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Abstract

This study considered Wishart affine diffusion processes, which are stochastic processes de-
fined as matrix-valued square root processes or as matrix generalization of a squared Bessel
process. The aim of the study was to develop a double Wishart stochastic volatility model
to price European option: A multifactor Heston model whose volatility components follow
Wishart affine processes for a single risky asset, with two dependence matrices describing the
correlations between the asset dynamic and the Wishart processes, making it more flexible
enough to price options or describe the market prices for short or long maturities. We con-
structed the double Wishart stochastic volatility model, through the generalization of Heston
model into a multifactor nature of implied volatilities, together with the associated properties.
The partial differential equation describing the behavior of prices associated to the dynamics
of stock price under double Wishart volatility model was derived and solved through the ap-
plication of Fourier techniques, combined with perturbation methods to obtain European call
option pricing formula to confirm the applicability of the model in financial derivatives. Then
the log asset return price dynamic under double Wishart model was derived using Ito lemma
and its integrals are solved using corrected Euler-Maruyama discretization technique in order
to obtain the numerical solution for the log-asset return in order to illustrate the behavior of the
log asset returns. The numerical examples show that the call price predictions under double
Wishart model exhibits similar pricing behavior with respect to the market price in short and
long maturities due to the flexibility in the model. Additionally, the numerical illustrations on
the log-asset price return shows the effect of model parameters more so the correlation matrices
on the log-asset price return behavior under double Wishart volatility model in trading, which

is of importance for investors to analyze the stock prices over time.
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Chapter 1

Introduction

1.1 Background

The Wishart process was introduced in Bru (1991), and is a stochastic process which is defined
as a positive semi definite matrix-valued generalization of the square root process. The square
root process itself is a generalized square Bessel process. La Bua & Marazzina (2019), defines a
Wishart process as a matrix valued continuous time stochastic process with a marginal Wishart
distribution, (that is a generalization to multiple dimensions of chi-squared distribution). The
Wishart affine process found its application in finance by Gourieroux & Sufana (2004).

Due to the limitation of Black & Scholes (1973), of assuming that volatility is constant and
so not incorporating the observable phenomenon that implied volatility of derivative products
is strike-and-maturity-dependent. This caused the introduction of Heston (1993) stochastic
volatility model, and it has been powerful and widely applied in financial markets, due to
its flexibility, financial interpretation of parameters and analytical tractability property since
it belongs to the class of affine processes (see Filipovic & Mayerhofer (2009)). The affine
property allows the model to form a closed form solution of the characteristic function of the
log-price, in order to obtain European call option price by Fourier transform inversion.

However, despite the Heston model popularity, the existing literature has documented the

limitation of the model, Da Fonseca et al. (2008); Christoffersen et al. (2009); Ahdida & Alfonsi



(2013); Kang et al. (2017); La Bua & Marazzina (2019), Gouriéroux (2006) point out that,
the major deficiency of the model is that, does not generate the realistic term structure of the
volatility smiles; Heston model provides too flat implied volatility surface to attain reality. Yet
implied volatility curve generally has steep slope and it is convex in short maturity and tends to
be linear for long maturity. Thus the Heston model is not flexible enough to describe the market
prices in short or long maturities. More effort has been extended to solving this problem by
generalizing the Heston model using two approaches; by adding jump in the stock dynamic or
volatility and investigating the multifactor nature of the implied volatility.

It is well understanding that, the multifactor approach is capable of handling the pricing
problem of derivative products and volatility skew. This usher in the application of the stochas-
tic matrix defined process, that is the Wishart multidimensional stochastic volatility model.
The Wishart process introduced in Bru (1991) as a matrix generalized square process posses
complex parameter specification, but fully preserves tractability and analytical features, since
it belongs to the class of affine processes. The Wishart model considers the volatility of the
asset as trace of the Wishart process which allows to take into account a stochastic correlation
between the underlying asset and the volatility process and gives nice but complex model. A
large existing literature recommends the application of matrix-defined stochastic processes in
derivative pricing or options pricing, the Wishart stochastic volatility model, is among the best
flexible models which can match the term structure of implied volatility well, Da Fonseca et al.
(2008) and Da Fonseca et al. (2005). The term structure of the realized volatilities in this model
is explained by positive semi-definite matrix valued stochastic process.

This study aimed at developing a double Wishart stochastic volatility model (i.e can also be
called Bi-Wishart stochastic volatility model) for pricing the options whose volatility compo-
nents follow Wishart affine processes. This double Wishart diffusion model is obtained through
generalizing Heston model into multifactor nature of implied volatilities with two dependence
matrices for a single risky asset; that is the asset dynamics depends on two Wishart volatility
processes (double Wishart volatility processes). Following Kang et al. (2017) and Benabid

et al. (2008), the matrix specification of the Wishart model makes it flexible enough to describe



the market prices.

Therefore in order to handle the European call options pricing problem, we consider the
transform methods of Duffie et al. (2000) and the Fast Fourier transform (FFT) methods of Carr
& Madan (1999), together with the perturbation techniques in Benabid et al. (2008) to obtain
the analytical pricing formula. Then the corrected Euler-Maruyama discretization scheme is
employed to obtain the numerical solution for log-asset price dynamic under double Wishart
stochastic volatility model.

Although there are some aspects of the Wishart stochastic volatility model which have
been studied like in Benabid et al. (2008), Da Fonseca et al. (2011), Da Fonseca et al. (2008),
Gauthier & Possamai (2010), Kang et al. (2017), La Bua & Marazzina (2019), however, there is
no study which has been considered on pricing European options under double Wishart affine
processes (i.e Bi-Wishart affine processes) through the generalization of Heston model; for
a single risky asset pricing model with Fourier transform methods together with perturbation
techniques. That is why the current study is carried out on European option pricing under

double Wishart stochastic volatility model.

1.2 Problem statement

Due to the fact that volatility levels affect all sectors of the economy, more so option trading.
The limitation of the famous standard Black-Scholes model in option pricing for assuming that
volatility is constant which is not realistic in the financial market, this caused the introduction
of Heston volatility model which has been widely applied in option pricing, but the literature
shows that the model has its deficiency, it does not describe the market prices well due to lack of
flexibility in the correlation factors and so can not capture the stylized facts of the market. This
problem of option pricing can be solved through generalizing Heston model, although there
are some aspects of Wishart affine processes which have been studied in Da Fonseca et al.
(2008) and Kang et al. (2017). However, no attention has been put on pricing European options

under double Wishart diffusion processes for a single risky asset pricing model, through gen-



eralization of Heston model into a multifactor form of implied volatility with two dependence
matrices. This enables enough flexibility to provide fair option pricing predictions or describe
the market prices well for short or long maturities. That is why it is imperative to consider the

current study on European option pricing under double Wishart stochastic volatility model.

1.3 Objectives of the study

1.3.1 General objective

The general objective of the study was to develop double Wishart stochastic volatility model in

option pricing.

1.3.2 Specific objectives

The specific objectives of this study are:
(i) To construct double Wishart stochastic volatility model.

(i) To determine the call price by solving partial differential equation associated to the dy-

namic of the stock price under double Wishart affine processes.
(i11) To discretize the dynamic of stock price under double Wishart affine processes.

(iv) To compare the Bi-Wishart stochastic volatility model price behavior with market price.

1.4 Significance of the study

This study provides the required theoretical frame work to practitioners on how to derive the
European option pricing formula under double Wishart stochastic volatility model; This study
attempts to improve the existing methods to allow investors invest with minimum risks in finan-
cial markets. The study will also contribute to the literature on how to construct the model, de-

rive the partial differential equation and to develop a discretization scheme for double Wishart



stochastic volatility model. This will be of great importance to investors, policy makers, re-
searchers, practitioners and data scientists as regard to the application of double Wishart model

in financial markets.

1.5 Scope of the study

This study covers the multifactor Heston volatility model, with two correlation matrices de-
scribing the correlations between the Brownian matrices of the stock process and those of the
Wishart processes. Ito calculus, complex integrals, Fourier techniques together with perturba-
tion methods are employed in order to price the European options, also the Euler numerical

scheme is taken into account.

1.6 Limitation of the study

This study does not analyze the stock distribution function, Greeks and also do not capture
parameter estimations but rather focuses on developing a double Wishart stochastic volatility
model in option pricing, in order to derive new European option pricing formula under double

Wishart stochastic volatility model.



Chapter 2

Literature Review

This chapter presents the rational of carrying out a research on Wishart stochastic volatility
model by different authors both theoretically and empirically, and identifying the gap to be
alleviated by this study.

The double Heston model suggested by Christoffersen et al. (2009) introduced a second
factor for the variance, which is driven by its own stochastic differential equation. The reason
was to offer more flexibility in modeling volatility surface. In their study on ”The shape and
term structure of the index option smirk: Why multi-factor stochastic volatility models work
so well”. Observed that the state-of-the-art stochastic volatility models generate a volatility
smirk, where this gives explanation of prices being high for out of money index puts compared
to Black-Scholes model, and these models widely explains how volatility smirk moves up and
down in response to change in risk. However the data reflected that the slope and level of smirk
fluctuated largely independently. But in single factor model stochastic models they capture the
smile and can not explain such largely independent fluctuations in its level and slope over time,
hence these movements can only be modeled by two factor models, because the model gen-
erates stochastic correlation between volatility and stock returns because of two independent
correlations with market returns. The empirical results shows that the model improves Heston
model by 15% in-sample and 11% out of sample.

Da Fonseca et al. (2008), studied a Multi-factor volatility Heston model. They considered



a model for a single risky asset whose volatility follows a matrix Wishart affine process, which
was introduced by Gourieroux and Sufana (2004) in finance. As in the study of Duffie and Kan
(1996) that the affine models, the pricing problem can be solved via Fast Fourier transforms of
Carr and Madan (1999). The numerical results shows that the specification provides a separate
fit of the long term and short term implied volatility surface, that is additional factor allows
better fit of the smile skew effect at both short and long maturities, and it is possible to identify
a specific factor accounting for a stochastic leverage effect as compared to previous stochastic
diffusive models, as in a well known analyzed fact of FX option markets analyzed in Carr
and Wu (2004). They concluded that multi-factor volatility extension of the Heston model
is flexible enough to take into consideration of correlations with underlying asset returns and
preserves analytical tractability feature which is useful in calibration procedure.

According to La Bua & Marazzina (2019), on the calibration and advanced simulation
schemes for the Wishart stochastic volatility models, where they used calibration and Mont
Carlo simulation of the Wishart stochastic volatility model. Regardless of the analytical tractabil-
ity property of the considered model and being affine type, implementing Wishart based stochas-
tic volatility models poses non-trivial challenges from the numerical part. The task was to pro-
vide a fast and accurate calibration procedure for efficient numerical schemes for Mont Carlo
simulation. The matrix structure of Wishart based model gives a degree of flexibility in ex-
plaining the evolution of asset volatility. They concluded by showing a leverage on a complete
analysis of distribution properties of Wishart process and possible solution to make the model
suitable for market application.

Benabid et al. (2008) studied Wishart stochastic volatility: Asymptotic smile and numer-
ical framework. The emphasis was on stochastic volatility model on asset pricing which was
originally studied in Da Fonseca (2005,2008), the Wishart model takes the volatility of the asset
as a trace of a Wishart process. Which is not the case with classical multi-factor Heston model
because the model allows to add the degree of freedom with regard to stochastic correlation.
They observed that the model‘s flexibility gives a better fit of the market data compared to the

Heston model and maintains the clear interpretation of its parameters and preserves an efficient



tractability. Having known the problem of data fitting for short and long maturities, Wishart
model can solve the problem efficiently, since it preserves the advantage of affine models gives
a semi-closed formula for price of some options like call and put options and better understand-
ing of volatility effect through the model parameters. Using singular perturbation technique,
closed forms are obtained concerning asymptotic smiles for short and medium maturities. This
later can be used in practice as a calibration tool to demonstrate the effect of the parameter on
the smile that can benefit businessmen. Generalizing the model in the world of interest rates
where a great number of factors are required. One expects that type of model, where volatility
is a function of a Wishart process, manifests specific market-existing source of risk and gives
good smile flexibility.

Kang et al. (2017), Kang & Kang (2013) carried out a study on Exact simulation of
Wishart multidimensional stochastic volatility model, the aim was to propose an exact sim-
ulation method of the Wishart multidimensional stochastic volatility model of a single asset
model with a multidimensional Wishart variance process, the method was based on the anal-
ysis of conditional characteristic function of log price given volatility level. They obtained an
explicit expression for the conditional characteristic function for Heston model and numerical
experiment for the performance and accuracy of the method. The method showed better per-
formance than Euler discretization method. The exact simulation of asset price and volatility
factor of Wishart model is inspired by Fourier inversion method of Broadie and Kaya (2006)
and based on the analysis of the conditional Laplace transformation of the asset price given a
volatility.

Gauthier & Possamai (2010), investigated efficient simulation of the double Heston model.
They worked on the simulation and discretization issues of the double Heston model origi-
nally introduced in Christoffersen et al (2009), observed that not only the model is analytically
tractable but also the additional volatility factor cause flexibility to capture the volatility term
structure and this leads the model to be calibrated easily. The aim was to extend the original
Heston model to new two-factor form model. They worked on the issue of European options

pricing using the characteristic function technique and generalized some efficient discretiza-



tion created for Mont Carlo pricing with the square root process of Alfonsi and Zhu schemes.
Zhu scheme performs good compared to Euler scheme but Alfonsi scheme does better than
them and is quite faster making it a better scheme to apply in Heston model or double Heston
model. This because the Zhu scheme does not improve its convergence properties and also time
consuming.

Filipovic & Mayerhofer (2009), looked at Affine diffusion processes; Theory and appli-
cations. The hard work on general and canonical space was performed on the affine diffusion
processes. The focus was on theoretical and applied aspects of this class of Markov processes
and also to derive admissibility conditions, existence and uniqueness through stochastic in-
variance of canonical state space, where affine transform formula and exponential moments are
established, later applied in pricing of bonds by applying CIR, Vasicek and Heston models.

Grasselli & Tebaldi (2008), studied Structural Models of Solvable Affine Concepts. Here
the pricing contingent claims in the Affine term structure models can be reduced to the solution
of a set of Riccati ordinary differential equation as in Duffie, Pan and Singleton (2000) and
also in Duffie, Filipovic and Schachermayer (2001). The discussion as on solvability of these
equations, and admissibility is a necessary and sufficient condition in order to obtain the general
solution as an analytical series expansion. Let factors follow continuous paths, the ode admit
a fundamental system of solutions if and only if all positive factor are independent.Lastly all
consistent polynomial term structure models relating to fundamental system of solutions were
solved.

Da Fonseca et al. (2013), studied a flexible matrix Libor model with smiles. The objec-
tive was to explore a flexible approach for the valuation of interest rate derivative based on
Affine process. By the help of the method suggested in Keller-Ressel et al (2009) of chang-
ing the choice of state space, semi-closed type solutions for the pricing of caps and floors was
provided. In this multi-factor setting, the methodology can be adapted to this state space in a
straightforward manner and can be efficiently priced by expansion . It can help identify effects
of correlation that can not be addressed by a single-factor framework. Because of off-diagonal

elements new possibilities emerge in regulating the form of the implied volatility surface due to



the numerical work of the Wishart Libor model. The numerical exercise thus shows the versa-
tility of the Wishart Libor model in defining the movements of the volatility surface predicted
by it.

Gouriéroux (2006), the Wishart process for stochastic risk continuous time. In the study,
Risks are defined and measured by volatility co-volatility matrices, while Wishart processes
are models for dynamic multivariate risk analysis and describes the evolution of stochastic
volatility co-volatility matrices, restricted to being symmetrically positive definite. The auto
regressive Wishart process is the multivariate extended version of CIR process. The CIR pro-
cess allows for a closed form solution to a variety of financial problems such as term structure
of T-bonds and corporate bonds, derivative pricing in a multivariate stochastic volatility model,
and credit risk model. However Wishart dynamics are very flexible and taken for less structural
multivariate ARCH models to be serious competitors. The study shows that the Wishart pro-
cess is suitable in various financial problems for modeling multivariate risk and provides highly
closed form derivative prices and is sufficiently versatile enough to compete with multivariate
ARCH models.

Exact and Higher-order discretization schemes for Wishart processes and their affine ex-
tensions, was studied in Ahdida & Alfonsi (2013) where the focus was on the simulation of
Wishart processes and affine diffusion on positive semi-definite matrices and also the work
dealt with the splitting of the infinitesimal generator in order apply the composition method.
The Wishart processes initially introduced by Bru (1991), additionally Cuchiero et al. (2011)
introduced a general framework for affine processes and includes possible jumps. The study
sampled exactly every Wishart distribution and suggested a third-order scheme for Wishart
system, second order scheme for general affine diffusion. Confirmation of convergence rates
was supported with numerical tests and analysis of the time complexity of each method. This
made them to recommend for the use of exact scheme simulation to compute expectations that
depend on one time. For the case of path wise expectations the study recommend to use dis-
cretization schemes that is second order scheme. Further work was suggested on extending the

current schemes to affine diffusion on positive semi definite matrices that include jumps.
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In the study of moment non-explosions for Wishart-based stochastic volatility model, (Jose
Da Fonseca,2006), showed a result on moment non-explosions for a stock following a Wishart
multidimensional stochastic volatility dynamics, when the parameter values are conditional to
certain constraints. The study reformulated the stock process in terms of volatility path together
with standard results on matrix Lyapunov and matrix Riccati equations, a non-explosion results
of the moment of order greater than one can be obtained; The study also emphasized a con-
ditional sub filtration generated by volatility pat to rewrite the moment-generating function of
Wishart dynamic and its integral for which explicit conclusions can be obtained, which might
be useful for exotic option pricing.

The Autoregressive Conditional Heteroscedasticity (ARCH) model was introduced by En-
gle (1982) to model volatility by relating conditional variance of the disturbance term to the
linear combination of the squared disturbances in the recent past. Later Bellerslev (1986) gen-
eralized the ARCH model through modeling the conditional variance to depend on its lagged
values as well as squared lagged values of disturbances; Several variants of GARCH model
have been developed to model volatility. The ARCH family models have been used to capture
the volatility and stock returns volatility behavior, by practitioners in the financial markets.

Philipov and Glickman (2006), proposed a high dimensional factor multivariate stochastic
volatility model in which factor covariance matrices are driven by Wishart random processes.
The frame work allows for unrestricted specification of inter temporal sensitivities, which can
handle the persistence in volatilities, kurtosis in returns, and correlation breakdowns and con-
tagion effects in volatilities. This factor structure allows addressing high dimensional setups
used in portfolio analysis and risk management together with modeling conditional means and
conditional variances. The general model allows for the conditional volatility of an asset to de-
pend not only on its past volatility but also on past covariances with other assets, incorporating
the observed contagion among asset returns into their covariance structure. They concluded by
showing that it is possible to implement factor multidimensional stochastic volatility models
with higher dimensionality, making them feasible for practical applications in risk manage-

ment, asset allocation and portfolio optimization.

11



This study considers continuous diffusion models where volatility in the stock price dy-
namic is driven by Wishart diffusion stochastic processes. The existing literature gives the
evidence that, Heston stochastic volatility model and double Heston volatility model considers
constant correlations making them not flexible enough to describe the market prices in short
or long maturity. This current work is an extension of the Heston model to multifactor Heston
model considering two dependence matrices describing the correlation between Brownian ma-
trices of the stock process and those of Wishart affine dynamics, this makes it flexible enough
to capture the stylized facts of the market: Fourier transform methods combined with per-
turbation methods will be the sophisticated techniques used in order to obtained European call
option pricing formula. This provides a clear gap that there is no research study which has been
conducted on pricing European option under double Wishart stochastic volatility processes for

single risky asset pricing model.
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Chapter 3

Methodology

This chapter discusses the methodology that is used throughout the entire thesis, it includes all
the technical proofs needed in developing the model and achieving the analytical pricing for-
mula which is the major objective of this study. Section 3.1 presents the definitions and prop-
erties, Wishart process, connection between Wishart process and OU process, double Wishart
model construction, condition for existence and uniqueness of the solution, change of proba-
bility measure, derivation of log-price dynamic and correlation structure. Section 3.2 provides
the derivation of the partial differential equation, derivation of Ito infinitesimal operator, the
Laplace and Fourier transform methods, Riccati differential equations, perturbation techniques

and pricing formula. Section 3.3 gives the numerical methods for stock price dynamics.

3.1 Wishart Processes and Double Wishart Volatility Model

This section provides some of the concepts, definitions and properties of Wishart processes in

order to construct double Wishart model.

3.1.1 Definitions and properties

Definition 3.1.1 Martingale. Let (52, F,P) be a fixed probability space equipped with an in-

creasing sequence of sub-o-fields (F;,t € N) or (F;)>o.

13



A stochastic process (X3)>o is said to be (F;)-adapted, if for each t, X, is Fi-measurable.

Martingale. An (F;)-adapted stochastic sequence (X;);>¢ is said to be an (F;)- martingale

if for each ¢t > 0, X, is integrable such that

E X1 F] =X, as 3.1)

Stopping time. A random variable 7 : (2, F) — [t, 400 is called a stopping time or

optimal time, if for each s > ¢,

Definition 3.1.2 Standard Brownian motion. A continuous time stochastic process W :=
(W0 on a probability space (S, F,P) is called a standard Brownian motion (SBM) or a

standard Wiener process if the following properties hold;
i) Wo=0Pa.s
ii) The process W, has independent increment.

iii) Eachincrement W, —W, 0 < s < t, is normally distributed with zero mean and variance

t—s, Wy —Ws~ N(0,t—s).
iv) All sample paths W (.,w) : [0,00) — R,w € Q, are continuous P -a.s.

Definition 3.1.3 Let X be an m X n continuous matrix stochastic process and let’Y be n X p

matrix stochastic process for which the following differentials holds
i) d(AX), = AdX,, AeRrm™
i) d(XA), =dX;A, AeR"™P
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We can consider the convention of two real-valued processes X and Y, d|X,Y], = dX,dY},
taking note for any two matrix-valued processes X and'Y, dX,dY, as a component-wise, where

the product is understood to be the matrix multiplication

Proof.

ii) d(XA), = dX,A

i) [d(XY) iy = d(Xy_, X{¥Vay)

n

[A(XY)di; = d(D  X{*Vhy)

= > (XY + dXPYY 4 d XY

k=1
k=1 k=1 k=1

Counter example. Let ¥ be m x n Brownian matrix, then
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AWIW), = WEAW, + dWIW, + dWTdW,

Since

(AW, AWy = dWaw
k=1
= S a W)
k=1
ndt if i=j
0 if i#7J

Hence d(WTW), = WIdW, + dWI W, + nldt, where I is the n X n identity matrix. O

Definition 3.1.4 Covariation of two processes. If X, and Y; are two continuous time process
on the same probability space (0, F,P), the (quadratic) variation of X; and Y; is defined as

the following limiting process in probability when it exists

n—1

[X7 Y]t = 5}“20 (th+1 - th)<}/;k+l - Ytk)
n k—

for every time t € [0,T).

Definition 3.1.5 A process X = (X,) is called semimartingale, if X can be decomposed as

follows

X=M+A (3.2)
where M is a local martingale, A is an adapted process with finite variation

Let D be a class of processes. The localized class of D, denoted by D, is defined as follows: a
process X = (X;) belongs to D, iff X, € F and there exists a sequence 7, of stopping times

with T}, 1 oo such that for each n the stopped process X7 — X, € D.
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3.1.2 Wishart process

Definition. Let 1;,¢ > 0 be a n X n matrix-valued Brownian motion under the probability
measure Q. The matrix-valued process X' is said to be a Wishart process if the following

diffusion equation is satisfied
dY, = (BQQT + M X, + Z,MT)dt + /X, dW,Q + QTdWI\/ %, (3.3)

where () € GL,(R), M is an x n non positive matrix, Xy € S;" and /3 a real parameter, such
that 5 > (n — 1). The condition 5 > (n — 1) is introduced to ensure existence and uniqueness
of the solution X, € S of equation (3.3) and eigen values of the solution are non negative for
allt > 0a.s X, € SI. Like in Benabid et al. (2008), the probability measure Q corresponds to
a risk-neutral measure.

Then for us to be able to construct the double Wishart stochastic volatility model, the
following properties and assumptions should also be taken into consideration.

Infinitesimal generator. Let Y, be process, then the infinitesimal generator A of X, de-

fined on C%(R™*™ R), is given as
A=Tr[(MY +XM" + pQTQ)D +2XDQ"QD] (3.4)

where D is n x n matrix differential operator defined by D;; = % and C*(R™" R) denotes
ij
the real-valued functions defined on R™*".
The trace dynamics of Wishart process. For Brownian motion IV, the trace of X/, follow

stochastic differential equation

d(Tr(%)) = 23/Tr(QTQX,)dW; + (2Tr(M X}) + BTr(Q7Q))dt (3.5)

Lemma 3.1.1 Semimartingale property. Let (F;):>o represents the filtration generated by

Wy, t > 0. We consider continuous (JF;)- adapted processes (a;)i>0, (bt)¢>0, (¢t)i>0 respectively
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valued in M, (R), M, (R) and S, (R), and a process (M,;);>o that admits the following semi-

martingale decomposition
dM, = c;dt + b, dWya; + al dWLb] (3.6)
Fori,j,m,n € 1,...,n, then the quadratic covariation of (M;); ; and (M), , given as

<d(Mt>i7j7 d(Mt)m7n> = [(btth>i,m(atTat)j7n + (btbz)i,n(agat)j,m

+ (b ) jm(af ar)i + (beb) ) (af ar)im]dt

Clearly we see that the quadratic covariation (3.6) depends on a; and b, only through the

matrices al and bT

Proof.
dM; = c;dt + by dWya; + af AW, b}
= ¢dt + Z ((0e)i (@) + (be)jk(ar)ii) (W) g,
k=1

The quadratic covariation is calculated as follows

n

(d(M)igy d(M)mn) = D ((e)ige(arig + (0e)ja(a)ii) (O (@s)in + (e (@r)rim )t

k=1

= ()i (br)mr(@)im(an)y + D (be)ik(Or)ns(a)im(ar),;

k=1 k=1

+ ) (00 ik (B m (@) im(an)ii + > (0r) g (b (@) im (@)1

k=1 k=1
= (b} )im(a] af Y g + (0] )in(af @} )m i

+ (btth)j,m(atTatT)n,i + (btth)j,n(atTatT)mJ

18



Particularly M; can be written in form of trace, as follows

dTr(M,) = Tr(c,)dt + 2Tr(a] b dW,),

d(TT(Mt Zd Mt Z“ Mt jj 42 bt ,L] at at

3,j=1 i,j=1

= 4Tr(bb} al ay).

Lemma 3.1.2 Characteristic function of Wishart process. Given a real symmetric matrix D,

the conditional characteristic function of the Wishart processes X, is given by,
0%, = Elexp{iTr[DX]}]
= exp{Tr[A(T) 2] + C(7)}

where the deterministic complex-valued function A(t) € M, (C), C(1) € C.

3.1.3 Link between Wishart processes and Ornstein Uhlembeck processes

Following Benabid et al. (2008), a natural way to generate a Wishart process is to replace
the Gaussian vector X; in the definition of a Wishart distribution with Ornstein Uhlembeck
processes X, ;, with this representation it implies that 3 is an integer. Considering 3 inde-
pendent n-dimensional Ornstein Uhlembeck processes. dX; = M X, dt + QTdW,,; and
5= Xyt Xj, Where dX(t) = X(t + dt) — X(t) then, the process Y is a Wishart

process with the following stochastic differential equation
dX;, = (BQQT + M X, + X, M™T)dt + /X, dW,Q + QTdW /X,

With W, a matrix valued Brownian motion, obtained by

B
VEAW, = X dW,

k=1
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Proof. For dX; = M X;dt + QdW; and X, := X, X[

dX(t) = Z(t +dt) — 2(t)
= X(t+adt) X" (t+dt) — X, X[
= (X)) +dX@®)(dXT(t) + XT(t) — X: X[
= X()dXT(t) +dX#)dXT(t) +dX (1) X ()
= X [MTXat + QTaw ] + [(MX,dt + QdW,)(M* X dt + QT dW /)]
+ (M X dt + QdWy) X (t)
= S MTdt + QTdW I X (t) + BQQTdt + M X,dt + X dW,Q

= (BQQT + M X, + Z,MT)dt + /2 dW,Q + QTdWI /%,

3.1.4 Mathematical illustration of the model

Let consider a stochastic differential equation (SDE) in Bjork (2009), driven by the standard

Brownian motion Z; defined by a system
dSt = /J(t, St)dt + ’}/(t, St)dZt, S(] =S c R, 0 <t< T

to be satisfied by an unknown process S;, where (¢, S;) and (¢, S;) are drift and diffusion
coefficients respectively.

Such that, the same SDE can be written in matrix form

dSt = [L(t, St)dt + "}’(t, St)dZt

t.8)dZ, 0
= u(t,Sy)dt +Tr it 5e)dZ

0 0dZ,
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If

t,S:) = uS
M( t) ot 3.7)
V(5 =S
that is
dz. 0
% = pdt+Tr e -
t 0 0dZ,
Considering two volatility components, gives
'Y(t, St) 0 Zt 0
dSt = ,M(t, St)dt + Tr d _
0 ~(t, Sy) 0 Z
let X (¢, S;) € S, a positive semi-definite symmetric matrix and Z; € M,,(R), such that
T
t,S 0 t,S 0
St 8,) = v(t, Si) v(t, Si)
0 ﬁ(t St) 0 ’7(t7 St)
and
=
0 Z
Therefore
dS;, = u(t, Sy)dt + Tr[v/2(t, S,)dZ¥] 58)
SO =S
taking
X(t, S) = SEEt
(3.9
,U(t, St) = /’l’St
then
dS; = uSdt + Sy Tr|/ X dZF
t = Kot (v 2dZ;] (3.10)

S():S
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This can be written as
dSt

= = = pdt + Tr[\/X,dZ}]
t

Considering A = 0 null matrix, then it is the same as the above diffusion process

dsSy

5 = kdt+Tr /2 dZF + AdZ7)
t

= pdt + Tr[\/X,dZF + (0)dZ])

VEdzE  (0)

= pdt +T'r o
(0)  (0)dz?

For non-zero matrix A, such that A # 0

VX dZF 0
d?st = pdt +Tr e ( )_ .
t (0) AtdZtZ

Assumptions on A;
let Et = A,{At, for A € S?jL’— (R)

Therefore .S, is stock under Wishart process, as follows

dSt

< = pdt 4+ Tr[\/ X dZF + \/EtdZE
t

Then generalizing the idea with many Wishart volatility processes

Aldz - (0)

d
ﬁ:udt—l—Tr

where Al i=1,..,nverify X!= ATAl
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The study focuses on two Wishart diffusion components, for : = 1, 2 that is;

d Aldz> 0
% = pdt +1Tr e (©)
t (0) Az
Which can be written as
dS;

< = pdt+ TrlAldZ;" + A}dZ;]
t

From the assumption, the asset price dynamic disturbed by double Wishart processes (i.e double

Wishart volatility model) can be written as follows

% = pdt + Tr[\/SHdZ7 + /X277 (3.11)
t

where the volatility follow Wishart process
A2} = (BiQiQ; + MYy + XM )dt + / Z{dWiQ; + Q7 dWil \/ Xy, Xy = X' i=1,2.
(3.12)

where the volatility components are trace of the Wishart diffusion processes, which follow

multi-dimensional CIR processes.

3.1.5 The uniqueness and existence of the solution of Wishart process

The Wishart processes are affine processes defined on S;7 (R). Following Bru (1991), La Bua
& Marazzina (2019) and Alfonsi (2015), the results on weak and strong solution of the Wishart

differential equation (3.3) can be showed.

Lemma 3.1.3 Let X, be generic affine process with continuous trajectories defined in S;' (R),

following stochastic differential equation

X, = Xo+ / (a+ D(X.))ds + / (VXdw.Q + Q"aw) VX)) a3
0 0
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where Xy, a € S;(R), Q@ € M,,(R)and D : S/ (R) — S (R) is a linear transformation.

The process admits a unique weak solution in S;7 (R) if
(i) a—(n—1)QQ" € SH(R)

(ii) Forall X1, X5 € S (R) suchthat Tr[(X,)Xs] = 0= Tr[D(X1)Xs] > 0, where T'r|.]
is a trace of a square matrix. So if Xy contain in a set of real positive definite matrices

S (R), with condition (i) is replaced by a stronger requirement

(iii) a— (n+1)QQT € ST (R). Then there exist a unique strong solution for equation (3.13)
in ST(R). By observation & = QQ and D[ Xo) = M Xy + XoM™ and when we assume
restrictive parametrization for the deterministic part of the drift, QQT = BQQT. The
conditions (i) and (iii) are satisfied as long as B > n — 1 and § > n + 1 respectively,
with direct comparison Wishart SDE (3.3) from (3.13) can be obtained. The real positive

parameter 3 also plays a role in Feller’s condition in the univariate case.

3.1.6 Change of probability measure

From mathematics perspective, it is important to discuss the change of the probability measure
to allow a change of the drift in the dynamics processes . In the financial application, more so
in the practical aspects, Wishart process has to be simulated in its general form with 5 > n+1,
such that 8 € R. The function allows to write K = 3 + 2\ with § = K > n + 1 and ) real
number such that 0 < )\ < %

The objective of this idea, is to find a change of probability measure in order to change the
generalized Wishart diffusion into the simple one, where [ is an integer. Therefore the new
probability measure [P, following Benabid et al. (2008) and Shreve (2004), can be expressed as

follows.

Theorem 3.1.1 Let (2, F, Q) be probability space equipped with filtration F; satisfying usual

conditions.
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Letq=F+A—n—1Ifhr(Q,P) = % defines the Radon-Nikodym derivative of Q with

respect to P, then

hr(Q,P) = (ZZ((L;?))) ’ exp(—ATTr(M))exp {_—/\q/0 Tr(27'QTQ)ds (3.14)

2

Proof. The probability measure P can be specified through an exponential martingale (see

Benabid et al. (2008)),

d T )\2 T
T = e /0 Trly/SW.Q) - /0 Tr(571QTQ)ds) (3.15)

The new process is defined as follows

t
W, =W, + /\/ VE1Qds (3.16)
0

It is simple to check by Girsanov theorem that I is a matrix-valued Brownian motion under the
probability measure P. Consequently, the dynamics of Wishart process under the probability

measure [P can be written as follows
Ay, = (BQQT + MZ, + S,MT)dt + /2, dW,Q + QTdW I/ X, (3.17)

where

t
W, =W, +/\/ VE1Q ds
0
AW, = dW, + \\/ X71Q dt (3.18)

Replacing W, in the Wishart dynamic process

dX, = (BQQT + M X, + Z,MTYdt + /Z,(dW, + M/ Z71QTdt)Q + QT (dW,
+ 0/ 27Qd) /5,

(3.19)

X, = (BQQT +M S, + Z,M")dt++/ZdW,Q+QT AW /Z, 4+ AQT Qdt +AQT Qdt (3.20)
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Then
dX, = ((B+20)QQ" + MY, + S, M™) dt + /2, dW,Q + QTdW [/ %, (3.21)

The Radon-Nikodym derivative can be handled using the determinant dynamics.

0

/0 dlog(det3,) = /0 (B —n— )Tr(E-'QTQ) + 2Tr(M)]ds + 2 / Tr/Z AW, Q)]

T T
log (ﬁ;ﬁ) = 9TTr(M) + /0 (B—n—-1Tr(2;'Q"Q)ds + 2/0 Trly/ 27 1dW,Q)

N[>

log (detZT> TR + A /T(ﬁ —n—DTr(X;'Q"Q)ds
0

thZO 2

T

+/\/ Tr[\/S1dW,Q)]
0

2 T
(ZZ?Z) = exp{—ATTr(M) — %/o (B—n—-1Tr(X;'Q"Q)ds

T

— )\/ Tr[/X71dW,Q|}
0

A T
ML T/ B aw,Q) (‘;‘Zéﬁ) exp{—)\TTr(M)}exp{—g/o (B—n—1)Tr(Z'Q"Q)ds}

From the equation (3.15) the new measure with W is given by

d T )\2 T
ﬁ = exp{\ /0 Tr[Es_ldWSQ]}exp{—E /0 Tr(X;'QTQ)ds} (3.22)

d det S\ ® AT
d% = (dZtEZ) exp{—)\TTr(M)}exp{—E/o (B42X —n — D)Tr( 21 QT Q)ds}

2

T
.exp{—% /0 TT(EngTQ)dS}

detET % A )\2 T .
N (detEO) exp{=ATTr(M)}erp{[-5 (B +2)\ —n—1) = =] /0 Tr(E-107Q)ds}
detTr\ ? 5 .
= (dZEZ) exp{—)\TTr(M)}exp{—§(5 +A—n— 1)/0 THEZ1QTQ)ds)

d detSr\ A T
d% = (dZEZ) exp{—ATTr(M)}exp{—§(ﬁ+)\—n—1)/0 Tr(X;'QTQ)ds} (3.23)
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The change of the probability measure is obtained. U

3.1.7 Wishart stochastic volatility model
In Da Fonseca et al. (2008) and Benabid et al. (2008), under the risk neutral probability mea-
sure, the risky asset price dynamic and its quadratic variation follows,

ds(t) _
W =rdt +Tr[V/2dZ(t)], Sy=s

A, = (BQQT + MX,+ S M )dt + VEAW,Q + QTdW! VE;, Zy=X
(3.24)

where r denotes risk free interest rate, 7'r is trace operator, Z € M, is a matrix Brownian
motion under the risk-neutral measure, and 2; belongs to the set of symmetric n X n positive-
definite matrices (as well as its square root /). Observe that volatility of the risky asset is the
trace of the matrix X, with Q, M, Q) € M, €) invertible, and W, € M, is a matrix Brownian
motion.

The dynamic of the Wishart process in Bru (1991), denotes a matrix analogue of the square
root mean-reverting process. To ensure strict positivity and the typical mean reverting feature

of the volatility, matrix, M is taken to be negative semi-definite, while (2 satisfies
00" = QTQ

with the real parameter 5 > n — 1, for condition for uniqueness and existence of the

solution of the dynamic of the Wishart processes.

3.1.8 The double Wishart stochastic volatility model

This section introduces a novel model, the double Wishart stochastic volatility model in the
stock market. The model takes two underlying volatility components defined as the trace of

Wishart processes. However, the diagonal components of the Wishart matrices will be the
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factors guiding the dynamics of volatilities.
In an arbitrage-free financial market and under the risk neutral probability measure, the

risky asset price and Wishart process dynamics follows;

as,
St
A%, = (BQQT + MZ, + S, MT)dt + VE,AW,Q + QTaW[VE,, ,=% (625

dEt — (/BQQT + Mit + StMT)dt + AV EtthQ + QTdWZ—’ \/ St; 20 — 2_1

=rdt +Tr[\/2dZ, + / X:dZ), So=s

where 3, 3 are real parameters such that 3,5 >n — 1, Q,Q, M, M € M, Q is invertible

matrix and W;, W; € M,, are matrices Brownian motions, also Z;, Z;, € M,,.

Lemma 3.1.4 The correlations between the Brownian matrices of the stock price dynamics

and the Brownian matrices of the Wishart processes in equation (3.25) are given by

Tr(RTQX,)
\/Tr Et)\/ (QRTQXY)
= Tr(RTQX))
\/TT t)\/ QTQEt

Pt =

Proof. Deriving the correlations as follows

Sy

< = = rdt + Tr[\/ XdZ; + \/ 2,d 7]
t

TT \/ thZt) — TT’( \V4 EtdZt)
=rdt++/Tr(%}) A/ Tr(),) ———=
)Ty Tr(%,)

= Tdt + \/ TT(Et)dXt + \/ TT(Et)dXt

where X, and X, are standard Brownian motions and also taking the trace of the Wishart

volatility dynamics (3.25), we have
dTr(2) = ((BTr(QTQ)) + 2Tr(MZ))dt + 2Tr(QdW;v/ )

dTr(5,) = (BTr(Q7Q)) + 2Tr(ME,)dt + 2T7(QdW,v/ %)
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These processes can still be written in the form

dTr(5,) = (BTH(QTQ)) + 2Tr(ME,))dt + 2/ Tr(QTO5,) - QEZV;Q

Tr(QdWi\/Z,

vIr QTQEt

dTr(%)) = ((BTr(QTQ)) + 2Tr(MXE,))dt + 24/ Tr(QTQL,)

where &; and 7, are Brownian motions, then

dTr(%,) = ((BTr(QTQ)) + 2Tr(MX,))dt + 2+/Tr(QTQX,)dé,
dTr(%,) = ((BTr(QTQ)) + 2Tr(ML,))dt + 21/ Tr(QTQX,)dn,

Now determining the covariation of the stock price and Wishart processes as follows

00vt<qudff>:C(’”t< VIr(E) | TrQTQT)

e (Tr(\/EthRT) Tr(Qde/E))
' VT () VITr(QTQX,
Zij Cov(el' /X dW, R e;, e e; TQAW/ Xie;)
VTr(Z)/Tr(QTQX)
> Bilel VI dW R  eie] QAW v/ Te;)
B VIr(Z)VTr(QTQL)
D i eiV/ I Tr(R e;e] QT )/ Ziedt
 VTr(E)VTHRTQE)
Zij TT(QReie?)e?Ztejdt ZU fQRel I'¥e;dt
T TN QTQN) T (e T QTQOx,)
>, €T QR e;dt

T QTQY,)
Tr(RTQX})

\/TT (X)) \/TT(QTQZ})

Tr(v/SrdZy) Tr<@dwtm>>

CO/Ut(dXt, dé-t)

Similarly for the second stochastic differential equation of the Wishart processes, the de-

termination of covariation follow the same procedures, that is

Tr(RTQX})

Cov(d Xy, dn;) = VTr(Z)\/Tr(QTQX,)
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Corollary 3.1.1 Let us verify that the following processes X;, Xy, &, 1, are Brownian motions
(in lemma 3.3.1).

Proof.

Covy(dX,,dX;) = By[(dX,)(dX,)"]

_E Tr(vV2idZy) Tr(VXdZy)
t VTr(X)  J/Tr(X)
. Zi,j Covy(el V/XdZse;, 6?\/EdZtej)
- VT (Z)/Tr(%)
Zi,j G?thTr(eie?)\/Eejdt

Tr(X,)
> Trleie] el Tiegdt 37, el eie] Yie;dt
Tr(%) Tr(X)
Y ej Yye;dt ~ Tr(Xy)dt
Tr(X}) Tr(X})

=dt

Similarly for Brownian motion X, its proof can be obtained through the same procedures as
above. U

Then showing that &; is a Brownian motion as follows
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Proof.

Tr(QdWiv/Xy) Tr(QdWi/Xy)
VTRTeD) VTr@TRx,)

Zi,j Covy (e QdWi/Xse;, G?Qth\/Eej)
- VTrHQTQE)/Tr(QTQX))

2iy € VITT(Q e €] Q) Ty dt

VTr(QTQZ)VTr(QTQE)

Zz‘,j TT(QTQeief)efxtejdt Z” GJTQTQGieiTEtejdt
- Tr(QTQX)) B Tr(QTQx,)
2,6 QTQTedt Tr(QTQL,)dt
O TrQTQE)  Tr(QTQXY)
=dt

COUt(dét, dft) = E

Similarly the same procedures can be followed to show that 1, is a Brownian motion. U

3.1.9 The correlation structure

The Brownian motion matrices Wy, Z;, ;, are correlated in a way that all Brownian motions
belonging to the column i of Zj; and that of column j of W} ; have the same correlation,
say Ry ;. This gives a constant correlated matrix 2, € M, which completely describes the

correlation structure, such that Z; ; can be written as

Zry = Wi, Rl + By /1 — ReRE,  for k=1,2.

where [ denotes the identity matrix, 7" is the transpose, and By, ; is an independent Brownian
motion matrix from IW;. Observing that, in order to preserve the affine property, the correlation

structure should be introduced in the model.

Proposition 3.1.1 The correlation structure Zy,; = Wk,tRf + B/ — RkRZ is a matrix

Brownian motion.
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Proof. Worthy noting that Zy,, is a matrix Brownian motion iff for oy, B, € R"

Covy(dZy s, A2y Br) = Ba[(dZryon) (A2 8e) ] = af, Belldt
OOUt(dZ]ﬁtOék, de,t@k) = Et[(deiRT&k + dBk,“ / I— RkRgOék)

(dWiyRY B + dBy\/T — RiREBy)]

= Covy(dWy, Ri ag, Wy, R By)

+ COUt(dBng\ /T — RkRZOék, dBk’t I— RkR55k)

= aj R RY B ldt + of (I — R RY) B lldt

= af Bildt

for correlation structures; Z1, := Wi RY + By /1 — RiRT, the Cov,(dZy 001, dZ1 451)
= Oé{ﬁl]ldt
and Zyy = Wo RY + Boy\/T — RoRY, the Couv/(dZyyc0,dZs,52) = ad Boldt O

3.1.10 The dynamic of log-price for the double Wishart model

The matrices R and R describes the correlations between the Brownian of the asset price and

those of the Wishart processes.

Lemma 3.1.5 The log-price dynamic Y; = log(S;) under double Wishart model is given as
1 _ —
d}/t = (7" — §T7"[2t + Etht + TT[\/ EtdZt + V EtdZt] (326)
Proof. LetY; = log(S,), the asset dynamic given as ,

5— =rdt + Tr[\/X:dZ; + / X:dZy] (3.27)

By applying the Ito’s formula on Y}, see Bjork (2009); Shreve (2004), we get

1 2
dY; = dlog(S,) = %S: -5 <d5;) (3.28)
t
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Substituting the asset process (3.27) in the derivative expression (3.28) of Y;
— 1 _
dY (t) = rdt + Tr(\/ XdZ, + \/ X dZy] — §TT[E,5 + X]dt (3.29)

1 _ — —
dY, = (r — §Tr[2t + X))dt + Tr[\/ 5:dZ; + / 2,dZy)

which can be written as

1 _
dY (t) = (r — §Tr[2t + X))dt + Tr[\/ X, (dW,RT + dB;\/I — RRT)

+ V Et(thRT + dBt V I— RRT)], YE) =Y.

(3.30)

3.2 The Solution of Partial Differential Equation under

Double Wishart Model

In this section, the infinitesimal generator and the partial differential equation associated to
double Wishart stochastic volatility model are derived. The Fourier techniques, combined with

perturbation methods are applied in order to obtain European call option pricing formula.

3.2.1 Infinitesimal generator

The infinitesimal generator is obtained and also following Benabid et al. (2008), it is acceptable
to write the log-price and its volatility dynamics as driven by two correlated Brownian motions,

ZY, 7%, and ZY, Z7; as follows for easy handling of the complexity of the computation of the
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problem

dY, = (r — 3Tr[%, + Z))dt + Tr[yVZidZY +/ZidZ, )

dTr(2) = ((BTr(QTQ)) + 2Tr(MX,))dt + 2/Tr(QTQX,) (pdZY + /I — p?dZ})
dTr(%) = (BTr(QQ)) + 2Tr(ME))dt + 2/ Tr(QTQX,) (pdZ) + /T — pidZ})
(3.31)
or
dY, = (r — YTr[2, + D))t + Tr[v/EdZ; + \/£,dZ))
dTr(Zy) = ((BTr(QTQ)) + 2Tr(M Xy))dt + 2T7(QdWiv/ )
dTr (%)) = ((BTr(QTQ)) + 2Tr(ME,))dt 4 2Tr(QdW/ X))
where
Y o5 Tr(RTQX;)
de s VT (Z)\/Tr(QTQX)
Y 75 o _ = _ TT(RTQEt)
I e ST 0T O5)

Proposition 3.2.1 The infinitesimal generator of double Wishart stochastic volatility model for

couple of (Y, Xy, X;) given as;

Co CTr[E+ 5] 2+T7‘[E+E] 02
vos =" 2 a9y 3 o

+ (BTr(QTQ) + 2Tr(ME))a% +2Tr (2

) (3.32)
)

+ (BTr(QTQ) + 2T7~(M2))a% +2Tr

VR
M
o)) Q
Flo gle gl
Qi
N
e

+ 2T (ERQ%) a% +2Tr (21%@8%

Proof.
The infinitesimal generator has non-trivial term which arise from covariation

d < E;j , Y > corresponding to the coefficients of the term

0? 0 ((9

= =), ij=1,..n 606=12
(‘3:69;1-]-834 8x9;ij (‘9y> bJ "
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Let Vp,; := /2. be square root matrix such that

X = Z Vo = Z Vo

Due to the fact that Vj,; is symmetric, the covariation terms matching with ﬁ
3t]

coefficients can be determined

d< %)Y >=E, Z L AWiQh; + Z VejidWQO Z VasdWi, Rpy)

i,k=1 lk=1 l,k,h=1

= (W;thkg Vein > fmdt

=1
Z V ij Z Vgi le

Lk,h
n
k,h=1
n
ih 0 ih 0 0
= <Eé;tij + Eg;tQki) thdt
k,h=1

RY dt

This gives the corresponding coefficients of the term since

o n o o

2Tr(SyR'Q" Do) 5 =2 Y D 5" RiyQhim

Y i.j.kh=1 Y
The notation when § = 1,5, = X R' = R, Q' = Q, D, = 2 - while for

=25 =XR=R Q*=Q,D, = since our D is symmetric. O

a*,’

3.2.2 The Laplace transform of the asset returns

Following Duffie et al. (2000) and Da Fonseca et al. (2008), in order to solve the European
options pricing problem, consider the Laplace transform of process (3.30). The Laplace trans-
form of Wishart process is exponentially affine as in Bru (1991), hence the conditional moment
generating function of the log-asset returns is the exponential of an affine combination of Y

and Wishart components, so we provide for the deterministic functions A (t), Ao(t) € M,, and
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d(t),e(t) € R, as parameters of the Laplace transform

V(1) =E (ewytﬂ)

= exp[TrA (T) X + TrXa(1) 2 + 6(7)Y; + (7)]

(3.33)

where [E; denotes the conditional expected value with respect to the risk-neutral measure and
v e R.
By applying the Feynman-Kac argument, a set of ordinary differential equations for each

of the functions mentioned above is obtained

Ot =Ly st
or Yozt (3.34)

Ur4(0) = eap{yYi} ="
The setting of matrices for the Wishart dynamics implies a non standard definition of the in-
finitesimal generator for (Y}, Xy, Z_ft). The infinitesimal generator for the double Wishart pro-

cess, 2, and ), can be written as

Lo T E+ 3] 2+T7ﬂ[2+2’] 0?
voe =7 2 oy > o

T T MX)\D
+Tr[(8Q'Q + 2M X) D] (3.35)

+ Tr[(BQTQ +2M X)D] 4+ 2Tr(XDQTQD) + 2Tr(XDQT QD)

12 [Tr(SRQD) + Tr(EROD)] 0%

where D is a matrix differential operator with elements
Dij = (55) and Dy j = (557)
From equation (3.34) and the Laplace transform (3.33), solve the problem by considering

proposition (3.2.1), for double Wishart stochastic volatility model as follows

Uy (1) = exp{Tr[\(T) 2y + Xao(7) X)) + 0(7)Y; + e(7)} (3.36)
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%_( _TT[E+E]>8_¢+TT[Z+E]82¢
or " 2 dy 2 0y?
oY

+ (BTr(QTQ) + 2Tr(MZ))a—E +2Tr (2 QTQ ax) 0

 (BTHOTQ) + zTr<Mx))§—jg Loy (z__QTQa%) y

+2Tr (ZRQ )g—me (ERQ )‘375

(3.37)

Considering equation (3.34) to obtain the boundary conditions as follows

(3.38)

¢7t(7) _ e{Tr[,\1(T)2t+,\2(T)Ez]+5(r)Yt+e(T)}
A1(0) =0,2(0) =0,8(0) =~,e(0) =0

a@z)g;;(ﬂ:ﬂ (dA;iT)Eter)\ag( )2t> ddré( Wit d L (el

= (= T sy ) + w (7))

+[(BTr(Q"Q) + 2T (ME)Mi(7) + (BTr(Q" Q) + 2T (M X)) A7) ]1hy 4(7)
+ 2Tr[ 2 (1) QT QAL(T)Why(7) + 2T7[EXa(T) QT QAo (7)]thy,e(T)

+ 277 [ X RQS(T)M (T)]thy 4 (T) 4 2T [ X RQS(T) Ao (7)1, 1 (7).

(3.39)
awg;(f) — [Tr(\(7) 2 4 Ka(1) ) + 8(1)Ys 4 E(Myu(7) = Ly s stbys (7)) (3.40)
_aw%t(T) + ﬁYZElZJ—y,t(T) —0 (3.41)

or it

By substituting in equation (3.41) provides the following expression,

— [Tr(A(T) S+ Aa(r) Z0) + 0(7)Ys + (7)) + (r —

Tr(X +2X)

+
+ 220 (1) QT QAL (T) + 22 X(T)QT QAo (T) + 25 RQS(T)M 1 (T) + 2X RQS(T)Xo(7)] = 0

(3.42)

S(T) + Tr[(BQTQ + MY + XM\ (1) + (BQTQ + ME + EMT)My(7)
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Identifying the coefficients in equation (3.42) as follows

d 1 1
M(T)E) = =Tr[X16(7) + =Tr[X]6%(r
(1)) = STr(E8(r) + STr(E]9%(r) o

+Tr[(MX 4+ XM () + 22X (1)QT QM (7) + 25 RQ6S(T) M ()] = 0

—Tr(

d - 1 _ 1 -
— TT(E)\Q(T)E) — §TT[E]5(7') + 5Tr[z]52(r) 4
+Tr[(MX 4+ XM\ () + 25X (1)QT QAo (7) + 25 RQS(T) Mo (7)) = 0
—5(r)Y; = &(7) + 1d(7) + Tr[BQT QM (7) + Tr[BQTQNs(7) = 0 (3.45)
Then arranging equations (3.43), (3.44) and (3.45), then matrix Riccati ordinary

differential equations are obtained as below

(

DN(T) = MM(T) + (M7 + 2yRQ)M\(7) + 201 (1) QT QA (7) + 11T, .46
MO0) =0 '
() = MAs(7) + (MT + 27RQ)Aa(7) + 2)o(1) QT Qo(7) + 10521, 347
M(0) =0 '
For the constant ¢ the matrix Riccati ordinary differential can be obtained as follows
—(r)Yi = £(r) +r3(r) + Tr(QTQAu(r) + Tr(5QTQ)As(r) =
§r)=Ch=r, since 5(7’) =0 so=d(1)=Cyh=r
G2 =+ BTHQTQM ] + BTr(QTQ) () aa48)

e(0)=0

Such that £(7) can be obtained by direct integration

(r) = / "yds + / "TrBQTQM(5) + BQTQAa(s)]ds

0
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Where A\, Ay € M, (R) and 6(7),e(7) € R.
Matrix Riccati linearization; The matrix Riccati equations above are linearized to provide
representation of the closed form solution, following the techniques of Benabid et al. (2008);

Da Fonseca et al. (2008). So from Riccati equations (3.46) and (3.47),

7

DN (T) = MM(T) + (M7 + 2yRQ)M\(7) + 201 (1) QT QA (7) + 11T,
A1(0) =0

(1) = Mda(r) + (M7 + 29RQ) (1) + 2Ao(1)QT QAa(7) + 5L,

Let
A (7) = Hy(7) " Hay(7)

where Hy(7) € GL,(R) and Hy(7) € M, (R) and therefore

d dH, (1) dA(T)
H(OM )] = I () + i)

dA(T) d dH,(7)

Hy(7) == = —[Hi(D)A ()] = = M(7) (3.49)

Hy(T)M (1)M + Hy(7)(MT + 2yRQ)M\ (1) + 2H; ()M (1) QT Q) (7) -
()20 gy PilD) o
Hy(T)M + Hy(7)(MT + 27RQ)\ (7) + 2Ho(7)QT QM (7) i)

d/\1 (T)
dr

e

Since Hy(7) = Hi(T)A1(T), then

dHQ(T) . dHl(T)
dr dr

d)\l (7')
dr

)\1 (T) + H1 (T)
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This implies that
d/\l(T) . dHQ(T) _ dHl(T)

Hy(7) dr dr dr

A (T)
Such that it provides an expression

dHy(T) B dH(T)

M(T) = Ho(T)M + Hi (1) (M 4 2yRQ) A (T)

dr dr
+2H(r)QT Qi () + H 1@@
_ m@ + Hy(r)M + [Hy(7)(M" + 2YRQ)
+ 2Hy(7)Q" QI (7)

Then
C”LST(T) - H1(7)7<72_ Ui minm

dfng(T) — —Hy(r)(MT + 29RQ) — 2Hy(1)Q"Q
L) Hi(r) = (H2<T> Hm)) (<_M)H iy WQijR@)

The solution of differential equation (3.56) above is given as

(Hgm H1<r>) = (H2<0> H1<0>) e

Proof.

Indeed by letting and differentiating

X(7) = (Hy(r) Hi(7))

dX(s)
~ = X(9)@
dX(s) .
X(s) d
TAXG) T gds =Xy Z

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)



This can be writen in the form

(Hy(r) Hi(7)) = (H2(0) Hi(0))e?"

Noting that, \;(7) = H;(7)"*Hy(7) and from

dH1 (T)
dr

= —Hy(1)(MT + 2vRQ) — 2H»(1)Q"Q

and solving the equation as follows

dH
1(7_) _ —Hl(T)(MT + QVRQ)

dr
setting G = (M + 2vRQ)
This gives

H1 (’7') = KB_GT
Differentiating, gives
dHl(T) _ KG—GT . KG—GTG
dr

Now substituting in equation (3.59), provides
Ke ¢ —Ke "G = —Ke "G — 2H,(1)Q7Q

then

K = /T —2H,(u)QT Qe du
0
Hy(1) = (/OT —2H,(u)QT Qe du)e " = Ke ™ C7

Such that H,(0) = K1, and H; *(0) = K~'I, and for K =1, H;*(0)
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(3.58)

(3.59)

(3.60)

(3.61)

(3.62)



and then

Hy(0) = Hy(0)A1(0) = Ay (0)

(Ho(t) Hi(1)) = (M(0) L,)e™@

o [ 2O
Ni(r) N ()

11 12 _oNT
M) Al <T>) p( M 2070 ) e

Setting

Such that

N (r) AZ(r) 5L, —(M" + 29RQ)

In conclusion

AH(T) AP(7)
(Hy(0)  H1(0)) = (M(0) ) (3.64)
ATH(T) AP(7)
Its solution is simply obtained through exponentiation
M —2Q7T
(Hufr) Hy(r) = (Ha0) Hy(O)eapr | ve
W02, —(MT 4 29RQ)
M —2Q7
= (\(0) TL,)expr X o
W01, —(MT + 29RQ)
since
o [M) AR M ~207Q
e’ = = expT
A (T) AP () T, —(MT + 27RQ)
)\11 )\12
(Hao(r) Hi(r)) = (A(0) L)( ) 1<T)> (3.65)
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and since A\;(0) =0
(Hy(r) Hi()) = (A{'(7)  AP(7))
Hy(r) = AY!(7)
Hy(r) = AY*(7)
M(r) = Hy ' (7)Ha(7)
M(7) = AP () "IN (7)
which represents the closed form solution of the matrix Riccati equation.

Now looking at the second Riccati equation. Setting;

Mo(7) = Iy (7)12(7)

d[;ir) _ [1(7)7(72— Y 4 e
dl’;if) = —L(1)(M" 4+ 2vyRQ) — 2I,(1)Q"Q
Recall;
Y(r) = Y(0)e?"
Then,

From equation (3.69)
1) = ([ ~20@" Qe ) = K
0

with conditions

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)



such that

1(0) = I,(0)Aa(0) = A (0)
Ao(7) = 171 (1) 1o (7)

A () A%)

(Ila(m) (7)) = (A2(0) L)
ASH(T) AF(T)

(I(r)  L(7)) = (Ma(0)A (7) + A3 (7) Ma(0)A%(7) + A3(7))

and since \2(0) = 0

Therefore we obtain

Then proceed by computing the last Riccati equation ,

L0 — ry 4+ BTT(QTQIM (7)) + BTr(QTQ)Na(7)]
e(0)=0

Recalling equations

U _ g1 (25 1 o)
AT — _H (1) (MT + 27RQ) — 2Hy(7)QTQ

dr

and

dl;g) _ 11(7_>'y(72—1) + L(1)M
ALr) — 1 (7)(MT + 2yRQ) — 2L,(1)QTQ

dr

de(T)
dr

=ry+ BTr[(Q Q) H  (r) Ha(7)] + BTr[(Q" Q) Iy (7)12(7)]
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(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)



From equation (3.76)

mr) = [T i) (7 + 2 RQIQTQ) 679
and from equation (3.77)
b(r) = — [T ) + 2 RQ)Q7Q) (3.80)
Such that
M) = B ()Hs(r) = — 170 Py 0 L RQ@ Q) 38D
M) = @b = — 17 O T R 68

Substituting equations (3.81) and (3.82) in equation (3.78), as follows

G = STl H (1) T+ (M7 4 29RQ)] - T (r)
+(MT +2YRQ)| + (3.83)
e(0) =0
delr) = = ST+ O 20 RQr) = ST T D (T 42y RQ) i G349

Now by integrating directly, provides
e(r)=— gTr[log Hy(7)+(M"4+2vRQ) 7] — gTT[log L(T)+(MT+2yRQ)7]+ry1 (3.85)
This can be simplified as

e(r) =Tr |log(

)~ 3(BM" + BYI" +24(3RQ + BRQ)r

1
V (Hi(7)?(1i(7))" (3.86)

+ryT
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3.2.3 The characteristic function and Fast Fourier transform method

This section considers Fast Fourier Transform (FFT) method in Carr & Madan (1999), to price

European call option with « > 0, at time t, strike & = log(K') and time to maturity 7', given as
Ci(T,K) = e " T IE[(Xy — K)* | F] (3.87)

Since Y = log X7, then X; = exp(Y;). This provides;
CiT, K) = C(T, k) = ¢ " T IE[(exp(Yy) — exp(k))*|F] (3.88)

The modified Price C;* and o« = 1.1 as considered in Carr & Madan (1999) as a good
empirical value in the Heston model. This modified call price is introduced in order to obtain a

square integrable function so that we can apply the inverse Fourier transform,
CH(T, k) = exp(ak)Cy(T, K) (3.89)

The Fourier transform of the modified price and also applying a Fubini integration theorem

—+00
VAT, 0) = CH(T, ke dk (3.90)

—00

+oo
= / e®*Cy(T, K)e* dk

o0

+o00
_ / e TDE (eap(V;) — exp(k)) | File® dk

o

+o0
_ / expl(a + iB)K|E[(exp(Yy) — exp(k))*|F]dk

o0

Y-
— efr(T*t)]E [/ T(@(aJriG)kJrYT . e(a+i0)k+k)dk:|

o0

(a+i0)k+ Yy platit+ 1)k 1Y
AT P = fr(Tft)]E € .
W) =e o+ i6 a+i0+1],

lim

A——o0

plaFiOYr+Yr  (a+i0+1)Yr )

w0 =g | -

ploFi0)A+Yr  (atif+1)A
i arae) )]

a+il  a+ih+1
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as A — —oo, therefore this goes to zero

~
~

lim
A——o0

<e(a+i0)A+YT e(a+z‘9+1)A )

atil  a+if+1

wa(T 8) — e*T(Tft)E elatif+1)Yr (a e 29)
N (a+10)(a+i0 + 1)
W(T 9) _ (TR platib+1)Yr
- R
i E 0+ a+1 v
= (v +i0) (v + 10 4+ 1) {exp[l +4( i ) T}
o a+1
pr— ]E - Y
(Oé -+ i@)(a 140 + 1) {exp[@(g 4 ( i >)] T}
e E (6 DY
= (+1i0) (o + 160 + 1) lexpli(0 — (o + 1)i)]Y7]
e (Tt

= et rag T el - (et DOYrlF]

e " TV (T,60 — (1 + a)i)
(a+1i0)(a + 10 + 1)

Ui(T,0) = (3.91)

Now observing that the call price can be obtained by inversion of the Fourier transform

using the fact that the function ¢{*(7’, ) has an odd imaginary part and an even real part,

CH(T, k) = exp(ak)Cy(T, K)
/+°° eI (T,0 — (1+ a)i)

CH(T, ke dk =

. (a+ib)(atif+1) (3.92)

1 [~ ‘
o R

Such that

CUT,K) =<

—ak o0
@ —i0k
o /_oo (T, 0)e " do

CyT, K) = e kg

ek /°° e_T(T_t)qgt(T, 0 — (1+ «a)i)
2r J_o  (a+i0)(a+i0+1)
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This is a Fourier transform

G e TDG(T,0 — (1 4+ Q)i) _ig
CT, K) = =~ Re (/oo atrilariorn ¢ © (3-93)

In order to price the European call option, it is sufficient to compute the characteristic

function ﬁv,o(t, T), this computation will involve the Wishart processes.

Proposition 3.2.2 Given a real symmetric matrix D, the conditional characteristic function of

the Wishart processes X, and X, is given by,

qggflgi =K [exp{iTT[DlZ]t + DQZ’t]H
= exp{Tr[A; (1) 2, + As(1) 2] + C(7)}
where the deterministic complex-valued function A,(1), Ay(1) € M, (C), C(1) € C

Now obtaining the ordinary differential equations for A;(7), Ay(7) and C(7)

(

) WMD) — A ()M + MTA (1) 4+ 2A,(1)QTQA (1) o0
Al (O) — ’LDl

(

dA21) — Ay(7)M + MT Ay(7) + 245(7)QTQAs(7)

a (3.95)
AQ(O) - ZDQ
10 = BTr(QTQAL(T)] + BTrIQTQA(7)] (3.96)
C0)=0
C(r) = / ' Tr[BQTQA(T)du + QT QAs(7)dul (3.97)
0
C(r)=1Tr { / ' BRTQA, (u)du + / ' BQTQAQ(u)du] (3.98)
0 0

Now

Ay (1) = hy'(T)hao(7)
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%(hz(ﬂ hi(7)) = (h2(r) h1(7)> (M 0 Q) (3.99)

d . s , M -2Q"Q
%(22(7) (7)) = (ZQ(T) 21(7)) (0 e ) (3.100)
Provides
A%l T A%Z T
(ho(T)  ha(7)) = (iD1 T,) (7) (7) (3.101)
A () AP(7)
A%l T A%Q T
(ia(T) i1(7)) = (iD2 L) (") (7) (3.102)
A3 () A (7)
(ha(1)  ha(7)) = (iD1AY (1) + AT (1) iDy AP (7) + AP (7)) (3.103)
(ia(7) ir(7)) = (DA (1) + A3 (1) iDy A (1) + AF(7)) (3.104)
Then
Ai(1) = hi'(T)ha(T) (3.105)
hl (T) = ZD1A12(T) + A%2(T)
ha(1) = iD1 A (1) 4+ AT (T)
Ay(1) = (iD1 AP (1) + AP (7)) T (iD1 A} (1) + AT (7)) (3.106)
And for
As(1) = iy ()ia(T) (3.107)
i1(1) = iDa Ay (7) + AF(T)
iQ(T) = ZDQA%I (T) + Agl (’7’)
As(1) = (DAY (1) 4+ AP (7)) 1 (iD2 Ay (1) + A (7)) (3.108)
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Then generalizing as follows,
Ai(r) = (iDjAJI-Q(T) + A§2(7'))_1(iDjAJ1-1(7') + A?I(T)), forj=1,2. (3.109)

By letting ¢() = ¢, o(t, T') be the characteristic function of the log-return, we also observe

that the price of the option depend on volatility, we consider log-asset price return Y;

Xr
Y,r=1 —
t,T H<Xt)

= In(X7) — In(X})

=Yr-Y,

Then

n0(t, T) = Eleap{inYir}]
= E[Eexp{iy(Yr — Y1)}]
= E[Eexp{ivYr —ivY:}]
= E[E,exp{iyYr}exp{—ivY;}]
= Ef(exp(—ivYy))Eeexp{inYr}]
= Eleap(—inYy)exp{Tr [\ (T — t)Z; + Xo(T — 1) X)) + ivY; + (T — t)}]
= exp{e(T — t)}E [exp{Tr[M(T — t)X; + \o(T — t) Z}]}]
= exp{e(T — t) yexp{Tr[Ai(T) Xy + As(T)Zo] + C(7)}
= exp{e(T — t) yexp{Tr[Ai(t) Xy + As(t) o] + C(1)}

= exp{Tr[A; ()Xo + A (t) Xo] + C(t) + (T — )}
(3.110)

where

A1) =M(T=1), j=12

with

Aj(t) = (iD;AP(t) + A (1)) (iD; AL (t) + AZ'(t),  forj=1,2.
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Then the European call price, can be written in the form as follows

ok 1 00 =r(T—1) ATr[A1(t) Zo+A2(t) Zol+C (1) +e(T—1)} o
CyT,K) = R ~rde 3.111
T, 5 V21 ‘ V2 /OO (a+i0) (410 + 1) c ( )

The call price can still be presented in the form

—ak 00
C{(T,K) = e% Re ( / e_T(T_t)gz;&E(t)gb(@)e‘wde) (3.112)
where
§Z~52 s(t) = ATT[A1() Do+ A2 (1) Zo]+C (1) +e(T—1)}
1
#6) = (a+i0)(a+1i0 + 1)
C(r)="Tr [/T BRTQA, (u)du + /T BQTQAQ(u)du]
0 0
and

e(r)="Tr )—%(ﬁMT+BMT)+rfy

log( &
V(H\(7))P (i (7))?

3.2.4 Perturbation techniques for the Riccati differential equations

This section deals with implementation of perturbation techniques since the system of the Ric-
cati differential equations does not allow analytical closed form solution. This is due to non
commutativity of matrix multiplication, in order to approximate the call option price.

The method procedures retains the affine properties and allows higher orders comparable
to standard perturbation schemes more so the singular perturbation technique on partial differ-
ential equations that is complex after the first order Benabid et al. (2008); Fouque et al. (2003).
Considering the differential Riccati equations of double Wishart stochastic volatility model and

taking dimension n = 2. The two characteristics orders in perturbation p and ¢ are considered.
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The solution of A(7) is given in the form
A(r) = prq2 AM(7)
1,J

Then substituting this development in the perturbed differential Riccati equation and by
comparing the coefficients and identifying the terms in p and ¢ gives the expected approxima-
tion.

Recalling the ordinary Riccati differential equations which are functions to be obtained in

the price function.

A7) = Aj(T)M + MTA (1) + 24, (1)QTQA (1),  Ai(0) = 4Dy (3.113)

Ay(1) = Ao(T)M + MT Ax(7) + 245(1)QTQAs(7),  A3(0) = iD, (3.114)

C' (1) = BTr[QTQA(T)] + BTr[QT QA ()], C(0) =0 (3.115)

(1) =y + BTr[QTQM(7)] + BTr[QTQNo(T)], £(0) =0 (3.116)

( M (1) = MA(T) + (MT + 2yRQ)A\. (1) + 2\ (1) QT QN1 () + @HQ G17)
A (0) =0 '

( Mo(T) = MAy(7) + (MT + 2yRQ) Ao (1) + 2Xo(1) QT QAo (T) + @HQ G118)
A2(0) =0 '

Let p = M; and ¢ = M- are small while v; quantities remain constant. The Wishart
variance does not fluctuate much around initial value. The approximation at order one (\/ﬁ, \/G)

and order two (p, ¢) with the following notations.
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and also noting that () is the volatility of the volatility

Q = /priMy + \JquaMy,  Q* = pvi My + qui M,

Then () can be presented in the form

Q = /pQ1 + /qQ2

where

Q1 =M, Q=M
S (3.119)
Q2 = VoMo, Qg = V22M2

Rewriting the Riccati equations in the form

I

A (1) = AL(T)(—pMy — qMy) + (—pM; — qMy) Ay (T) + 241 (1) (priMy + quiMy) AL (1)

Al1(7') = p[—A(T)M; — M1 Ay (T) + QAl(T)Q%Al(T)]
(3.120)

+ q[— A1 (T) My — My Ay (7) + 2141(7')@;141(7)]

and for

nir) = L, )My — gty

+ (—pM1 — qu + Z’YR(\/ﬁlel —+ \/6V2M2))>\1<7—>

+2X1(7) (pufMl + qVQZMQ))\I(T)

Xy(r) = 7(72_ DL, 1 p(= () My = Miha(7) + 20 ()@ (7) + 257 RQu (7)

+ 2/qvRQ2A () + q(= A1 (T) My — M)Ay (7) + 21 (T)Q3A1 (7))
(3.121)
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Ay(7) = @]ﬁ + (=X (T) My — MiAs(7) 4 2X0(7) Q5 A2(7)) + 2¢/PYRQ1 Ao (7)

+ 2¢/GYRQao(T) + G(— X2 (T) My — Mada(7) + 2X2(7)Q35X2(7))
(3.122)

Development of the Riccati functions. The development of the Riccati functions
A1, As, A\, Ao, C' and ¢, by perturbation of the Riccati equations at order two (order 2), as

follows

A7) = A7) + VPAL(7) + VAR (7) + pAZ(7) + g A7)

(3.123)
+ VPgAS (1) + o(max(p,q)), k=1,2.
M(r) = N1) + VPNS(0) + VAN () A7) + o () (3.124)

+VPaNy (1) + o(maz(p, q)), k= 1,2.

. 1,1
Let us determine A%O, LAY

!

Ay (1) = pl=Ai(T) My — My Ai(7) + 2A1(1) QT Av (7))

+ q[— A1 (T) My — Mo Ay (1) + 2A; (1) Q5 A1 (7))

’ /

Ay(r) = (AY (7)) +V/BAT (1) +Va(AT (7)) +p(AT(7)) +a(A* (7)) +/pa(Ar' (7))
By identifying the terms in respective orders, gives

!

(AY(7)) =0, AY°(r) € Ma(C)

Since A;(0) = iD;, where

Then, having

AY(0) + vBAY(0) + VAT (0) + pAT(0) + gAY (0) + VgAY (0) =Dy (3.125)
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then

AY0(0) = iDy = id T,
Ar°(0) = APH(0) = AT°(0) = AY?(0) = A}'(0) = (0)

where

/

(AT(7)) = AP () My — My AY®(7) + 207 AYO (1) My A (7)
= —idy My — Myid, + 2viidy Myid,

= —2id, M, — 2d3v} M,

= —2d, (i + dyv}) M,

then by integrating, gives

A%O(T) = —2d1 (2 + d1V12)7'M1

and for

/

(AY(r)) = =AY (7) My — My AY®(7) + 205 AY® (1) Mo Ay (7)
= —idy My — Myid, + 2v3id, Myid,

= —2id, My — 2d3v3 M,

= —2d, (i + dyv3) My

After integration, gives

AV (1) = —2dy (i + dyv2)T My

and

/

(A) =0, = AP(r)=C

since A7'(0) =0 forall 7 € R, the C' = 0.
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Computing for function A5(7), go through the same procedures

’

Ay(7) = pl—As(T) My — My As(7) + 245(7) QT Az (7))
+ (j[—AQ(T>M2 — MQAQ(T) + 2142(7')@3142(7’)]

+5(A° (7)) + q(A (7)) + VPa(Ay' (7))

! / !

Ay(r) = (A43°(1) + VDA (7)) + Va(Ay' (7))

then

!

(A°(7)) =0, = A"(1) € My(C)

Since A5(0) = iDs, where
dy O
0 dy

Having

(43°(0)) + VB(A3°(0)) + V(A3 (0) + B(AZ°(0) + A(A5%(0)) + VAT(AY' (0) = iDs
(3.126)
AYY(0) = iDy = id,],

Ay°(0) = Ay1(0) = A3°(0) = A37(0) = Ay'(0) = (0)
Proceed by obtaining

!/

(A°(1)) = =AY (1) My — My AY (1) + 20 AY° (1) ML A (7)
= —idy My — Myidy + 207idy Myidy

= —2dy(i + do} ) M,

then integrating, provides

AS’O(T) = —ng(’L + dzDIQ)TMl
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and for

/

(Ay%(7) = A" (1) My — My Ay (r) + 205 Ay (T) M2 Ay (7)
= —idy Mo — Myidy + 205idy Myid,

= —2idy My — 2d515 My

= —2dy(i + dois3) My

Then after integrating, provides
AY* (1) = =2dy(i + dyp3)T M,

and (Ay' (7)) =0, Ay'(r) =0,since Ay'(0) = 0forall7 € R,,then C' =0 constant.

Continue to obtain A; and A, for the following ordinary differential equations

)\’1(7_) - M]b +p(—)\1(T)M1 — Ml)\l(T) —+ 2)\1(7’)@%)\1(7’)) -+ 2\/}_9’}/RQ1)\1(7')

2
+2/qyRQ2A(T) + q(= i (T) My — MaAy(7) + 200 (T) Q31 (7))
(3.127)
M(T) = AT) + VA7) + VA (7) + pAT (1) + gAY (1) + /pgAy (7) + o(maz(p, 9))
(3.128)
For
(AY(r) = wﬂz then = A}'(7) = wﬂlg
(MO (7) = 29 RQ1AY(7)
= 2y RM Y (1)
= 2(y — )i TRM,
Such that

2
—1
Ay = 2022 (72 )2 (RM)
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Then for
(ATH(T)) = 29RQ2AY(7)

= 291, RMu\)° (1)

= ’72(’7 - 1)V2TRM2

And

/

= =AU (1) My = MO (7) + 200 (1) My (7) + 29 RQuA (1)

Vv - 1)?
2

(A7)

= —y(y—1)7M; + V127'2M1 + 73(7 — 1)V12T2(RM1)2

taking the integral, gives
-1 2 -1 2 3 -1
320(r) = ~ 10 =D oy O sy 702D <73 ) 2R, )?

and for

/

(A7) = =AP (1) My — MaAY" (1) + 200 (1)1 MaAY" (1) + 29RQ2AY ' (7)

’72(7_1)2 2 2 3 2,2 2
= —’y(’y — ]_)TMQ + TVQT M+~ (7 - 1)”27_ (RMQ)

taking the integral, gives

/\(1]’2(7) _ _’Y(’Y —1) 73(73_ 1)1/2273(RM2)2

2 Y
M.
5 T Mo +

(v—1)
TVST?’Wng

A1) = (v = D (RMs)(RMy) + 7% (7 — 1)vaver?(RM:)(RMs,)
= 7°(y = Dpr?[(RM;)(RMa) 4+ (RMy)(RM, )]
then

M) = %ylygf?’[(RMl)(RMg) + (RM,)(RM,)]
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Then for Ao, the following approximation results are obtained

2
N0(r) = rh - 1)917 (RM,)
AL (7) ’72(’72_ 1)027 (RMy)
A2O(7) = 7(72 Joong, + L0 =D e any o PO =D s a2
202(r) = 7(72— DTy 72(76— Y 2rang, + 73(73— Y 5203 (Ray)?

3(~ —
AHT) = Mﬂlﬂﬂg[(RMl)(RMz) + (RMy)(RM,)]
Then computing the differential equation for C'(7)
C'(1) = BTr[QTQAL(T)] + BTr[QTQA,(7)],

C(0)=0 (3.129)

By perturbing the equation

C(1) = C¥1) +/pCM° (7) +/qC% (1) +pC*° (7) +qC"* (1) ++/pgC " (1) +0(mazx(p, q))
(3.130)

considering the differential
C' () = BTr(Q* Av(r)] + BTr(Q* As(7)]

O/<T> = ﬁTT[pVIZMlAl(T) + QV22M2A1 (T)] + BTT[pﬂ%MlAQ(T) + qD%MQAQ(T)]

() =0,
since C'(0) =0

(C(n)) =0,

(CO(n)) =0,

C%%(7) = constant = 0

CY0(7) = constant = 0

C%(7) = constant = 0
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(C*°(7))" = BTrviMiAY (7)) + BT (i M AY" (7))
= BTr[vi Myidily] + BTr[ Myidsl,)]
= iBVd, + iBUid,

Integrating it yields
C*0(7) = iBrid\t + iBvidyT

(C%%(r)) = BTr[v My AV (7)) + BT (o3 My Ay (7))
= BTr[vi Maidly] + BTr[05 Myidyl,]
= iBvid, + iBvady

Integrating it yields

C*(7) = iprid, T +ifvsdaT

and

Ct (1) =0

For ¢ differential equation

€ (1) =1y + BTr[QTQAM ()] + BTT[QT QN (7))

— vy BTrIQM ()] + BTPIQ Na()

(3.131)

’

£ (1) = ry + BTr[pr? My () + qui Mo (7)] + BTr[pv? Myl (1) + qi2 Moo (T)]
with
e(r) =) + Vpe" (1) + V@ (1) + pe° (1) + ¢%(7) + /pge"" (7) + o(maz(p, q))

(3.132)

() =ry, = (r) =7

and for
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(e2°(r))" = BTr[vf MuA (7)) + BT [ M (7))

_ ]_ _ _ 1
— BTr[v?M, —7<72 )+ Brela, —7(72 )
take integral

52’0(7') _ UQ'Y(’Y - 1)7_2 + BDIQ’Y('Y —1) ,

Ty 1
and
502(7') 227(74— )72+55227(74 )7_2
then for

Substituting back in the perturbation function, gives

A1) = AYN(1) /DAY (T) + /G AT (1) +p AT (1) +q AV (1) + /g AL (1) +o(maz(p, q))

(3.133)
id, 0 “opdi(i +di?)r 0) [0 0
A1) = ' + ' o + +o(mazx(p, q))
0 id 0 0 0 —2qdy(i + dy3)7
—2pd?v3T +idi (1 — 2pr 0
a2
0 —2qdiviT + idy (1 — 2q7)
and
—2pd33T + idy(1 — 2pT 0
aiey [ 2ot a1 = 20)
0 —2qd3v3T + idy(1 — 2qT7)

Let us take up the values of X and %,

(T _ u v
EO = ) EO =
vow vow
—2pd3viT +idy (1 — 2p7) 0 u v
Al(T)EO =
0 —2qd3viT +idy (1 — 2q7) vow
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—2upd2vit + idy (1 — 2pT)u  —2vpdiviT +idi (1 — 2p7)v
Al (’7’)20 =
—2qudivaT +idi(1 — 2q7)v  —2quwdivaT +idi (1 — 2q7)w

By comparison we get for

_ —2updiviT + idy(1 — 2pT)u —2pudiiT + ido(1 — 2pT)0
AQ(T)EO =
—2qudavaT +ido(1 — 2q7)0  —2quwdavaT + ide(1 — 2q7)w

Continue by taking the trace
Tr(Ay(1)X0) = —2d5[upvi + wqud]T +i[(1 — 2p7T)u + (1 — 2q7)w]d;
and
Tr(Ay(1)E0) = —2d3[upv? + wqa]T + i[(1 — 2p7)a + (1 — 2q7)w]d,
Obtaining the approximation of the function C'(7)

C(r) = pC*°(7) + ¢C**(7) + o(maz(p, ))
= p(ifvidiT + ifridaT) + q(iBvidiT + iS5 dyT) + o(mazx(p, q)) (3.134)

= ifdy (pvi + qu3)T + iBda (p7; + qU3 )T + o(maz(p, q))

e(r) = 2°(7) + pe®°(7) + ¢c”*(7) + o(max(p, q))
(pvi + qu3) > + Mﬁ (7} + qi3)7* + o(max(p, q))

-1
(v )B .
(3.135)

=ryT + 1

Then substitute these functions back in the characteristic function &25(7) in equation
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(3.110)

Oss5(r) = exp{ry(T —t)

-1 —1)
+ p|-2diuvit — 2d5uvit + %Buﬁ(T —t)? + MBz?f(T —1)?]

4

V(VT_D@/Z%(T 2 #BPS(T — )]}

x exp{i[(1 — 2pt)ud; + (1 — 2qt)wd; + (1 — 2pt)udy

+ q[-2djwvat — 2d5wrat +

+ (1 = 2qt)wdy + Bdy (pri + qu3 )t + Bda(po; + qi3)t] + o(maz(p, q))}
(3.136)

where

Ay(t) ={ry(T - 1)
+ p|-2d2uvit — 2d3uvit + Mﬁyf(T — 1)+ MBD%(T —1)?]
val-2dtwnt - 2t + Y0 D gz o 0D gy

and
As(t) = {(1 = 2pt)udy + (1 — 2qt)wd; + (1 — 2pt)uds

+(1 = 2qt)ywdy + Bdi (pvi + qv3)t + Bda(pii + qi73)t + o(mazx(p, q))}

This can still be written in form
&22(7) — A1(1) pil2(t)

From the call option price equation (3.112)

T K) = gote ([ e 0dmsot0)e % an)

:—Re (6 r(T— t)¢ / ¢ —z@kde)

Let us compute the complex integral from the price function, that is

—10k
Yo~ 0% dH = / ¢ 9
/ al (a+i0)(a+1+if)
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So this integral

9 671’9[@‘
1) = /_oo (o +i0)(a + 1 +¢0)d8

00 efiﬂk
N /_oo (2 + 0)i(“H 1 9)

1

do

oo _e—in
= / . . do
oo (0 —ia)(0 —i(a+ 1))
since =i, 0 =i(a+1)

This can be written as

[e9) _ ,—izk
I(2) :/ ¢ dz

oo (2 =) (z —i(a+ 1))

Considering the integral on 7 = [-R, R|JUCg

R =itk ek
1= [ ot Ly e e

Then R > o+ 1, then i(a + 1) and i« are inside

/f(z)dz = 2im Z Res(f,zx), for =z =ia, z=i(a+1)
0!

zp€Int(y)

/f(z)dz = 2inRes(f,ia) + 2imRes(f,i(a + 1))

By computing the residuals

Res(f,ia) = lim {(z —ia) f(2)}

z—ia
and

Res(f,i(a+1)= lim {z—i(a+1)f(2)}

z—i(a+1)

64

(3.137)



Then
Res(f.ia) = lim {(z — ia) f(2))

, —(z —ia)e*?
=1
e TG ie )
_e—ikz
= lim ——— = —je?*

z—ia g — Z(a + 1)

and for ( ( )y
—(z—1la+1))e "
R ) 1)) = 1
es(fyilat1)) esi(atD) (z —ia)(z —i(a+ 1))}
_e—ikz
= lim —1
z—i(a+1) " 2 — i
— ,L'ek‘(oc—‘rl)
This imply that
/ f(2)dz = 2im(—ie*®) + 2im(iel*TDk)
v
— 27T(€ka . ek(oc-i—l))
R _e—izk X Kt 1)
dz =2 > e
/R (z—ia)(z —ifa+ 1) m(e — e
R e—izk
= / , . dz
_r(z—ia)(z —i(la+1))
_6—izk’
+ ; , d
/CR (z —ia)(z —i(la+1)) ®
as R — oo
00 _efizk
= d 0
/_oo GCoin—ilari) ™
Therefore

o0 _e—iOk
-9 ka _ _k(a+1)
/_oo (e—za)(e—z'(aﬂ))de m(e™ = em)

Hence similarly the complex integral

00 efikﬁ
do = 2 ka _ _k(a+1)
/_oo @ ri)arivig)” 2
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From our call option price

e—ak 0 e—i@ke—r(T—t) 5
CUT, K) = . by s(1)dO
il ) 27 /OO (a+29)(a—|—1+20)¢2’2< )

ook /oo o= (T—1) pA1(8) iAo (1) o —i0k

21 J_ o (a+ib)(a+1+10)

e—ake—T(T—t) 6A1(t)€iA2(t) [e%e] e—iek’
= do
o /_oo (a+1i0)(a+ 1+ i6)
e—’l‘(T—t) eAl(t)

=5 e~k git2(t) [27(e™* — ek(o‘“))]
L (T AL0) giBa(0)(] _ oy

= eap{—r(T —t) + Ay (t)}e220(1 — ¢¥)

= exp{—r(T —t) + A () yexp{iAy(t)} (1 — &)
T T=0F810 (] _ o) Re(ei22(0))

= eaxp{—r(T —t) + Ay (t)}(1 — e¥)cosAy(t)

= e(_T(T_tHAl(t))(l — eM)cosAy(1)

_ 6(_7~(:r—1t)+A1(t))(1 — ek)cosAQ(t>

Therefore, the approximated price of the call option finally obtained as follows

C{T, K) r e T T=0+210) (1 — eFYeosAy(t). (3.139)

3.3 Discretization of the Log-asset price return Dynamic

This section basically deals with the discretization schemes of Bi-variate Wishart model, Hes-

ton model and double Heston model, using the Euler-Maruyama discretization technique.

3.3.1 Euler-Maruyama discretization method

This is one of the best approximation methods to handle sophisticated stochastic differential
equations as in Ahdida & Alfonsi (2013), Fadugba et al. (2013), Dereich et al. (2012), Berkaoui

et al. (2008), Alfonsi (2015), Gauthier & Possamai (2009), Berkaoui et al. (2008) and Mao
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(2015). It is a time discrete approximation of an Ito process.

Considering S; as an Ito process on t € [to, T'] satisfying the stochastic differential equation
t t
Sy =Sy +/ p(t, s)ds +/ y(t, s)dWs, t>0 (3.140)
0 0
For discretization ty < t; < t5... < ty = 1 or on a regular grid ¢t; = %, given as follows

X X T X
Stin = St, + 1(St) = +(S,) (W,

¥ —W,), 1<i<N-1 (3.141)

i+1

and also considering a continuous case we have

~ ~ A

Stv',+1 = Sti + /’L(Sti)(ti"rl - ti) + ’Y(gti)(WtH—l - Wti)’ le [ti7ti+1>

One can observe that, the S the Euler scheme depend on NV throughout the discretization grid

and it is similarly better to denote it as SN,

3.3.2 Heston stochastic volatility model

The Heston (1993) model where the underlying asset pricing dynamic process under the risk-

neutral measure follows

@ = ,U/dt + \V EtdZt
Si (3.142)

dY, = (o — B5,)dt + o/ S, dW;
where Z; and W, are correlated Brownian motions, and B; is independent Brownian motion

while the correlation structure of the model is given by

Zy = pWy + Bi\/1 — p?

where p is interest rate, S stock price, X' variance, o volatility of volatility, 5 speed of mean
reversion, « long term variance. The volatility in Heston model follow CIR process.

Log-price for Heston model. The log-price Y; of the model is obtained by applying the
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Ito lemma. Let Y; = log(S;) = f(¢, s), by applying Ito formula

A, = fult + fudS + 3 fuldS)

B dS  1(dS)?
=0dt+ 2 — oo

1
= pdt — S 2dt + \/£idZ,

1
= (/J — 52)(175 + \V4 thZt

We can now apply Euler-scheme on the CIR process in equation (3.142),

. . T — [T .
S, =S+ 0= BEy) 5 + o /S 56 S =2 (3.143)

where the random variable &; ~ N (0, 1). Now we discretize the log-price process as follows

Vi =Y+ (n= 525 + 25 Zy, — Ziy), Vi =y (3.144)

Zin, = Zyy = p(Wyx | = Won) + (B | — By )y/1 = p? (3.145)

hence substituting equation (3.145) into equation (3.144), we obtain

N N 1~ T - -
Y;Ey = Yty + (:u - _th\’)N + E;VPAWE + Et{\’(l - pg)ABti

1+1 7 2

3.3.3 The discretization of Bi-Heston model

This section describes the double Heston model and obtain the solution of the SDEs using
Euler-Maruyama discretization method. The double Heston model by Christoffersen et al.
(2009), added second volatility factor H,; driven by independent stochastic differential equa-

tion
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dS;

? = ,LLdt + \/ Hl,tdZI,t + \/ H27tdZQ’t

t

dHy; = (oq — f1Hyp)dt + o1/ Hy 1 dWh 4 (3.146)
dHyy = (g — foHoy)dt + 09/ HoydWs

and the Brownian motions W, ;, Wy, are correlated to the Brownian motions of the asset price

H, ;, Hyy as follows
d<Ziy Wiy >=p1, d<Zy, Wy >=py

d < Wl,t, Wg’t > = 0, d < Zl,t; Z2,t >= O

with the correlation structures, given independent Brownian motions B, ; and Bs

Zig=piWig+ Bi/1— 1%
Zoy = p2Way + Bayy /1 — 1%

Derivation of the log-asset dynamic for the system, using Ito formula (or Ito lemma). let

Vi = log(S;) = f(t,s)

(3.147)

1
dV, = fudt + fdS + 5 fus(dS)?

- s 1(ds)?
= 0.dt + ? - 5 g

1
= /Ldt + \/ Hl,tdZI,t + \ Hz’tdZQ7t — §(H17t + Hg}t)dt

1
= (u — §(H17t + H27t))dt + \/ Hl,tdzl,t + \/ H27tdZ27t, Vb =0

Euler-Maruyama method for double Heston model, let us consider a time horizon 7" and the

regular time grid ¢ = 2L for i=0,..., N.

Indeed we recall that dt = ¢, — ¢}V = WL il

zl4

, we note that, it is important to first
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discretize the Brownian motions in the system of equations of the model as follows

AWy =Wy =Wy, dBiy= By — Byy

AWy = W27t11'\_7’_1 —Wyuv, dByy = BQJZI'\_”_I — By

Therefore substituting in the correlation structures, gives

AWES Pl(Wl,tﬁl - Wl,t{.V) +v1- PQ(Bl,tﬁl - Bl,tf.v)

dZys = P2(W2,t§."+1 - W2,t{.V) +v1- PQ(B,thH - B2,t§\’)

hence this can still be simplified as

T T
T = o =€) —(1 — p2)C
dZ; = p Nfl,z+ N( P?)C

similarly the second correlation structure as

T T
— R . _ A2 .
dZas = p21\/ Nfz,z+ \/ N(l 0?)C2i

where &;,; and (j;, for k& = 1,2 are Gaussian random variables with mean 0 and standard

deviation 1, that is & ;,Cx; ~ N(0,1).

Then discretizing the CIR volatility processes in (3.146) and for computational purposes

these stochastic differential equations can be written in the form

t
Hl,t:H1,0+/( — BiH s d5+01/ VH AWy, Hig=Mh
0

t
Hyy = Hyo + / (ag — BoHa5)ds + 02/ VHysdWs s,  Hyg= hy
0 0
From Euler scheme, yields

. - T > | T A
Hfiw = Hl,té\’ + (a1 — 51H1,t§V)N +01\/H1thlzv Nfl,z’, H1,t{;’ =h

. - T - [T -
HQjN HQ,téV + (o2 — 52H2,t§\’)ﬁ + UQVH;;ZN N&,i, H2,té\’ = hy
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Then we apply the Euler scheme on the log-price dynamic for double Heston model.

. L Tz :
N, T Ve (n— §<H1,t§V + HQ,t{.V))N + HLZN(ZM{.V — Zyuv) + H;:tiV(ZZth — Zgn)
‘A/tN =

(3.149)

3.3.4 The corrected Euler-Maruyama discretization scheme for double

Wishart affine processes

This section discuses the discretization techniques for Bi-variate Wishart model, particularly
the discretization of log-asset price dynamics and Wishart processes using the corrected Euler-
Maruyama scheme. We notice that the Euler scheme is not well defined, in fact the Gaus-
sian increment may lead the scheme to negative values with some positive probability, and
the square root is then no long defined. Therefore this calls for the need to apply the corrected
Euler-Maruyama scheme to avoid negative values, see Alfonsi (2015) and Gauthier & Possamat

(2009).
The asset dynamics is disturbed by two volatility components driven by Wishart matrix

process
% = pdt + Tr[V S, dZF" + V' 55,d772), Sy =s (3.150)

t

where the Wishart matrix processes are given as follows

dXy, = (BQ1QT + My Ty 4 + Xy MTEYdt + V21, dWQy + QT (dW/ )T /21,
21,0 =2
A5, = (82Q2QY + My X0y + 55, M )dt + V20, dW2Qo + QY (dW /)T /21,

2o =2
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These stochastic differential equations above can still be presented in the form

t t
El,t = 21,0 + / (Ql + 771(2, 8))d5 +/ V ZlydeSEIQl + / Q?(dWSZI)T\/ El,s
0 0

t
0

Doy =Yoo+ /t(Qz +1ma(2, 8))ds + /t V5 AW Qy + /t QY (AW )T \/ Ty,
’ ’ ' (3.151)
where ; = 3,Q:QT and Qy = B2Q2QF such that 3} o, Yo, Q1,02 € ST (R)
while 7y, 7, € L(S;(R)) and M;, My € M, (R)
The log-price dynamic under Bi-variate Wishart processes is as follows
dY; = (u — %TT[ZM + S )t + Tr[VE,dZ7 + VEy,dZ]) (3.152)

Then discretizing the system of equations (3.151) and (3.152), by considering a time hori-
zon T and regular time grid tY = % forv=0,...,N.

~ R . T _ §
gy = e (rm tiv))ﬁ—i_ Eitfv(wtiill _Wtfv%l)Ql—i_QlT(WtiE\’:l _Wtfvl)\/ Zitfv

where ﬁl,tév = X1 p = 21 and for the second volatility process as follows

. - A T
Doen, = Yoo+ (Qotma(Sn, 1)) =

‘- X by X X -
NV Zay Wi~ Wit )@t Qe (Wi, W)y [ 20

with £y ,x = Sh0 = 2.
Now proceed to discretize the the log-price dynamics under double Wishart model as fol-

lows

Y Y
Y _Y,:N
1

tida

1 e . T - -
+ (u = 5T Zy + E%N]> ~ +7Tr [, /Elftgv(zfjil —Z)+ E;tg\,(Zf]\il — ij)]
(3.153)

Discretizing the Brownian motions in equation (3.153) by considering the correlation struc-
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tures in proposition (3.1.1), thatis Z;7 = W,” RT + B\ 1 — R;RY, for j=1,2

Zy —Zy =Wy Rl + By \/I-RiRf — <W§VIR1T + By /1 - RlRlT)
i+1 i+1 ’H’l T 2

(3.154)
- (g, )+ (o, )
and for the second Brownian motion, proceed with the same discretizing procedures
2% 25 =W RY+ B3 \J1- RaRY - (Wt%RQT + By /1 - RzRQT)
i+l i+1 it+1 i i
(3.155)
These Brownian matrices Z>' and B> follow normal distribution, that is
WS W3~ N0, (8, — N)L)

! ‘ (3.156)

P
WtN

i+1

— Wi ~ 1 — tYN(0,T)

and

P
BtN
i+1

Hence simplifying the computation we substitute equations (3.156) into equation (3.154)

we get

Py
ZyN
+1

— Z ~ (RT + \/ I-— RlRT> \/tl+1 tNA(0,1) (3.157)

similarly for

Yo
1+1

va (RT + \/]1 — RQRT> \/tzﬂ tNA(0,1)

The equation (3.157) is reduced in the form

/T

A Zle ~ (RlTJr /1T — RlRlT) —N(0,T)
i+1 N
/T

78 - Zt% (R§ + 4/ — RgRg’) —N(0,T)
i+1 N
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Let the log-price eturn dynamics Y; =

log(S;) in equation (3.153) be ytﬁil = log(S _
and log(gtgv)

. A 1 - . T
g5y, = 08(Si) + (4= 5TvIE0 + Bu]) §

+Tr [./Eth(Zg; ~Z3) ) S (23 —Zt%)}

i+1

This log-price expression can be represented in the form

7 1

. . th
log(Syy,) = log(Syp) + g 5 [ Tr{E() + Sals)lds
w

. . (3.158)
/ JEH()dzE + / ST (s)dz >
tf.V tgv

The increment & ;4 allows to simulate 7' ’“ VX (s)dWZ RT] and for other

terms the standard Euler scheme is selected, that is

+Tr

thy B i B
/ i VI ()aw P =) / . X W = VALY " Xy &l
t k=1 "t k=1

and

N
/ DAY, = vA
r /tZN Zf(5>st I- RlR{ \/T'T’ 1 tN RIR?))Cl,z

Observe that the integral term in the equation (3.158) need to be simplified as follows

£ th th
/tN \/ D5 (s)dZ :/N ,/zf(s)dwflRlTJr/tN \/ X (8)dBF /T — Ry RT
=\t - le (b t)EERT + (1, =t [SF (L= RiRD)G
_E ZXl (k,tN)el RT + [~ \/21 (L= RiRD)G
(3.159)

where the Gaussian vector (;; ~ N (0,I) are the components of an independent Gaussian
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vector and being independent with the increment ¢, ; and the same applies for the second term

/ \/ X5 (s) ZEZ—[ZXthNngT \/7\/ 2y (L= RaR})Gi (3.160)

where (5; ~ N(0,1I) then can substitute equations (3.159) and (3.160) in equation (3.158) as

follows
gtﬁl T ]_ t’f\f‘rl
G ) TN éftgv Tr[Za(s) + 2a(s))ds
l
T
SRl PIR AT &”RT+ZX2 (k,tN)eL BT (3.161)
k=1

+\/%[\/TT(EA1+#V(]I RE)Gi+ 4/ Tr(Z5 5 (1 RQRQT))CZ,J

Finally the numerical solution for log price return under double Wishart diffusion processes is

obtained as follows

lo Sﬁ” < 1T7’[£’ + ]) r
= - = N N —
g Sti\f K 2 1,t; 2,t; N
l
[T
+ NTT‘

> Xk )R + sz (k, tN)& Ry
\/> [\/Tr Loy (L= B RD)) G+ \/TT 21tN(]I - RszT))CQ,i]

k=1
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Chapter 4

Numerical Illustrations

4.1 Numerical Illustration

This section deals with illustrative numerical examples to examine the implications of volatility

in option pricing under double Wishart stochastic volatility model.

4.1.1 Comparison between the double Wishart model price

and the market price

The volatility specification of double Wishart model remarkably makes it flexible, to produce
price predictions which exhibit similar price behavior with the market. From Benabid et al.
(2008) and market data drawn from QQQ (a fund by Invesco that tracks the performance of the
stocks listed under the NASDAQ Index) options, April 2020 is quoted.

Taking the values for variance matrices X and X as

0.00008 0 _ 0.00012 0
0 = and Xy =
0 0.000095 0 0.0001
0.10 0 _ 020 0
Q= and Q=
0 0.23 0 0.25
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While the strike price KX = 189 and interest rate 7 = 0.05.

— —

Bi-Wishart Price vs Market Price

24 A
— Bi-Wishart Price & months

27 - Market Price & months
20 1
15

16 1

Call Price

14 -

12

10 1

040 047 0.44 046 0.48 0.50
Time {manths)

Figure 4.1: Short maturity 7" = 6 months, d; = 0.45, dy = 0.479 and v = 0.5, the model call
price predictions with respect to the market price behavior

Figure 4.1 illustrates the effect of model parameters on the call price under double Wishart
model. Given the parameter values, observe that, the price predictions under double Wishart
model exhibits the same behavior with respect to the market in short maturity time. This
depends also on the choice of the model parameters, such as v = 0.5, = 4, B = 3,
dy = 0.45,dy = 0.479. This example proves that the double Wishart volatility model has

greater flexibility.
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Bi-Wishart Price vs Market Price

—  Bi-Wishart Price & months
P Market Price & months

20 1

15 -

Call Price

16 -

14 -

12 -

10

040 042 044 046 048 050
Time {months)

Figure 4.2: 7Short maturity 7" = 6 months, with change in do = 0.478, d; = 0.45 and v =
0.5, 8 =4, 8 = 3 the model call price predictions versus market price behavior

Figure 4.2, for a given change in d from 0.479 to 0.478 the model provides optimal pricing
almost similar to the market for holding above 0.48 on 6 months maturities. This is due to model

parameter specification impact on the call European option price under double Wishart model.
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Bi-Wishart Price vs Market Price

m .
—— Bi-Wishart Price 1 year
A Market Price 1 year
m .
m -
LK}
L
& 50
=
[ -ﬂ-ﬂ -
30 4
20 1
10 1

0.4 0.5 0.6 0.7 0.8 04 10
Time {months)

Figure 4.3: Long maturity 7" = 1 year, when d; = 0.45, dy = 0.4968 and 7 = 1, model price
predictions with respect to the market price behavior

Figure 4.3 demonstrates the effect of parameters on the European call option price under
double Wishart model. For long maturity time of 1 year the predictive power of the model
is optimal as from 0.9 months of holding to expiry of the contract.The model shows price
predictions exhibiting the same market price behavior, in long maturity fory = 1,8 = 4,3 =
3, dy = 0.45 and dy = 0.4968. It clearly shows that the model parameters influence the prices

greatly and helps long position holders not to experience arbitrage profits.

4.1.2 The effect of model parameters on log-asset return

This section deals with numerical examples to examine the effects of volatility and other model
parameters on the log-asset price under double Wishart volatility model, for given number of
paths V.

The volatility specification under double Wishart volatility model makes it mathematically
flexible, to influence the log-asset price behavior. It is important for investors to study the stock

behavior since options or derivative products derive their values from the underlying asset.
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Taking the correlation values as;

—-0.25 0.1 —-0.5 —0.60

—-0.35 0.3 0.18 —0.45

Log Return Under Double-Wishart

25 4

210 1

15 4

10 1

Log Retum

0.5 1

00 A

=1.0 1

Time

Figure 4.4: Short maturity 7" = 3 months, N = 500, ; = 4, B, = 3r = 0.05, K = 189,
log-asset price behaviors under double Wishart model

Figure 4.4 demonstrates the effect of implied volatilities and correlation matrices on the
log-asset price under double Wishart model. Given the parameter values, we observe that,
the log-asset returns under double Wishart model exhibits interesting behaviors. This depends
also on the choice of the model parameters, such as §; = 4, f; = 3 and the number of
paths N = 500. This example proves that the double Wishart volatility model has greater
flexibility. The log-returns under the double-Wishart model are more volatile towards the end
of the trading period. The asset prices increase from the higher deviations with the number of
paths under trading from the values of volatility matrices. It leads to higher returns in 3-months

asset trading period under the Double-Wishart process.
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Log Return Under Double-Wishart

Log Return

Do 02 04 06 e 10
Time

Figure 4.5: Long maturity 7' = 1 year, N = 500, r = 0.05, K = 189 with change in correlation
matrices R;, the log-price trend behavior

Figure 4.5 shows that a change in correlation matrices affects the the behavior of the asset
returns, that is, when

0.0 0.85 0.20 0.0
Ry = and Ry =

—0.05 0.75 0.01 —0.20
this provides different stock price behavior pattern due to flexibility in the model parameters.
This can help investors to study and predict the behavior of stock price over time. The pa-
rameters ; = 4, fy = 3 are maintained. The stock price trend under double Wishart model
when N = 500 at one year, the asset price increases with time from the implied volatility as it

approaches annual trading period from the volatility matrices.
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Log Return Under Double-Wishart

i
=]
L

P
5]
L
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=]
L

=
(%, ]

Log Return
-
[=]

=2
]
.

a2
=]
.

Time

Figure 4.6: Short maturity 7' = 3 months, r = 0.05, K = 189, log price behavior under double
Wishart model with different correlation matrices F;

Figure 4.6 illustrates the effect of correlation matrices and N = 500 on the stock price
trend under double Wishart model while considering parameters 3; = 4, o = 3, while taking

the values of,

0.0 0.05 0.8 0.5
R, = and Ry =

0.05 0.6 0.45 0.65

The model shows stock price trend predictions. We note that the model parameters influence
the log-asset returns greatly due to mathematical flexibility of the model. We can observe that

there is higher asset returns at the end of the trading period.
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Chapter 5

Conclusion and Recommendation

5.1 Conclusion

The Wishart affine diffusion process is a matrix-valued defined square root Bessel process. The
main objective of the study was to develop the double Wishart stochastic volatility model in
option pricing. This was divided into four specific objectives; that is, to construct the double
Wishart stochastic volatility model, to determine the call option price by solving the partial
differential equation associated to the dynamic of the stock price under double Wishart model,
to discretize the dynamic of stock price under Bi-Wishart affine process and to compare the
Bi-Wishart Stochastic Volatility model price behavior with market price.

The study constructed the double Wishart stochastic volatility model, by generalizing the
Heston stochastic volatility model into a multifactor form of implied volatilities. The volatili-
ties in the stock diffusion process are considered as positive symmetric matrices and Brownian
matrices as real matrices. The stock price dynamic is disturbed by two volatility components
which follow multidimensional CIR processes, that is the Wishart processes. In this new con-
structed volatility model, there are two dependence matrices describing the correlations be-
tween the Brownian matrices in the stock process and those in the Wishart affine diffusion
processes. This multifactor Heston model is flexible enough to solves the pricing problem for

financial derivatives in short or long maturities.
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The study derived and solved the partial differential equation associated to the dynamic
of the stock price in order to obtain the analytical European call option price formula. The
Laplace and Fourier transform methods were used since the Wishart diffusion model preserves
the property of analytical tractability, this allows the model to form a closed form solution of
conditional characteristic function for the call option price expression; And the use of pertur-
bation techniques confirms the applicability of the model in option pricing.

The study also derived and solved the log-price dynamic under double Wishart volatility
model. The numerical solution of the log-price was obtained by applying the corrected Euler-
Maruyama discretization scheme. The numerical solution of the log-asset price helps practi-
tioners to analyze stock market price and invest with minimal risks in the financial derivatives
since financial derivatives derive their values from stock.

The numerical illustrations shows that the double Wishart stochastic volatility model pro-
duces price predictions exhibiting similar behaviors with market prices. While on the log-asset
returns, the numerical illustrations shows the effect of model parameters more so the correla-
tion matrices on the log-asset price behavior under double Wishart volatility model in trading.

This provides a theoretical framework for investors to study the market behavior over time.

5.2 Recommendation

The study recommends more work to be done on the analysis of the stock distribution function
under double Wishart stochastic volatility model, using Malliavin calculus. This will enable to

obtain the sensitivity of the market or the Greeks under the model.

5.3 Further research work

The study opens access to future work on exact simulation method, higher order discretiza-
tion schemes for double Wishart volatility model and also to investigate the behavior of non-

diagonal matrix components in the model and parameter estimations.
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Appendix

Infinitesimal generator

Given the n-dimensional, Bjork (2009),

the partial differential operator A is called infinitesimal operator of S, defined for any function

h(s) with h € C*(R"), by

on(t, S(t) 1 0*h
Z“Z t.5) =53, "3 2:: 15595,

where 1(t, s) is a vector and o (¢, s) is a matrix

The correlation structure

The Brownian matrices W;, Z; are correlated to give a constant correlated matrix R € M, in

Da Fonseca et al. (2008), which describes the correlation structure for Z;

Z, .= W,RT + B,/I1— RRT

where I is identity matrix, 7" is transpose, and B, is an independent Brownian motion matrix

from W,. The correlation structure is a Brownian motion
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Proof. Z, is matrix Brownian motion if and only if a,b € R"
CO'Ut(dZta, dth) == ]Et[(dZta> (dth)T] = aTb]Idt

Since

Covi(dZ,a,dZ;b) = E,[(dW, R a 4+ dB;\/T — RRTa)(dW;R*b + dB;\/1 — RRTD)]
= Cov,(dW;R a,dW,R"b) + Cov,(dB;\/1 — RRTa,dB,\/T — RRTD)
= a" RRTbIdt + o (1 — RR")bldt

= ' bldt

Matrix Girsanov Theorem

Let X be an R™*" valued process of the form
dXt:Atdt+th, OStST

and X, = 0 with W being m x n Brownian motion, A is adopted, (t,w) — A;(w) is
B(]0,00)) x F-measurable
P(f) | as || ds < 00,¥; > 0) =1

and || . || denotes the Hilbert-Schmidt norm for matrices and M process is defined by

M, = expl{~| / (A, dW,) / | 4, |2 ds])

and a measure Q on Fr by Q(E) = [, MrdP, FE € Fr
If M is a martingale with respect to the filtration, (F;>¢), then Q is a probability measure on

Fr and X is an m x n matrix Brownian motion on (2, (%)<, Q).
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Proof. LetY be vec(X), a be vect(A), W be vec(W), then
dY;:atdt—’—th, OStST, }/():O

Y is an mn-dimensional Brownian motion under the probability measure Q defined on F by
Q(E) = [, MrdP, E € Fr

where

t 1 t
M, = exp{—[/ ag, dW, + 5/ | as ||2 ds]}
0 0

If M is Martingale with filtration (F;);>g , since || a ||>= Tr(AT A) and a;dW; = Tr(ATdW;)

M, = emp{—[/o Tr(ATdw,) + %/o Tr(AT A,)ds)}

Lastly note that, Vec(X) being mn-dimensional Brownian motion implies that X is an m X n

matrix Brownian motion. ]
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