s)
= Qds∫ τ

0

dX(s)

X(s)
=

∫ τ

0

Qds = ln(
X(τ)

X(0)
) = Qτ

⇒ X(τ) = X(0)eQτ
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□

This can be writen in the form

(H2(τ) H1(τ)) = (H2(0) H1(0))e
Qτ (3.58)

Noting that, λ1(τ) = H1(τ)
−1H2(τ) and from

dH1(τ)

dτ
= −H1(τ)(M

T + 2γRQ)− 2H2(τ)Q
TQ (3.59)

and solving the equation as follows

dH1(τ)

dτ
= −H1(τ)(M

T + 2γRQ) (3.60)

setting G = (MT + 2γRQ)

This gives

H1(τ) = Ke−Gτ

Differentiating, gives
dH1(τ)

dτ
= Ḱe−Gτ −Ke−GτG (3.61)

Now substituting in equation (3.59), provides

Ḱe−Gτ −Ke−GτG = −Ke−GτG− 2H2(τ)Q
TQ (3.62)

then

K =

∫ τ

0

−2H2(u)Q
TQeGudu

H1(τ) = (

∫ τ

0

−2H2(u)Q
TQeGudu)e−Gτ = Ke−Gτ

Such that H1(0) = KIn and H−1
1 (0) = K−1In and for K = 1, H−1

1 (0) = In
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and then

H2(0) = H1(0)λ1(0) = λ1(0)

(H2(τ) H1(τ)) = (λ1(0) In)eτQ

Setting

eτQ =

λ111 (τ) λ121 (τ)

λ211 (τ) λ221 (τ)


Such that λ111 (τ) λ121 (τ)

λ211 (τ) λ221 (τ)

 = expτ

 M −2QTQ

γ(γ−1)
2

In −(MT + 2γRQ)

 (3.63)

In conclusion

(H2(0) H1(0)) = (λ1(0) In)

λ111 (τ) λ121 (τ)

λ211 (τ) λ221 (τ)

 (3.64)

Its solution is simply obtained through exponentiation

(H2(τ) H1(τ)) = (H2(0) H1(0))expτ

 M −2QTQ

γ(γ−1)
2

In −(MT + 2γRQ)



= (λ1(0) In)expτ

 M −2QTQ

γ(γ−1)
2

In −(MT + 2γRQ)


since

eτQ =

λ111 (τ) λ121 (τ)

λ211 (τ) λ221 (τ)

 = expτ

 M −2QTQ

γ(γ−1)
2

In −(MT + 2γRQ)



(H2(τ) H1(τ)) = (λ1(0) In)

λ111 (τ) λ121 (τ)

λ211 (τ) λ221 (τ)

 (3.65)

= [λ1(0)λ
11
1 (τ) + λ211 (τ) λ1(0)λ

12
1 (τ) + λ221 (τ)]
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and since λ1(0) = 0

(H2(τ) H1(τ)) = (λ211 (τ) λ221 (τ))

H2(τ) = λ211 (τ)

H1(τ) = λ221 (τ)

λ1(τ) = H−1
1 (τ)H2(τ)

λ1(τ) = λ221 (τ)−1λ211 (τ)

(3.66)

which represents the closed form solution of the matrix Riccati equation.

Now looking at the second Riccati equation. Setting;

λ2(τ) = I−1
1 (τ)I2(τ) (3.67)

dI2(τ)

dτ
= I1(τ)

γ(γ − 1)

2
+ I2(τ)M̄ (3.68)

dI1(τ)

dτ
= −I1(τ)(M̄T + 2γR̄Q̄)− 2I2(τ)Q̄

T Q̄ (3.69)

d

dτ
(I2(τ) I1(τ)) =

(
I2(τ) I1(τ)

) M̄ −2Q̄T Q̄

γ(γ−1)
2

In −(M̄T + 2γR̄Q̄)

 (3.70)

Recall;

Y (τ) = Y (0)eQ̄τ

Then,

(I2(τ) I1(τ)) = (I2(0) I1(0))e
Q̄τ

From equation (3.69)

I1(τ) = (

∫ τ

0

−2I2(u)Q̄
T Q̄eḠ(u)du)e−Ḡτ = K̄e−Ḡτ (3.71)

with conditions

I1(0) = K̄I = K̄ = I
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such that

I2(0) = I1(0)λ2(0) = λ2(0)

λ2(τ) = I−1
1 (τ)I2(τ)

(I2(τ) I1(τ)) = (λ2(0) In)

λ112 (τ) λ122 (τ)

λ212 (τ) λ222 (τ)

 (3.72)

(I2(τ) I1(τ)) = (λ2(0)λ
11
2 (τ) + λ212 (τ) λ2(0)λ

12
2 (τ) + λ222 (τ)) (3.73)

and since λ2(0) = 0

(I2(τ) I1(τ)) = (λ212 (τ) λ222 (τ))

Therefore we obtain
I2(τ) = λ212 (τ)

I1(τ) = λ222 (τ)

λ2(τ) = I−1
1 (τ)I2(τ)

λ2(τ) = λ222 (τ)−1λ212 (τ)

(3.74)

Then proceed by computing the last Riccati equation ,


dε(τ)
dτ

= rγ + βTr[(QTQ)λ1(τ)] + β̄T r[(Q̄T Q̄)λ2(τ)]

ε(0) = 0
(3.75)

Recalling equations


dH2(τ)
dτ

= H1(τ)
γ(γ−1)

2
+H2(τ)M

dH1(τ)
dτ

= −H1(τ)(M
T + 2γRQ)− 2H2(τ)Q

TQ
(3.76)

and 
dI2(τ)
dτ

= I1(τ)
γ(γ−1)

2
+ I2(τ)M̄

dI1(τ)
dτ

= −I1(τ)(M̄T + 2γR̄Q̄)− 2I2(τ)Q̄
T Q̄

(3.77)

dε(τ)

dτ
= rγ + βTr[(QTQ)H−1

1 (τ)H2(τ)] + β̄T r[(Q̄T Q̄)I−1
1 (τ)I2(τ)] (3.78)
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From equation (3.76)

H2(τ) = −1

2
[
dH1(τ)

dτ
+H1(τ)(M

T + 2γRQ)](QTQ)−1 (3.79)

and from equation (3.77)

I2(τ) = −1

2
[
dI1(τ)

dτ
+ I1(τ)(M̄

T + 2γR̄Q̄)](Q̄T Q̄)−1 (3.80)

Such that

λ1(τ) = H−1
1 (τ)H2(τ) = −1

2
[H−1

1 (τ)
dH1(τ)

dτ
+ (MT + 2γRQ)](QTQ)−1 (3.81)

λ2(τ) = I−1
1 (τ)I2(τ) = −1

2
[I−1

1 (τ)
dI1(τ)

dτ
+ (M̄T + 2γR̄Q̄)](Q̄T Q̄)−1 (3.82)

Substituting equations (3.81) and (3.82) in equation (3.78), as follows


dε(τ)
dτ

= −β
2
Tr[H−1

1 (τ)dH1(τ)
dτ

+ (MT + 2γRQ)]− β̄
2
Tr[I−1

1 (τ)dI1(τ)
dτ

+(M̄T + 2γR̄Q̄)] + rγ

ε(0) = 0

(3.83)

dε(τ) = −β
2
Tr[

dH1(τ)

H1(τ)
+(MT+2γRQ)dτ ]− β̄

2
Tr[

dI1(τ)

I1(τ)
+(M̄T+2γR̄Q̄)dτ ]+rγdτ (3.84)

Now by integrating directly, provides

ε(τ) = −β
2
Tr[logH1(τ)+(MT+2γRQ)τ ]− β̄

2
Tr[log I1(τ)+(M̄T+2γR̄Q̄)τ ]+rγτ (3.85)

This can be simplified as

ε(τ) =Tr

[
log(

1√
(H1(τ))β(I1(τ))β̄

)− 1

2
(βMT + β̄M̄T + 2γ(βRQ+ β̄R̄Q̄))τ

]

+ rγτ

(3.86)
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3.2.3 The characteristic function and Fast Fourier transform method

This section considers Fast Fourier Transform (FFT) method in Carr & Madan (1999), to price

European call option with α > 0, at time t, strike k = log(K) and time to maturity T , given as

Ct(T,K) = e−r(T−t)E[(XT −K)+ | Ft] (3.87)

Since YT = logXT , then Xt = exp(Yt). This provides;

Ct(T,K) = Ct(T, k) = e−r(T−t)E[(exp(Yt)− exp(k))+|Ft] (3.88)

The modified Price Cα
t and α = 1.1 as considered in Carr & Madan (1999) as a good

empirical value in the Heston model. This modified call price is introduced in order to obtain a

square integrable function so that we can apply the inverse Fourier transform,

Cα
t (T, k) = exp(αk)Ct(T,K) (3.89)

The Fourier transform of the modified price and also applying a Fubini integration theorem

ψαt (T, θ) =

∫ +∞

−∞
Cα
t (T, k)e

iθkdk (3.90)

=

∫ +∞

−∞
eαkCt(T,K)eiθkdk

=

∫ +∞

−∞
eαke−r(T−t)E[(exp(Yt)− exp(k))+|Ft]e

iθkdk

= e−r(T−t)
∫ +∞

−∞
exp[(α + iθ)k]E[(exp(Yt)− exp(k))+|Ft]dk

= e−r(T−t)E
[∫ YT

−∞
(e(α+iθ)k+YT − e(α+iθ)k+k)dk

]
ψαt (T, θ) = e−r(T−t)E

[
e(α+iθ)k+YT

α + iθ
− e(α+iθ+1)k

α + iθ + 1

]Y
A=−∞

ψαt (T, θ) = e−r(T−t)E
[(

e(α+iθ)YT+YT

α + iθ
− e(α+iθ+1)YT

α + iθ + 1

)
− lim

A→−∞

(
e(α+iθ)A+YT

α + iθ
− e(α+iθ+1)A

α + iθ + 1

)]
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as A→ −∞, therefore this goes to zero

lim
A→−∞

(
e(α+iθ)A+YT

α + iθ
− e(α+iθ+1)A

α + iθ + 1

)
≈ 0

ψαt (T, θ) = e−r(T−t)E
[

e(α+iθ+1)YT

(α + iθ)(α+ iθ + 1)
(α + iθ + 1− α− iθ)

]
ψαt (T, θ) = e−r(T−t)E

[
e(α+iθ+1)YT

(α + iθ)(α+ iθ + 1)

]
=

e−r(T−t)

(α + iθ)(α + iθ + 1)
E
[
exp[iθ + i(

α + 1

i
)]YT

]
=

e−r(T−t)

(α + iθ)(α + iθ + 1)
E
[
exp[i(θ + (

α + 1

i
))]YT

]
=

e−r(T−t)

(α + iθ)(α + iθ + 1)
E [exp[i(θ − (α + 1)i)]YT ]

=
e−r(T−t)

(α + iθ)(α + iθ + 1)
E [exp[i(θ − (α + 1)i)]YT |Ft]

ψαt (T, θ) =
e−r(T−t)ϕt(T, θ − (1 + α)i)

(α + iθ)(α + iθ + 1)
(3.91)

Now observing that the call price can be obtained by inversion of the Fourier transform

using the fact that the function ψαt (T, θ) has an odd imaginary part and an even real part,

Cα
t (T, k) = exp(αk)Ct(T,K)∫ +∞

−∞
Cα
t (T, k)e

iθkdk =
e−r(T−t)ϕt(T, θ − (1 + α)i)

(α + iθ)(α+ iθ + 1)

Cα
t (T, k) =

1

2π

∫ ∞

−∞
ψαt (T, θ)e

−iθkdθ

(3.92)

Such that

Ct(T,K) =
e−αk

2π

∫ ∞

−∞
ψαt (T, θ)e

−iθkdθ

Ct(T,K) =
e−αk

2π

∫ ∞

−∞

e−r(T−t)ϕ̃t(T, θ − (1 + α)i)

(α + iθ)(α + iθ + 1)
e−iθkdθ
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This is a Fourier transform

Ct(T,K) =
e−αk

2π
Re

(∫ ∞

−∞

e−r(T−t)ϕ̃t(T, θ − (1 + α)i)

(α + iθ)(α + iθ + 1)
e−iθkdθ

)
(3.93)

In order to price the European call option, it is sufficient to compute the characteristic

function ϕ̃γ,0(t, T ), this computation will involve the Wishart processes.

Proposition 3.2.2 Given a real symmetric matrix D, the conditional characteristic function of

the Wishart processes Σt and Σ̄t is given by,

ϕ̃D1D2

Σt,Σ̄t
= E

[
exp{iT r[D1Σt +D2Σ̄t]}

]
= exp{Tr[A1(τ)Σt + A2(τ)Σ̄t] + C(τ)}

where the deterministic complex-valued function A1(τ), A2(τ) ∈Mn(C), C(τ) ∈ C

Now obtaining the ordinary differential equations for A1(τ), A2(τ) and C(τ)


dA1(τ)
dτ

= A1(τ)M +MTA1(τ) + 2A1(τ)Q
TQA1(τ)

A1(0) = iD1

(3.94)


dA2(τ)
dτ

= A2(τ)M̄ + M̄TA2(τ) + 2A2(τ)Q̄
T Q̄A2(τ)

A2(0) = iD2

(3.95)


dC(τ)
dτ

= βTr[QTQA1(τ)] + β̄T r[Q̄T Q̄A2(τ)]

C(0) = 0
(3.96)

C(τ) =

∫ τ

0

Tr[βQTQA1(τ)du+ β̄Q̄T Q̄A2(τ)du] (3.97)

C(τ) = Tr

[∫ τ

0

βQTQA1(u)du+

∫ τ

0

β̄Q̄T Q̄A2(u)du

]
(3.98)

Now

A1(τ) = h−1
1 (τ)h2(τ)
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d

dτ
(h2(τ) h1(τ)) =

(
h2(τ) h1(τ)

)M −2QTQ

0 −MT

 (3.99)

A2(τ) = i−1
1 (τ)i2(τ)

d

dτ
(i2(τ) i1(τ)) =

(
i2(τ) i1(τ)

)M̄ −2Q̄T Q̄

0 −M̄T

 (3.100)

Provides

(h2(τ) h1(τ)) = (iD1 In)

A11
1 (τ) A12

1 (τ)

A21
1 (τ) A22

1 (τ)

 (3.101)

(i2(τ) i1(τ)) = (iD2 In)

A11
2 (τ) A12

2 (τ)

A21
2 (τ) A22

2 (τ)

 (3.102)

(h2(τ) h1(τ)) = (iD1A
11
1 (τ) + A21

1 (τ) iD1A
12
1 (τ) + A22

1 (τ)) (3.103)

(i2(τ) i1(τ)) = (iD2A
11
2 (τ) + A21

2 (τ) iD2A
12
2 (τ) + A22

2 (τ)) (3.104)

Then

A1(τ) = h−1
1 (τ)h2(τ) (3.105)

h1(τ) = iD1A
12
1 (τ) + A22

1 (τ)

h2(τ) = iD1A
11
1 (τ) + A21

1 (τ)

A1(τ) = (iD1A
12
1 (τ) + A22

1 (τ))−1(iD1A
11
1 (τ) + A21

1 (τ)) (3.106)

And for

A2(τ) = i−1
1 (τ)i2(τ) (3.107)

i1(τ) = iD2A
12
2 (τ) + A22

2 (τ)

i2(τ) = iD2A
11
2 (τ) + A21

2 (τ)

A2(τ) = (iD2A
12
2 (τ) + A22

2 (τ))−1(iD2A
11
2 (τ) + A21

2 (τ)) (3.108)
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Then generalizing as follows,

Aj(τ) = (iDjA
12
j (τ) + A22

j (τ))−1(iDjA
11
j (τ) + A21

j (τ)), forj = 1, 2. (3.109)

By letting ϕ̃(t) = ϕ̃γ,0(t, T ) be the characteristic function of the log-return, we also observe

that the price of the option depend on volatility, we consider log-asset price return Yt

Yt,T = ln

(
XT

Xt

)
= ln(XT )− ln(Xt)

= YT − Yt

Then

ϕ̃γ,0(t, T ) = E[exp{iγYt,T}]

= E[Eexp{iγ(YT − Yt)}]

= E[Eexp{iγYT − iγYt}]

= E[Etexp{iγYT}exp{−iγYt}]

= E[(exp(−iγYt))Etexp{iγYT}]

= E[exp(−iγYt)exp{Tr
[
λ1(T − t)Σt + λ2(T − t)Σ̄t] + iγYt + ε(T − t)}

]
= exp{ε(T − t)}E

[
exp{Tr[λ1(T − t)Σt + λ2(T − t)Σ̄t]}

]
= exp{ε(T − t)}exp{Tr[A1(τ)Σ0 + A2(τ)Σ̄0] + C(τ)}

= exp{ε(T − t)}exp{Tr[A1(t)Σ0 + A2(t)Σ̄0] + C(t)}

= exp{Tr[A1(t)Σ0 + A2(t)Σ̄0] + C(t) + ε(T − t)}
(3.110)

where

Aj(τ) = λj(T − t), j = 1, 2.

with

Aj(t) = (iDjA
12
j (t) + A22

j (t))−1(iDjA
11
j (t) + A21

j (t)), forj = 1, 2.
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Then the European call price, can be written in the form as follows

Ct(T,K) =
e−αk√
2π
Re

(
1√
2π

∫ ∞

−∞

e−r(T−t)e{Tr[A1(t)Σ0+A2(t)Σ̄0]+C(t)+ε(T−t)}

(α + iθ)(α + iθ + 1)
e−iθkdθ

)
(3.111)

The call price can still be presented in the form

Ct(T,K) =
e−αk

2π
Re

(∫ ∞

−∞
e−r(T−t)ϕ̃Σ,Σ̄(t)ϕ(θ)e

−iθkdθ

)
(3.112)

where

ϕ̃Σ,Σ̄(t) = e{Tr[A1(t)Σ0+A2(t)Σ̄0]+C(t)+ε(T−t)}

ϕ(θ) =
1

(α + iθ)(α + iθ + 1)

C(τ) = Tr

[∫ τ

0

βQTQA1(u)du+

∫ τ

0

β̄Q̄T Q̄A2(u)du

]
and

ε(τ) = Tr

[
log(

1√
(H1(τ))β(I1(τ))β̄

)− 1

2
(βMT + β̄M̄T ) + rγ

]

3.2.4 Perturbation techniques for the Riccati differential equations

This section deals with implementation of perturbation techniques since the system of the Ric-

cati differential equations does not allow analytical closed form solution. This is due to non

commutativity of matrix multiplication, in order to approximate the call option price.

The method procedures retains the affine properties and allows higher orders comparable

to standard perturbation schemes more so the singular perturbation technique on partial differ-

ential equations that is complex after the first order Benabid et al. (2008); Fouque et al. (2003).

Considering the differential Riccati equations of double Wishart stochastic volatility model and

taking dimension n = 2. The two characteristics orders in perturbation p and q are considered.
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The solution of A(τ) is given in the form

A(τ) =
∑
i,j

p
i
2 q

j
2Ai,j(τ)

Then substituting this development in the perturbed differential Riccati equation and by

comparing the coefficients and identifying the terms in p and q gives the expected approxima-

tion.

Recalling the ordinary Riccati differential equations which are functions to be obtained in

the price function.

A
′

1(τ) = A1(τ)M +MTA1(τ) + 2A1(τ)Q
TQA1(τ), A1(0) = iD1 (3.113)

A
′

2(τ) = A2(τ)M̄ + M̄TA2(τ) + 2A2(τ)Q̄
T Q̄A2(τ), A2(0) = iD2 (3.114)

C
′
(τ) = βTr[QTQA1(τ)] + β̄T r[Q̄T Q̄A2(τ)], C(0) = 0 (3.115)

ε
′
(τ) = rγ + βTr[QTQλ1(τ)] + β̄T r[Q̄T Q̄λ2(τ)], ε(0) = 0 (3.116) λ

′
1(τ) =Mλ1(τ) + (MT + 2γRQ)λ1(τ) + 2λ1(τ)Q

TQλ1(τ) +
γ(γ−1)

2
I2

λ1(0) = 0
(3.117)

 λ
′
2(τ) = M̄λ2(τ) + (M̄T + 2γR̄Q̄)λ2(τ) + 2λ2(τ)Q̄

T Q̄λ2(τ) +
γ(γ−1)

2
I2

λ2(0) = 0
(3.118)

Let p = M1 and q = M2 are small while νi quantities remain constant. The Wishart

variance does not fluctuate much around initial value. The approximation at order one (
√
p,
√
q)

and order two (p, q) with the following notations.

M =

−p 0

0 −q

 = −p

1 0

0 0

− q

0 0

0 1

 = −pM1 − qM2
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and

M̄ =

−p̄ 0

0 −q̄

 = −p̄

1 0

0 0

− q̄

0 0

0 1

 = −p̄M1 − q̄M2

and also noting that Q is the volatility of the volatility

Q =
√
pν1M1 +

√
qν2M2, Q2 = pν21M1 + qν22M2

Then Q can be presented in the form

Q =
√
pQ1 +

√
qQ2

where  Q1 = ν1M1, Q2
1 = ν21M1

Q2 = ν2M2, Q2
2 = ν22M2

(3.119)

Rewriting the Riccati equations in the form

A
′

1(τ) = A1(τ)(−pM1 − qM2) + (−pM1 − qM2)
TA1(τ) + 2A1(τ)(pν

2
1M1 + qν22M2)A1(τ)

A
′

1(τ) = p[−A1(τ)M1 −M1A1(τ) + 2A1(τ)Q
2
1A1(τ)]

+ q[−A1(τ)M2 −M2A1(τ) + 2A1(τ)Q
2
2A1(τ)]

(3.120)

and for

λ
′

1(τ) =
γ(γ − 1)

2
I2 + λ1(τ)(−pM1 − qM2)

+ (−pM1 − qM2 + 2γR(
√
pν1M1 +

√
qν2M2))λ1(τ)

+ 2λ1(τ)(pν
2
1M1 + qν22M2)λ1(τ)

λ
′

1(τ) =
γ(γ − 1)

2
I2 + p(−λ1(τ)M1 −M1λ1(τ) + 2λ1(τ)Q

2
1λ1(τ)) + 2

√
pγRQ1λ1(τ)

+ 2
√
qγRQ2λ1(τ) + q(−λ1(τ)M2 −M2λ1(τ) + 2λ1(τ)Q

2
2λ1(τ))

(3.121)
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λ
′

2(τ) =
γ(γ − 1)

2
I2 + p̄(−λ2(τ)M1 −M1λ2(τ) + 2λ2(τ)Q̄

2
1λ2(τ)) + 2

√
p̄γR̄Q̄1λ2(τ)

+ 2
√
q̄γR̄Q̄2λ2(τ) + q̄(−λ2(τ)M2 −M2λ2(τ) + 2λ2(τ)Q̄

2
2λ2(τ))

(3.122)

Development of the Riccati functions. The development of the Riccati functions

A1, A2, λ1, λ2, C and ε, by perturbation of the Riccati equations at order two (order 2), as

follows

Ak(τ) = A0,0
k (τ) +

√
pA1,0

k (τ) +
√
qA0,1

k (τ) + pA2,0
k (τ) + qA0,2

k (τ)

+
√
pqA1,1

k (τ) + o(max(p, q)), k = 1, 2.

(3.123)

λk(τ) = λ0,0k (τ) +
√
pλ1,0k (τ) +

√
qλ0,1k (τ) + pλ2,0k (τ) + qλ0,2k (τ)

+
√
pqλ1,1k (τ) + o(max(p, q)), k = 1, 2.

(3.124)

Let us determine A0,0
k , ..., A1,1

k

A
′

1(τ) = p[−A1(τ)M1 −M1A1(τ) + 2A1(τ)Q
2
1A1(τ)]

+ q[−A1(τ)M2 −M2A1(τ) + 2A1(τ)Q
2
2A1(τ)]

A
′

1(τ) = (A0,0
1 (τ))

′
+
√
p(A1,0

1 (τ))
′
+
√
q(A0,1

1 (τ))
′
+p(A2,0

1 (τ))
′
+q(A0,2

1 (τ))
′
+
√
pq(A1,1

1 (τ))
′

By identifying the terms in respective orders, gives

(A0,0
1 (τ))

′
= 0, A0,0

1 (τ) ∈M2(C)

Since A1(0) = iD1, where

D1 =

d1 0

0 d1


Then, having

A0,0
1 (0) +

√
pA1,0

1 (0) +
√
qA0,1

1 (0) + pA2,0
1 (0) + qA0,2

1 (0) +
√
pqA1,1

1 (0) = iD1 (3.125)

54



then

A0,0
1 (0) = iD1 = id1I2

A1,0
1 (0) = A0,1

1 (0) = A2,0
1 (0) = A0,2

1 (0) = A1,1
1 (0) = (0)

where
(A2,0

1 (τ))
′
= −A0,0

1 (τ)M1 −M1A
0,0
1 (τ) + 2ν21A

0,0
1 (τ)M1A

0,0
1 (τ)

= −id1M1 −M1id1 + 2ν21 id1M1id1

= −2id1M1 − 2d21ν
2
1M1

= −2d1(i+ d1ν
2
1)M1

then by integrating, gives

A2,0
1 (τ) = −2d1(i+ d1ν

2
1)τM1

and for
(A0,2

1 (τ))
′
= −A0,0

1 (τ)M2 −M2A
0,0
1 (τ) + 2ν22A

0,0
1 (τ)M2A

0,0
1 (τ)

= −id1M2 −M2id1 + 2ν22 id1M2id1

= −2id1M2 − 2d21ν
2
2M2

= −2d1(i+ d1ν
2
2)M2

After integration, gives

A0,2
1 (τ) = −2d1(i+ d1ν

2
2)τM2

and

(A1,1
1 (τ))

′
= 0, =⇒ A1,1

1 (τ) = C

since A1,1
1 (0) = 0 for all τ ∈ R+ the C = 0.
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Computing for function A2(τ), go through the same procedures

A
′

2(τ) = p̄[−A2(τ)M1 −M1A2(τ) + 2A2(τ)Q̄
2
1A2(τ)]

+ q̄[−A2(τ)M2 −M2A2(τ) + 2A2(τ)Q̄
2
2A2(τ)]

A
′

2(τ) = (A0,0
2 (τ))

′
+
√
p̄(A1,0

2 (τ))
′
+
√
q̄(A0,1

2 (τ))
′
+ p̄(A2,0

2 (τ))
′
+ q̄(A0,2

2 (τ))
′
+
√
p̄q̄(A1,1

2 (τ))
′

then

(A0,0
2 (τ))

′
= 0, =⇒ A0,0

2 (τ) ∈M2(C)

Since A2(0) = iD2, where

D2 =

d2 0

0 d2


Having

(A0,0
2 (0))

′
+
√
p̄(A1,0

2 (0))
′
+
√
q̄(A0,1

2 (0))
′
+ p̄(A2,0

2 (0))
′
+ q̄(A0,2

2 (0))
′
+
√
p̄q̄(A1,1

2 (0))
′
= iD2

(3.126)

A0,0
2 (0) = iD2 = id2I2

A1,0
2 (0) = A0,1

2 (0) = A2,0
2 (0) = A0,2

2 (0) = A1,1
2 (0) = (0)

Proceed by obtaining

(A2,0
2 (τ))

′
= −A0,0

2 (τ)M1 −M1A
0,0
2 (τ) + 2ν̄21A

0,0
2 (τ)M1A

0,0
2 (τ)

= −id2M1 −M1id2 + 2ν̄21 id2M1id2

= −2id2M1 − 2d22ν̄
2
1M1

= −2d2(i+ d2ν̄
2
1)M1

then integrating, provides

A2,0
2 (τ) = −2d2(i+ d2ν̄

2
1)τM1
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and for
(A0,2

2 (τ))
′
= −A0,0

2 (τ)M2 −M2A
0,0
2 (τ) + 2ν̄22A

0,0
2 (τ)M2A

0,0
2 (τ)

= −id2M2 −M2id2 + 2ν̄22 id2M2id2

= −2id2M2 − 2d22ν̄
2
2M2

= −2d2(i+ d2ν̄
2
2)M2

Then after integrating, provides

A0,2
2 (τ) = −2d2(i+ d2ν̄

2
2)τM2

and (A1,1
2 (τ))

′
= 0, A1,1

2 (τ) = 0, since A1,1
2 (0) = 0 for all τ ∈ R+, then C = 0 constant.

Continue to obtain λ1 and λ2 for the following ordinary differential equations

λ
′

1(τ) =
γ(γ − 1)

2
I2 + p(−λ1(τ)M1 −M1λ1(τ) + 2λ1(τ)Q

2
1λ1(τ)) + 2

√
pγRQ1λ1(τ)

+2
√
qγRQ2λ1(τ) + q(−λ1(τ)M2 −M2λ1(τ) + 2λ1(τ)Q

2
2λ1(τ))

(3.127)

λ1(τ) = λ0,01 (τ)+
√
pλ1,01 (τ)+

√
qλ0,11 (τ)+ pλ2,01 (τ)+ qλ0,21 (τ)+

√
pqλ1,11 (τ)+ o(max(p, q))

(3.128)

For

(λ0,01 (τ))
′
=
γ(γ − 1)

2
I2 then⇒ λ0,01 (τ) =

γ(γ − 1)

2
τI2

(λ1,01 (τ))
′
= 2γRQ1λ

0,0
1 (τ)

= 2γν1RM1λ
0,0
1 (τ)

= γ2(γ − 1)ν1τRM1

Such that

λ1,01 (τ) =
γ2(γ − 1)

2
ν1τ

2(RM1)
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Then for
(λ0,11 (τ))

′
= 2γRQ2λ

0,0
1 (τ)

= 2γν1RM2λ
0,0
1 (τ)

= γ2(γ − 1)ν2τRM2

λ0,11 (τ) =
γ2(γ − 1)

2
ν2τ

2(RM2)

And

(λ2,01 (τ))
′
= −λ0,01 (τ)M1 −M1λ

0,0
1 (τ) + 2λ0,01 (τ)ν21M1λ

0,0
1 (τ) + 2γRQ1λ

1,0
1 (τ)

= −γ(γ − 1)τM1 +
γ2(γ − 1)2

2
ν21τ

2M1 + γ3(γ − 1)ν21τ
2(RM1)

2

taking the integral, gives

λ2,01 (τ) = −γ(γ − 1)

2
τ 2M1 +

γ2(γ − 1)2

6
ν21τ

3M1 +
γ3(γ − 1)

3
ν21τ

3(RM1)
2

and for

(λ0,21 (τ))
′
= −λ0,01 (τ)M2 −M2λ

0,0
1 (τ) + 2λ0,01 (τ)ν22M2λ

0,0
1 (τ) + 2γRQ2λ

0,1
1 (τ)

= −γ(γ − 1)τM2 +
γ2(γ − 1)2

2
ν22τ

2M2 + γ3(γ − 1)ν22τ
2(RM2)

2

taking the integral, gives

λ0,21 (τ) = −γ(γ − 1)

2
τ 2M2 +

γ2(γ − 1)

6
ν22τ

3M2 +
γ3(γ − 1)

3
ν22τ

3(RM2)
2

(λ1,11 (τ))
′
= γ3(γ − 1)ν1ν2τ

2(RM2)(RM1) + γ3(γ − 1)ν1ν2τ
2(RM1)(RM2)

= γ3(γ − 1)ν1ν2τ
2[(RM1)(RM2) + (RM2)(RM1)]

then

λ1,11 (τ) =
γ3(γ − 1)

3
ν1ν2τ

3[(RM1)(RM2) + (RM2)(RM1)]
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Then for λ2, the following approximation results are obtained

λ0,02 (τ) =
γ(γ − 1)

2
τI2

λ1,02 (τ) =
γ2(γ − 1)

2
ν̄1τ

2(R̄M1)

λ0,12 (τ) =
γ2(γ − 1)

2
ν̄2τ

2(R̄M2)

λ2,02 (τ) = −γ(γ − 1)

2
τ 2M1 +

γ2(γ − 1)2

6
ν̄21τ

3M1 +
γ3(γ − 1)

3
ν̄21τ

3(R̄M1)
2

λ0,22 (τ) = −γ(γ − 1)

2
τ 2M2 +

γ2(γ − 1)

6
ν̄22τ

3M2 +
γ3(γ − 1)

3
ν̄22τ

3(R̄M2)
2

λ1,12 (τ) =
γ3(γ − 1)

3
ν̄1ν̄2τ

3[(R̄M1)(R̄M2) + (R̄M2)(R̄M1)]

Then computing the differential equation for C(τ)

C
′
(τ) = βTr[QTQA1(τ)] + β̄T r[Q̄T Q̄A2(τ)], C(0) = 0 (3.129)

By perturbing the equation

C(τ) = C0,0(τ)+
√
pC1,0(τ)+

√
qC0,1(τ)+pC2,0(τ)+qC0,2(τ)+

√
pqC1,1(τ)+o(max(p, q))

(3.130)

considering the differential

C
′
(τ) = βTr[Q2A1(τ)] + β̄T r[Q̄2A2(τ)]

C
′
(τ) = βTr[pν21M1A1(τ) + qν22M2A1(τ)] + β̄T r[pν̄21M1A2(τ) + qν̄22M2A2(τ)]

(C0,0(τ))
′
= 0, C0,0(τ) = constant = 0

since C(0) = 0

(C1,0(τ))
′
= 0, C1,0(τ) = constant = 0

(C0,1(τ))
′
= 0, C0,1(τ) = constant = 0
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(C2,0(τ))
′
= βTr[ν21M1A

0,0
1 (τ)] + β̄T r[ν̄21M1A

0,0
2 (τ)]

= βTr[ν21M1id1I2] + β̄T r[ν̄21M1id2I2]

= iβν21d1 + iβ̄ν̄21d2

Integrating it yields

C2,0(τ) = iβν21d1τ + iβ̄ν̄21d2τ

(C0,2(τ))
′
= βTr[ν22M2A

0,0
1 (τ)] + β̄T r[ν̄22M2A

0,0
2 (τ)]

= βTr[ν22M2id1I2] + β̄T r[ν̄22M2id2I2]

= iβν22d1 + iβ̄ν̄22d2

Integrating it yields

C2,0(τ) = iβν22d1τ + iβ̄ν̄22d2τ

and

C1,1(τ) = 0

For ε differential equation

ε
′
(τ) = rγ + βTr[QTQλ1(τ)] + β̄T r[Q̄T Q̄λ2(τ)]

= rγ + βTr[Q2λ1(τ)] + β̄T r[Q̄2λ2(τ)]

(3.131)

ε
′
(τ) = rγ + βTr[pν21M1λ1(τ) + qν22M2λ1(τ)] + β̄T r[pν̄21M1λ2(τ) + qν̄22M2λ2(τ)]

with

ε(τ) = ε0,0(τ) +
√
pε1,0(τ) +

√
qε0,1(τ) + pε2,0(τ) + qε0,2(τ) +

√
pqε1,1(τ) + o(max(p, q))

(3.132)

(ε0,0(τ))
′
= rγ, ⇒ ε0,0(τ) = rγτ

and for

ε1,0(τ) = 0, ε0,1(τ) = 0
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(ε2,0(τ))
′
= βTr[ν21M1λ

0,0
1 (τ)] + β̄T r[ν̄21M1λ

0,0
2 (τ)]

= βTr[ν21M1
γ(γ − 1)

2
τ ] + β̄T r[ν̄21M1

γ(γ − 1)

2
τ ]

take integral

ε2,0(τ) = βν21
γ(γ − 1)

4
τ 2 + β̄ν̄21

γ(γ − 1)

4
τ 2

and

ε0,2(τ) = βν22
γ(γ − 1)

4
τ 2 + β̄ν̄22

γ(γ − 1)

4
τ 2

then for

ε1,1(τ) = 0

Substituting back in the perturbation function, gives

A1(τ) = A0,0
1 (τ)+

√
pA1,0

1 (τ)+
√
qA0,1

1 (τ)+pA2,0
1 (τ)+qA0,2

1 (τ)+
√
pqA1,1

1 (τ)+o(max(p, q))

(3.133)

A1(τ) =

id1 0

0 id1

+

−2pd1(i+ d1ν
2
1)τ 0

0 0

+

0 0

0 −2qd1(i+ d1ν
2
2)τ

+o(max(p, q))

A1(τ) =

−2pd21ν
2
1τ + id1(1− 2pτ) 0

0 −2qd21ν
2
2τ + id1(1− 2qτ)


and

A2(τ) =

−2pd22ν̄
2
1τ + id2(1− 2pτ) 0

0 −2qd22ν̄
2
2τ + id2(1− 2qτ)


Let us take up the values of Σ0 and Σ̄0

Σ0 =

u v

v w

 , Σ̄0 =

ū v̄

v̄ w̄



A1(τ)Σ0 =

−2pd21ν
2
1τ + id1(1− 2pτ) 0

0 −2qd21ν
2
2τ + id1(1− 2qτ)


u v

v w


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A1(τ)Σ0 =

−2upd21ν
2
1τ + id1(1− 2pτ)u −2vpd21ν

2
1τ + id1(1− 2pτ)v

−2qvd21ν
2
2τ + id1(1− 2qτ)v −2qwd21ν

2
2τ + id1(1− 2qτ)w


By comparison we get for

A2(τ)Σ̄0 =

−2ūpd22ν̄
2
1τ + id2(1− 2pτ)ū −2pv̄d22ν̄

2
1τ + id2(1− 2pτ)v̄

−2qv̄d22ν̄
2
2τ + id2(1− 2qτ)v̄ −2qw̄d22ν̄

2
2τ + id2(1− 2qτ)w̄


Continue by taking the trace

Tr(A1(τ)Σ0) = −2d21[upν
2
1 + wqν22 ]τ + i[(1− 2pτ)u+ (1− 2qτ)w]d1

and

Tr(A2(τ)Σ̄0) = −2d22[ūpν̄
2
1 + w̄qν̄22 ]τ + i[(1− 2pτ)ū+ (1− 2qτ)w̄]d2

Obtaining the approximation of the function C(τ)

C(τ) = pC2,0(τ) + qC0,2(τ) + o(max(p, q))

= p(iβν21d1τ + iβ̄ν̄21d2τ) + q(iβν22d1τ + iβ̄ν̄22d2τ) + o(max(p, q))

= iβd1(pν
2
1 + qν22)τ + iβ̄d2(pν̄

2
1 + qν̄22)τ + o(max(p, q))

(3.134)

for ε

ε(τ) = ε0,0(τ) + pε2,0(τ) + qε0,2(τ) + o(max(p, q))

= rγτ +
γ(γ − 1)

4
β(pν21 + qν22)τ

2 +
γ(γ − 1)

4
β̄(pν̄21 + qν̄22)τ

2 + o(max(p, q))

(3.135)

Then substitute these functions back in the characteristic function ϕ̃ΣΣ̄(τ) in equation
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(3.110)

ϕ̃ΣΣ̄(τ) = exp{rγ(T − t)

+ p[−2d21uν
2
1t− 2d22ūν̄

2
1t+

γ(γ − 1)

4
βν21(T − t)2 +

γ(γ − 1)

4
β̄ν̄21(T − t)2]

+ q[−2d21wν
2
2t− 2d22w̄ν̄

2
2t+

γ(γ − 1)

4
βν22(T − t)2 +

γ(γ − 1)

4
β̄ν̄22(T − t)2]}

× exp{i[(1− 2pt)ud1 + (1− 2qt)wd1 + (1− 2pt)ūd2

+ (1− 2qt)w̄d2 + βd1(pν
2
1 + qν22)t+ β̄d2(pν̄

2
1 + qν̄22)t] + o(max(p, q))}

(3.136)

where

∆1(t) = {rγ(T − t)

+ p[−2d21uν
2
1t− 2d22ūν̄

2
1t+

γ(γ − 1)

4
βν21(T − t)2 +

γ(γ − 1)

4
β̄ν̄21(T − t)2]

+ q[−2d21wν
2
2t− 2d22w̄ν̄

2
2t+

γ(γ − 1)

4
βν22(T − t)2 +

γ(γ − 1)

4
β̄ν̄22(T − t)2]}

and
∆2(t) = {(1− 2pt)ud1 + (1− 2qt)wd1 + (1− 2pt)ūd2

+(1− 2qt)w̄d2 + βd1(pν
2
1 + qν22)t+ β̄d2(pν̄

2
1 + qν̄22)t+ o(max(p, q))}

This can still be written in form

ϕ̃ΣΣ̄(τ) = e∆1(t)ei∆2(t)

From the call option price equation (3.112)

Ct(T,K) =
1

2π
Re

(∫ ∞

−∞
e−r(T−t)ϕ̃ΣΣ̄(t)ϕ(θ)e

−iθkdθ

)
=

1

2π
Re

(
e−r(T−t)ϕ̃ΣΣ̄(t)

∫ ∞

−∞
ϕ(θ)e−iθkdθ

)

Let us compute the complex integral from the price function, that is

∫ ∞

−∞
ϕ(θ)e−iθkdθ =

∫ ∞

−∞

e−iθk

(α + iθ)(α + 1 + iθ)
dθ

63



So this integral

I(θ) =

∫ ∞

−∞

e−iθk

(α + iθ)(α + 1 + iθ)
dθ

=

∫ ∞

−∞

e−iθk

i(α
i
+ θ)i(α+1

i
+ θ)

dθ

=

∫ ∞

−∞

−e−iθk

(θ − iα)(θ − i(α+ 1))
dθ

since θ = iα, θ = i(α + 1)

This can be written as

I(z) =

∫ ∞

−∞

−e−izk

(z − iα)(z − i(α + 1))
dz

Considering the integral on γ = [−R,R]UCR

I(z) =

∫ R

−R

−e−izk

(z − iα)(z − i(α + 1))
dz +

∫
CR

−e−izk

(z − iα)(z − i(α + 1))
dz (3.137)

Then R > α+ 1, then i(α + 1) and iα are inside γ

∫
γ

f(z)dz = 2iπ
∑

zk∈Int(γ)

Res(f, zk), for z1 = iα, z2 = i(α+ 1)

∫
γ

f(z)dz = 2iπRes(f, iα) + 2iπRes(f, i(α+ 1))

By computing the residuals

Res(f, iα) = lim
z→iα

{(z − iα)f(z)}

and

Res(f, i(α + 1) = lim
z→i(α+1)

{z − i(α + 1)f(z)}
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Then
Res(f, iα) = lim

z→iα
{(z − iα)f(z)}

= lim
z→iα

{ −(z − iα)e−ikz

(z − iα)(z − i(α + 1))
}

= lim
z→iα

−e−ikz

z − i(α + 1)
= −ieαk

and for

Res(f, i(α + 1)) = lim
z→i(α+1)

{ −(z − i(α+ 1))e−ikz

(z − iα)(z − i(α + 1))
}

= lim
z→i(α+1)

{−e
−ikz

z − iα
}

= iek(α+1)

This imply that ∫
γ

f(z)dz = 2iπ(−iekα) + 2iπ(ie(α+1)k)

= 2π(ekα − ek(α+1))∫ R

−R

−e−izk

(z − iα)(z − i(α + 1))
dz = 2π(ekα − ek(α+1))

=

∫ R

−R

−e−izk

(z − iα)(z − i(α + 1))
dz

+

∫
CR

−e−izk

(z − iα)(z − i(α + 1))
dz

as R −→ ∞

=

∫ ∞

−∞

−e−izk

(z − iα)(z − i(α + 1))
dz + 0

(3.138)

Therefore ∫ ∞

−∞

−e−iθk

(θ − iα)(θ − i(α+ 1))
dθ = 2π(ekα − ek(α+1))

Hence similarly the complex integral

∫ ∞

−∞

e−ikθ

(α + iθ)(α + 1 + iθ)
dθ = 2π(ekα − ek(α+1))
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From our call option price

Ct(T,K) =
e−αk

2π

∫ ∞

−∞

e−iθke−r(T−t)

(α + iθ)(α + 1 + iθ)
ϕ̃Σ,Σ̄(t)dθ

=
e−αk

2π

∫ ∞

−∞

e−r(T−t)e∆1(t)ei∆2(t)e−iθk

(α + iθ)(α + 1 + iθ)
dθ

=
e−αke−r(T−t)e∆1(t)ei∆2(t)

2π

∫ ∞

−∞

e−iθk

(α + iθ)(α + 1 + iθ)
dθ

=
e−r(T−t)e∆1(t)

2π
e−αkei∆2(t)[2π(eαk − ek(α+1))]

= e(−r(T−t)+∆1(t))ei∆2(t)(1− ek)

= exp{−r(T − t) + ∆1(t)}ei∆2(t)(1− ek)

= exp{−r(T − t) + ∆1(t)}exp{i∆2(t)}(1− ek)

= e−r(T−t)+∆1(t)(1− ek)Re(ei∆2(t))

= exp{−r(T − t) + ∆1(t)}(1− ek)cos∆2(t)

= e(−r(T−t)+∆1(t))(1− ek)cos∆2(t)

= e(−r(T−t)+∆1(t))(1− ek)cos∆2(t)

Therefore, the approximated price of the call option finally obtained as follows

Ct(T,K) ≈ e(−r(T−t)+∆1(t))(1− ek)cos∆2(t). (3.139)

3.3 Discretization of the Log-asset price return Dynamic

This section basically deals with the discretization schemes of Bi-variate Wishart model, Hes-

ton model and double Heston model, using the Euler-Maruyama discretization technique.

3.3.1 Euler-Maruyama discretization method

This is one of the best approximation methods to handle sophisticated stochastic differential

equations as in Ahdida & Alfonsi (2013), Fadugba et al. (2013), Dereich et al. (2012), Berkaoui

et al. (2008), Alfonsi (2015), Gauthier & Possamaı̈ (2009), Berkaoui et al. (2008) and Mao
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(2015). It is a time discrete approximation of an Ito process.

Considering St as an Ito process on t ∈ [t0, T ] satisfying the stochastic differential equation

St = S0 +

∫ t

0

µ(t, s)ds+

∫ t

0

γ(t, s)dWs, t ≥ 0 (3.140)

For discretization t0 < t1 < t2... < tN = T or on a regular grid ti = iT
N

, given as follows

Ŝti+1
= Ŝti + µ(Ŝti)

T

N
+ γ(Ŝti)(Wti+1

−Wti), 1 ≤ i ≤ N − 1 (3.141)

and also considering a continuous case we have

Ŝti+1
= Ŝti + µ(Ŝti)(ti+1 − ti) + γ(Ŝti)(Wti+1

−Wti), t ∈ [ti, ti+1)

One can observe that, the Ŝ the Euler scheme depend on N throughout the discretization grid

and it is similarly better to denote it as ŜN .

3.3.2 Heston stochastic volatility model

The Heston (1993) model where the underlying asset pricing dynamic process under the risk-

neutral measure follows
dSt
St

= µdt+
√
ΣtdZt

dΣt = (α− βΣt)dt+ σ
√
ΣtdW

Σ
t

(3.142)

where Zt and Wt are correlated Brownian motions, and Bt is independent Brownian motion

while the correlation structure of the model is given by

Zt = ρWt +Bt

√
1− ρ2

where µ is interest rate, S stock price, Σ variance, σ volatility of volatility, β speed of mean

reversion, α long term variance. The volatility in Heston model follow CIR process.

Log-price for Heston model. The log-price Yt of the model is obtained by applying the
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Ito lemma. Let Yt = log(St) = f(t, s), by applying Ito formula

dYt = ftdt+ fsdS +
1

2
fss(dS)

2

= 0.dt+
dS

S
− 1

2

(dS)2

S2

= µdt− 1

2
Σdt+

√
ΣtdZt

= (µ− 1

2
Σ)dt+

√
ΣtdZt

We can now apply Euler-scheme on the CIR process in equation (3.142),

Σ̂tNi+1
= Σ̂tNi

+ (α− βΣ̂tNi
)
T

N
+ σ
√
Σ̂+
tNi

√
T

N
ξi, Σ̂tN0

= Σ0 (3.143)

where the random variable ξi ∼ N (0, 1). Now we discretize the log-price process as follows

Ŷ y
ti+1

= Ŷ y
ti + (µ− 1

2
Σ̂tNi

)
T

N
+
√
Σ̂+
tNi
(ZtNi+1

− ZtNi ), Ŷt0 = y (3.144)

simplifying the Brownian motion term

ZtNi+1
− ZtNi = ρ(WtNi+1

−WtNi
) + (BtNi+1

−BtNi
)
√

1− ρ2 (3.145)

hence substituting equation (3.145) into equation (3.144), we obtain

Ŷ y
ti+1

= Ŷ y
ti + (µ− 1

2
Σ̂tNi

)
T

N
+
√
Σ̂+
tNi
ρ∆Wti +

√
Σ̂tNi

(1− ρ2)∆Bti

3.3.3 The discretization of Bi-Heston model

This section describes the double Heston model and obtain the solution of the SDEs using

Euler-Maruyama discretization method. The double Heston model by Christoffersen et al.

(2009), added second volatility factor H2,t driven by independent stochastic differential equa-

tion
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dSt
St

= µdt+
√
H1,tdZ1,t +

√
H2,tdZ2,t

dH1,t = (α1 − β1H1,t)dt+ σ1
√
H1,tdW1,t

dH2,t = (α2 − β2H2,t)dt+ σ2
√
H2,tdW2,t

(3.146)

and the Brownian motions W1,t,W2,t are correlated to the Brownian motions of the asset price

H1,t, H2,t as follows

d < Z1,t,W1,t > = ρ1, d < Z2,t,W2,t >= ρ2

d < W1,t,W2,t > = 0, d < Z1,t, Z2,t >= 0

with the correlation structures, given independent Brownian motions B1,t and B2,t

Z1,t = ρ1W1,t +B1,t

√
1− ρ21

Z2,t = ρ2W2,t +B2,t

√
1− ρ22

(3.147)

Derivation of the log-asset dynamic for the system, using Ito formula (or Ito lemma). let

Vt = log(St) = f(t, s)

dVt = ftdt+ fsdS +
1

2
fss(dS)

2

= 0.dt+
dS

S
− 1

2

(dS)2

S2

= µdt+
√
H1,tdZ1,t +

√
H2,tdZ2,t −

1

2
(H1,t +H2,t)dt

= (µ− 1

2
(H1,t +H2,t))dt+

√
H1,tdZ1,t +

√
H2,tdZ2,t, V0 = v

Euler-Maruyama method for double Heston model, let us consider a time horizon T and the

regular time grid tNi = iT
N
, for i = 0, ..., N .

Indeed we recall that dt = tNi+1 − tNi = (i+1)T
N

− iT
N

= T
N

, we note that, it is important to first
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discretize the Brownian motions in the system of equations of the model as follows

dW1,t = W1,tNi+1
−W1,tNi

, dB1,t = B1,tNi+1
−B1,tNi

dW2,t = W2,tNi+1
−W2,tNi

, dB2,t = B2,tNi+1
−B2,tNi

Therefore substituting in the correlation structures, gives

dZ1,t = ρ1(W1,tNi+1
−W1,tNi

) +
√

1− ρ2(B1,tNi+1
−B1,tNi

)

dZ2,t = ρ2(W2,tNi+1
−W2,tNi

) +
√

1− ρ2(B,tNi+1
−B2,tNi

)

hence this can still be simplified as

dZ1,t = ρ1

√
T

N
ξ1,i +

√
T

N
(1− ρ2)ζ1,i

similarly the second correlation structure as

dZ2,t = ρ2

√
T

N
ξ2,i +

√
T

N
(1− ρ2)ζ2,i

where ξk,i and ζk,i, for k = 1, 2 are Gaussian random variables with mean 0 and standard

deviation 1, that is ξk,i,ζk,i ∼ N (0, 1).

Then discretizing the CIR volatility processes in (3.146) and for computational purposes

these stochastic differential equations can be written in the form

H1,t = H1,0 +

∫ t

0

(α1 − β1H1,s)ds+ σ1

∫ t

0

√
H1,sdW1,s, H1,0 = h1

H2,t = H2,0 +

∫ t

0

(α2 − β2H2,s)ds+ σ2

∫ t

0

√
H2,sdW2,s, H2,0 = h2

From Euler scheme, yields

Ĥh1
1,tNi+1

= Ĥ1,tN0
+ (α1 − β1Ĥ1,tNi

)
T

N
+ σ1

√
Ĥ+

1,tNi

√
T

N
ξ1,i, Ĥ1,tN0

= h1

Ĥh2
2,tNi+1

= Ĥ2,tN0
+ (α2 − β2Ĥ2,tNi

)
T

N
+ σ2

√
Ĥ+

2,tNi

√
T

N
ξ2,i, Ĥ2,tN0

= h2

(3.148)
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Then we apply the Euler scheme on the log-price dynamic for double Heston model.

V̂ v
tNi+1

= V̂tN0 + (µ− 1

2
(Ĥ1,tNi

+ Ĥ2,tNi
))
T

N
+
√
Ĥ+

1,tNi
(Z1,tNi

− Z1,tNi
) +

√
Ĥ+

2,tNi
(Z2,tNi

− Z2,tNi
)

V̂tN0 = v

(3.149)

3.3.4 The corrected Euler-Maruyama discretization scheme for double

Wishart affine processes

This section discuses the discretization techniques for Bi-variate Wishart model, particularly

the discretization of log-asset price dynamics and Wishart processes using the corrected Euler-

Maruyama scheme. We notice that the Euler scheme is not well defined, in fact the Gaus-

sian increment may lead the scheme to negative values with some positive probability, and

the square root is then no long defined. Therefore this calls for the need to apply the corrected

Euler-Maruyama scheme to avoid negative values, see Alfonsi (2015) and Gauthier & Possamaı̈

(2009).

The asset dynamics is disturbed by two volatility components driven by Wishart matrix

process
dSt
St

= µdt+ Tr[
√
Σ1,tdZ

Σ1
t +

√
Σ2,tdZ

Σ2
t ], S0 = s (3.150)

where the Wishart matrix processes are given as follows

dΣ1,t = (β1Q1Q
T
1 +M1Σ1,t +Σ1,tM

T
1 )dt+

√
Σ1,tdW

Σ1
t Q1 +QT

1 (dW
Σ1
t )T

√
Σ1,t,

Σ1,0 = Σ1

dΣ2,t = (β2Q2Q
T
2 +M2Σ2,t +Σ2,tM

T
2 )dt+

√
Σ2,tdW

Σ2
t Q2 +QT

2 (dW
Σ2
t )T

√
Σ2,t,

Σ2,0 = Σ2
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These stochastic differential equations above can still be presented in the form

Σ1,t = Σ1,0 +

∫ t

0

(Ω1 + η1(Σ, s))ds+

∫ t

0

√
Σ1,sdW

Σ1
s Q1 +

∫ t

0

QT
1 (dW

Σ1
s )T

√
Σ1,s

Σ2,t = Σ2,0 +

∫ t

0

(Ω2 + η2(Σ, s))ds+

∫ t

0

√
Σ2,sdW

Σ2
s Q2 +

∫ t

0

QT
2 (dW

Σ2
s )T

√
Σ2,s

(3.151)

where Ω1 = β1Q1Q
T
1 and Ω2 = β2Q2Q

T
2 such that Σ1,0, Σ2,0,Ω1,Ω2 ∈ S+

n (R)

while η1, η2 ∈ L(S+
n (R)) and M1,M2 ∈Mn(R)

The log-price dynamic under Bi-variate Wishart processes is as follows

dYt = (µ− 1

2
Tr[Σ1,t +Σ2,t])dt+ Tr[

√
Σ1,tdZ

Σ1
t +

√
Σ2,tdZ

Σ2
t ] (3.152)

Then discretizing the system of equations (3.151) and (3.152), by considering a time hori-

zon T and regular time grid tNi = iT
N

, for i = 0, ..., N .

Σ̂1,tNi+1
= Σ̂1,tNi

+(Ω1+η1(Σ̂1, t
N
i ))

T

N
+
√
Σ̂+

1,tNi
(WΣ1

tNi+1
−WΣ1

tNi
)Q1+Q

T
1 (W

Σ1

tNi+1
−WΣ1

tNi
)
√
Σ̂+

1,tNi

where Σ̂1,tN0
= Σ1,0 = Σ1 and for the second volatility process as follows

Σ̂2,tNi+1
= Σ̂2,tNi

+(Ω2+η2(Σ̂2, t
N
i ))

T

N
+
√
Σ̂+

2,tNi
(WΣ2

tNi+1
−WΣ2

tNi
)Q2+Q

T
2 (W

Σ2

tNi+1
−WΣ2

tNi
)
√
Σ̂+

2,tNi

with Σ̂2,tN0
= Σ2,0 = Σ2.

Now proceed to discretize the the log-price dynamics under double Wishart model as fol-

lows

Ŷ y

tNi+1
= Ŷ y

tNi

+

(
µ− 1

2
Tr[Σ̂1,tNi

+ Σ̂2,tNi
]

)
T

N
+ Tr

[√
Σ̂+

1,tNi
(ZΣ1

tNi+1
− ZΣ1

tNi
) +

√
Σ̂+

2,tNi
(ZΣ2

tNi+1
− ZΣ2

tNi
)
]

(3.153)

Discretizing the Brownian motions in equation (3.153) by considering the correlation struc-
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tures in proposition (3.1.1), that is ZΣj

t = W
Σj

t RT
j +B

Σj

t

√
I−RjRT

j , for j = 1, 2

ZΣ1

tNi+1
− ZΣ1

tNi
= WΣ1

tNi+1
RT

1 +BΣ1

tNi+1

√
I−R1RT

1 −
(
WΣ1

tNi
RT

1 +BΣ1

tNi

√
I−R1RT

1

)
=
(
WΣ1

tNi+1
−WΣ1

tNi

)
RT

1 +
(
BΣ1

tNi+1
−BΣ1

tNi

)√
I−R1RT

1

(3.154)

and for the second Brownian motion, proceed with the same discretizing procedures

ZΣ2

tNi+1
− ZΣ2

tNi
= WΣ2

tNi+1
RT

2 +BΣ2

tNi+1

√
I−R2RT

2 −
(
WΣ2

tNi
RT

2 +BΣ2

tNi

√
I−R2RT

2

)
=
(
WΣ2

tNi+1
−WΣ2

tNi

)
RT

2 +
(
BΣ2

tNi+1
−BΣ2

tNi

)√
I−R2RT

2

(3.155)

These Brownian matrices ZΣ1 and BΣ1 follow normal distribution, that is

WΣ1

tNi+1
−WΣ1

tNi
∼ N (0, (tNi+1 − tNi )In)

WΣ1

tNi+1
−WΣ1

tNi
∼
√
tNi+1 − tNi N (0, I)

(3.156)

and

BΣ1

tNi+1
−BΣ1

tNi
∼
√
tNi+1 − tNi N (0, I)

Hence simplifying the computation we substitute equations (3.156) into equation (3.154)

we get

ZΣ1

tNi+1
− ZΣ1

tNi
∼
(
RT

1 +
√

I−R1RT
1

)√
tNi+1 − tNi N (0, I) (3.157)

similarly for

ZΣ2

tNi+1
− ZΣ2

tNi
∼
(
RT

2 +
√

I−R2RT
2

)√
tNi+1 − tNi N (0, I)

The equation (3.157) is reduced in the form

ZΣ1

tNi+1
− ZΣ1

tNi
∼
(
RT

1 +
√
I−R1RT

1

)√
T

N
N (0, I)

as well as

ZΣ2

tNi+1
− ZΣ2

tNi
∼
(
RT

2 +
√

I−R2RT
2

)√
T

N
N (0, I)
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Let the log-price eturn dynamics Yt = log(St) in equation (3.153) be ŶtNi+1
= log(ŜtNi+1

)

and log(ŜtNi )

log(ŜtNi+1
) = log(ŜtNi ) +

(
µ− 1

2
Tr[Σ̂1,tNi

+ Σ̂2,tNi
]

)
T

N

+ Tr
[√

Σ̂+
1,tNi

(ZΣ1

tNi+1
− ZΣ1

tNi
) +

√
Σ̂+

2,tNi
(ZΣ2

tNi+1
− ZΣ2

tNi
)
]

This log-price expression can be represented in the form

log(ŜtNi+1
) = log(ŜtNi ) + µ

T

N
− 1

2

∫ tNi+1

tNi

Tr[Σ1(s) +Σ2(s)]ds

+ Tr

[∫ tNi+1

tNi

√
Σ+

1 (s)dZ
Σ1
s +

∫ tNi+1

tNi

√
Σ+

2 (s)dZ
Σ2
s

] (3.158)

The increment ξk,i1≤k≤β , allows to simulate Tr[
∫ tNi+1

tNi

√
Σ+

1 (s)dW
Σ1
s RT

1 ] and for other

terms the standard Euler scheme is selected, that is

∫ tNi+1

tNi

√
Σ+

1 (s)dW
Σ1
s =

β∑
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∫ tNi+1

tNi

Xk,sdW
Σ1
k,s =

√
∆t
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Xk,tξ
T
k,i
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Tr
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√
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s

√
I−R1RT

1

]
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√
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1,tNi
(I−R1RT

1 ))ζ1,i

Observe that the integral term in the equation (3.158) need to be simplified as follows

∫ tNi+1
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√
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1 (s)dZ
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s =
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N
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1,tNi
(I−R1RT

1 )ζ1,i

=

√
T

N

l∑
k=1

X̂1(k, t
N
i )ξ

T
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1 +
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1,tNi
(I−R1RT

1 )ζ1,i

(3.159)

where the Gaussian vector ζ1,i ∼ N (0, I) are the components of an independent Gaussian
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vector and being independent with the increment ξk,i and the same applies for the second term

∫ tNi+1

tNi

√
Σ+

2 (s)dZ
Σ2
s =

√
T

N

l∑
k=1

X̂2(k, t
N
i )ξ

T
k,iR

T
2 +

√
T

N

√
Σ̂+

2,tNi
(I−R2RT

2 )ζ2,i (3.160)

where ζ2,i ∼ N (0, I) then can substitute equations (3.159) and (3.160) in equation (3.158) as

follows

log
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ŜtNi+1

ŜtNi
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2
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]
(3.161)

Finally the numerical solution for log price return under double Wishart diffusion processes is

obtained as follows

log
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]
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Chapter 4

Numerical Illustrations

4.1 Numerical Illustration

This section deals with illustrative numerical examples to examine the implications of volatility

in option pricing under double Wishart stochastic volatility model.

4.1.1 Comparison between the double Wishart model price

and the market price

The volatility specification of double Wishart model remarkably makes it flexible, to produce

price predictions which exhibit similar price behavior with the market. From Benabid et al.

(2008) and market data drawn from QQQ (a fund by Invesco that tracks the performance of the

stocks listed under the NASDAQ Index) options, April 2020 is quoted.

Taking the values for variance matrices Σ and Σ̄ as

Σ0 =

0.00008 0

0 0.000095

 and Σ̄0 =

0.00012 0

0 0.0001



Q =

0.10 0

0 0.23

 and Q̄ =

0.20 0

0 0.25


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While the strike price K = 189 and interest rate r = 0.05.

Figure 4.1: Short maturity T = 6 months, d1 = 0.45, d2 = 0.479 and γ = 0.5, the model call
price predictions with respect to the market price behavior

Figure 4.1 illustrates the effect of model parameters on the call price under double Wishart

model. Given the parameter values, observe that, the price predictions under double Wishart

model exhibits the same behavior with respect to the market in short maturity time. This

depends also on the choice of the model parameters, such as γ = 0.5, β = 4, β̄ = 3,

d1 = 0.45, d2 = 0.479. This example proves that the double Wishart volatility model has

greater flexibility.
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Figure 4.2: Short maturity T = 6 months, with change in d2 = 0.478, d1 = 0.45 and γ =
0.5, β = 4, β̄ = 3 the model call price predictions versus market price behavior

Figure 4.2, for a given change in d2 from 0.479 to 0.478 the model provides optimal pricing

almost similar to the market for holding above 0.48 on 6 months maturities. This is due to model

parameter specification impact on the call European option price under double Wishart model.
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Figure 4.3: Long maturity T = 1 year, when d1 = 0.45, d2 = 0.4968 and γ = 1, model price
predictions with respect to the market price behavior

Figure 4.3 demonstrates the effect of parameters on the European call option price under

double Wishart model. For long maturity time of 1 year the predictive power of the model

is optimal as from 0.9 months of holding to expiry of the contract.The model shows price

predictions exhibiting the same market price behavior, in long maturity for γ = 1, β = 4, β̄ =

3, d1 = 0.45 and d2 = 0.4968. It clearly shows that the model parameters influence the prices

greatly and helps long position holders not to experience arbitrage profits.

4.1.2 The effect of model parameters on log-asset return

This section deals with numerical examples to examine the effects of volatility and other model

parameters on the log-asset price under double Wishart volatility model, for given number of

paths N .

The volatility specification under double Wishart volatility model makes it mathematically

flexible, to influence the log-asset price behavior. It is important for investors to study the stock

behavior since options or derivative products derive their values from the underlying asset.
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Taking the correlation values as;

R1 =

−0.25 0.1

−0.35 0.3

 and R2 =

−0.5 −0.60

0.18 −0.45



Figure 4.4: Short maturity T = 3 months, N = 500, β1 = 4, β2 = 3 r = 0.05, K = 189,
log-asset price behaviors under double Wishart model

Figure 4.4 demonstrates the effect of implied volatilities and correlation matrices on the

log-asset price under double Wishart model. Given the parameter values, we observe that,

the log-asset returns under double Wishart model exhibits interesting behaviors. This depends

also on the choice of the model parameters, such as β1 = 4, β2 = 3 and the number of

paths N = 500. This example proves that the double Wishart volatility model has greater

flexibility. The log-returns under the double-Wishart model are more volatile towards the end

of the trading period. The asset prices increase from the higher deviations with the number of

paths under trading from the values of volatility matrices. It leads to higher returns in 3-months

asset trading period under the Double-Wishart process.
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Figure 4.5: Long maturity T = 1 year,N = 500, r = 0.05,K = 189 with change in correlation
matrices Ri, the log-price trend behavior

Figure 4.5 shows that a change in correlation matrices affects the the behavior of the asset

returns, that is, when

R1 =

 0.0 0.85

−0.05 0.75

 and R2 =

0.20 0.0

0.01 −0.20


this provides different stock price behavior pattern due to flexibility in the model parameters.

This can help investors to study and predict the behavior of stock price over time. The pa-

rameters β1 = 4, β2 = 3 are maintained. The stock price trend under double Wishart model

when N = 500 at one year, the asset price increases with time from the implied volatility as it

approaches annual trading period from the volatility matrices.
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Figure 4.6: Short maturity T = 3 months, r = 0.05, K = 189, log price behavior under double
Wishart model with different correlation matrices Ri

Figure 4.6 illustrates the effect of correlation matrices and N = 500 on the stock price

trend under double Wishart model while considering parameters β1 = 4, β2 = 3, while taking

the values of,

R1 =

 0.0 0.05

0.05 0.6

 and R2 =

 0.8 0.5

0.45 0.65


The model shows stock price trend predictions. We note that the model parameters influence

the log-asset returns greatly due to mathematical flexibility of the model. We can observe that

there is higher asset returns at the end of the trading period.
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Chapter 5

Conclusion and Recommendation

5.1 Conclusion

The Wishart affine diffusion process is a matrix-valued defined square root Bessel process. The

main objective of the study was to develop the double Wishart stochastic volatility model in

option pricing. This was divided into four specific objectives; that is, to construct the double

Wishart stochastic volatility model, to determine the call option price by solving the partial

differential equation associated to the dynamic of the stock price under double Wishart model,

to discretize the dynamic of stock price under Bi-Wishart affine process and to compare the

Bi-Wishart Stochastic Volatility model price behavior with market price.

The study constructed the double Wishart stochastic volatility model, by generalizing the

Heston stochastic volatility model into a multifactor form of implied volatilities. The volatili-

ties in the stock diffusion process are considered as positive symmetric matrices and Brownian

matrices as real matrices. The stock price dynamic is disturbed by two volatility components

which follow multidimensional CIR processes, that is the Wishart processes. In this new con-

structed volatility model, there are two dependence matrices describing the correlations be-

tween the Brownian matrices in the stock process and those in the Wishart affine diffusion

processes. This multifactor Heston model is flexible enough to solves the pricing problem for

financial derivatives in short or long maturities.
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The study derived and solved the partial differential equation associated to the dynamic

of the stock price in order to obtain the analytical European call option price formula. The

Laplace and Fourier transform methods were used since the Wishart diffusion model preserves

the property of analytical tractability, this allows the model to form a closed form solution of

conditional characteristic function for the call option price expression; And the use of pertur-

bation techniques confirms the applicability of the model in option pricing.

The study also derived and solved the log-price dynamic under double Wishart volatility

model. The numerical solution of the log-price was obtained by applying the corrected Euler-

Maruyama discretization scheme. The numerical solution of the log-asset price helps practi-

tioners to analyze stock market price and invest with minimal risks in the financial derivatives

since financial derivatives derive their values from stock.

The numerical illustrations shows that the double Wishart stochastic volatility model pro-

duces price predictions exhibiting similar behaviors with market prices. While on the log-asset

returns, the numerical illustrations shows the effect of model parameters more so the correla-

tion matrices on the log-asset price behavior under double Wishart volatility model in trading.

This provides a theoretical framework for investors to study the market behavior over time.

5.2 Recommendation

The study recommends more work to be done on the analysis of the stock distribution function

under double Wishart stochastic volatility model, using Malliavin calculus. This will enable to

obtain the sensitivity of the market or the Greeks under the model.

5.3 Further research work

The study opens access to future work on exact simulation method, higher order discretiza-

tion schemes for double Wishart volatility model and also to investigate the behavior of non-

diagonal matrix components in the model and parameter estimations.
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Appendix

Infinitesimal generator

Given the n-dimensional, Björk (2009),

dSt = µ(t, St)dt+ σ(t, St)dWt, S(t) ∈ Rn, S(0) =M ∈ Rn

the partial differential operator A is called infinitesimal operator of S, defined for any function

h(s) with h ∈ C2(Rn), by

Ah(t, s) =
n∑
t=1

µi(t, S(t))
∂h(t, S(t))

∂Si
(t, s) +

1

2

n∑
j=1

(σσ∗)ij
∂2h

∂Si∂Sj

where µ(t, s) is a vector and σ(t, s) is a matrix

The correlation structure

The Brownian matrices Wt, Zt are correlated to give a constant correlated matrix R ∈ Mn, in

Da Fonseca et al. (2008), which describes the correlation structure for Zt

Zt := WtR
T +Bt

√
I−RRT

where I is identity matrix, T is transpose, and Bt is an independent Brownian motion matrix

from Wt. The correlation structure is a Brownian motion
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Proof. Zt is matrix Brownian motion if and only if a, b ∈ Rn

Covt(dZta, dZtb) = Et[(dZta)(dZtb)T ] = aT bIdt

Since

Covt(dZta, dZtb) = Et[(dWtR
Ta+ dBt

√
I−RRTa)(dWtR

T b+ dBt

√
I−RRT b)]

= Covt(dWtR
Ta, dWtR

T b) + Covt(dBt

√
I−RRTa, dBt

√
I−RRT b)

= aTRRT bIdt+ aT (I−RRT )bIdt

= aT bIdt

□

Matrix Girsanov Theorem

Let X be an Rm×n valued process of the form

dXt = Atdt+ dWt, 0 ≤ t ≤ T

and X0 = 0 with W being m × n Brownian motion, A is adopted, (t, ω) −→ At(ω) is

B([0,∞))×F -measurable

P(
∫ t
0
∥ as ∥ ds <∞, ∀t ≥ 0) = 1

and ∥ . ∥ denotes the Hilbert-Schmidt norm for matrices and M process is defined by

Mt = exp{−[

∫ t

0

⟨As, dWs⟩+
1

2

∫ t

0

∥ As ∥2 ds]}

and a measure Q on FT by Q(E) =
∫
E
MTdP, E ∈ FT

If M is a martingale with respect to the filtration, (Ft≥0), then Q is a probability measure on

FT and X is an m× n matrix Brownian motion on (Ω, (Ft)t≤T ,Q).
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Proof. Let Y be vec(X), a be vect(A), W be vec(W), then

dYt = atdt+ dWt, 0 ≤ t ≤ T, Y0 = 0

Y is an mn-dimensional Brownian motion under the probability measure Q defined on FT by

Q(E) =
∫
E
MTdP, E ∈ FT

where

Mt = exp{−[

∫ t

0

as, dWs +
1

2

∫ t

0

∥ as ∥2 ds]}

If M is Martingale with filtration (Ft)t≥0 , since ∥ a ∥2= Tr(ATA) and atdWt = Tr(ATdWt)

Mt = exp{−[

∫ t

0

Tr(ATs dWs) +
1

2

∫ t

0

Tr(ATs As)ds]}

Lastly note that, Vec(X) being mn-dimensional Brownian motion implies that X is an m × n

matrix Brownian motion. □
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