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The formation of solid wax crystals, which interlock and form a gel-like layer on the inner wall of the crude oil pipeline, influences
the transportation of waxy crude oil. The deposited layer grows continuously and hardens during the oil transportation, reducing
the effective inside diameter of the crude oil pipeline and the flow rate. In extreme cases, the deposited layer may block the crude
oil pipeline leading to a loss of production and capital investment. In this paper, wax deposition from multiphase flow in
field-scale oil pipeline transport systems has been studied. The novelty of this work is to develop a mathematical model
that incorporates water-in-oil emulsions, wax precipitation kinetics, molecular diffusion, and shear dispersion to enable
accurate predictions of both the wax deposit growth rate and aging of the deposit. The coupled nonlinear partial
differential equations governing the flow are discretized in time by a second-order semi-implicit time discretization scheme
based on the Adams-Bashforth and Crank-Nicolson methods, which completely decouples the computation of the
governing equations. The resulting temporal schemes are discretized in space by the bivariate spectral collocation method
based on Chebyshev-Gauss-Lobatto grid points and simulated in MATLAB software to obtain the profiles of the flow variables.
The simulation results are presented in graphical and in tabular forms and discussed. This study found that the deposit
thickness is directly proportional to the Reynolds number and inversely proportional to the mass Grashof number, Schmidt
number, and Weber number. Deposit aging is rampant during the early stages of wax deposition, after which it stabilizes at a
specific value as time elapses. A deposition model to predict the wax deposit thickness and aging is proposed in this study. The
findings of this study will help in making informed decisions on the planning of pigging operations, thermal insulation, and
other remediation techniques to be applied in controlling wax deposition in field-scale crude oil pipeline systems.

1. Introduction

A pipeline is the most efficient means for transporting
fluids, such as waxy crude oil. The increasing energy
demand has caused oil exploration in Africa extends from
onshore to offshore fields and to greater depths, such as
the Lokichar oil fields in Kenya, where crude oil gets trans-
ported through long pipelines in the range of 20-60 km
from the reservoir to inland facilities. The long distance
for oil transportation means that the time is adequate for
oil to cool to temperatures below the wax appearance tem-
perature, usually between 10°C and 30°C. The deposition of

solid wax crystals on the inner wall of crude oil pipelines is
a challenge in the oil industry. Figure 1 shows a cross-
section of a pipeline which is plugged by a significant
amount of wax deposit. It presents the general sketch of
the problem under study.

Low temperature is the main factor affecting the wax
precipitation and deposition process. It means that pipelines
in relatively cold places are especially vulnerable to wax
deposition. Addressing the problem of wax deposition at
an early stage of pipeline design and construction may
reduce the operating and maintenance costs of the pipeline
system.
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Various wax mitigation methods are employed to con-
trol wax formation and deposition, such as mechanical tech-
niques (e.g., pigging), heating of the pipeline, and chemical
inhibitors. However, heating the crude oil pipeline is not
economical in the case of offshore oil exploration. Moreover,
excessive usage of additive chemicals can damage the eco-
system in case of accidental release of chemicals to the
environment, whereas pigging operation cannot be applied
efficiently without prior knowledge of the deposit thick-
ness. In particular, pigs usually get stuck inside the crude
oil pipeline due to thick and hard deposits, making the sit-
uation worse. In the worst case, production must stop to
replace the plugged portion of the crude oil pipeline. This
situation is estimated to cost about 40,000,000 dollars per
incident [1]. Due to the limitations of the available wax
mitigation methods and the persistent challenge of wax
deposition, many oil companies are still searching for a
better solution to wax deposition.

There are various theoretical and experimental studies in
understanding and modeling the formation and deposition
of solid wax in crude oil pipeline systems. For example,
Singh et al. [2] studied the formation and aging of the gel
layer by performing a series of laboratory flow loop experi-
ments. They developed a mathematical model to predict
the deposit growth rate and the increase in wax content of
the gel with time considering externally cooled pipeline
walls. Kok and Saracoglu [3] developed a mathematical
model for estimating wax deposition in crude oil pipeline
systems. Fusi [4] studied the unsteady flow of waxy crude
oil in a laboratory test loop. The flow was analyzed in a non-
isothermal condition considering the radial coordinate of
the pipe as the only space variable. Nazar et al. [5] experi-
mentally studied the variation of the amount of wax deposi-
tion for a mixture of toluene and waxy oil. The study
considered both the molecular diffusion of wax as a mecha-
nism of deposition and the sloughing effect due to the
hydrodynamic forces of fluid on the deposited wax. Banki
et al. [6] studied the mathematical formulation and numer-
ical modeling of wax deposition in crude oil pipelines for
laminar flow, using the enthalpy-porosity approach.

Stubsjøen [7] studied analytical and numerical modeling
of paraffin wax in pipelines. The study examined the influ-
ence of the deposit on the thermal conditions in the pipe-
line and found that the temperature at the oil-deposit

interface increases with an increase in wax deposit thick-
ness. Skjæraasen et al. [8] studied the pipeline restart
behavior at subsea conditions for waxy crude oil, employ-
ing advanced computational pressure wave modeling.
Fatkhullina et al. [9] studied mathematical modeling of a
water-in-oil emulsion droplet behavior under the micro-
wave impact considering unsteady flow. The volume of
fluid (VOF) method was adopted to resolve the unsteady
dynamics of the free-interface separating the phases, through-
out the flow domain.

Zhang et al. [10] developed a wax deposition model to
predict the temperature field and location of wax deposition
based on a heat-fluid coupling process for a typical rod–tub-
ing–casing–cement–formation with the borehole axis as the
center. Ying et al. [11] studied heat transfer analysis of oil
phase-change during overhead pipeline shutdown. Magnini
and Matar [12] studied wax deposition in crude oil-deposit
two-phase flow in a pipeline through interface-resolved
numerical simulations. The study assumed that molecular
diffusion is the only mechanism responsible for wax deposi-
tion and that the effect of water-in-oil emulsions is negligi-
ble. The study adopted the volume of fluid (VOF) method
to capture the unsteady dynamics of the free oil-deposit
interface.

Mouketou and Kolesnikov [13] studied modeling and
simulation of multiphase flow applicable to processes in
the oil and gas industry. The numerical simulations were
performed under steady-state conditions using CFD soft-
ware. Sun et al. [14] performed an experimental and theoret-
ical study of wax deposition behaviors on a heat-insulated
waxy crude oil pipeline in Northeast China. The effects of
flow rate and ambient temperature on the thickness and
wax content of the deposition layer were investigated. Jiang
et al. [15] conducted a numerical study for removing wax
deposition by thermal washing for the waxy crude oil pipe-
line. The study adopted the enthalpy-porosity and volume
of fluid (VOF) methods to simulate the melting process of
wax in the crude oil pipeline.

From the previous modeling studies on the flow of waxy
crude oil in pipeline systems, most of the focus has been put
on the single-phase flow of crude oil in pipelines but signif-
icant problems may also occur in multiphase flows such as
water-oil or gas-oil two-phase flows and water-gas-oil
three-phase flows, which are prominent in oil field opera-
tions. Water-oil two-phase flows continue to gain interest
from the upstream oil industry since the water content of
the ore increases significantly with the increase in extraction
time. Thus, existing studies have not fully addressed the
needs of oil producers since these models have not incorpo-
rated the coexistent water during crude oil extraction. The
identified research gaps prevent the direct application of
existing wax deposition models to field-scale crude oil pipe-
line systems.

The novelty of this study is to advance the understanding
of wax deposition in the presence of water-in-oil emulsions
and develop a mathematical model for a wax deposition that
incorporates the effects of coexistent water, surface tension
force, the porosity of the gel layer, internal heat generation/
absorption, viscous dissipation, precipitation kinetics of

Figure 1: A cross-section of a pipeline with a substantial amount of
wax deposit.
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wax, molecular diffusion, and shear dispersion on the growth
and aging of the gel layer. The end product is an accurate pre-
diction of both the wax-deposit growth rate and aging (or
hardening) of the deposited layer, which is essential for the
design of pigging operations to achieve optimum pigging
frequency and minimize operational costs. Some specific
applications to the present study are the studies by Kadir
et al. [16], Anwar Beg et al. [17], and Kuharat et al. [18].

The rest of the paper is organized as follows: Section 2
presents the mathematical model development, Section 3
presents the results of this study, Section 4 presents the
validation of the results, Section 5 presents the prediction
of wax deposit thickness and aging, and Section 6 presents
the summary and conclusions drawn from this study.

2. Model Formulation

The unsteady two-dimensional flow of waxy crude oil with
some water droplets in a model pipeline of circular cross-
section, with a semi-infinite length and inner radius R, is
considered, as shown in Figure 2. The pipeline is elevated
at an angle of α to the horizontal. Cylindrical coordinate sys-
tem ðr, θ, zÞ is chosen such that r denotes the radial distance
from the pipe centerline, θ denotes the tangential direction,
and z denotes the stream-wise coordinate or the axial direc-
tion. At the time t = 0, waxy crude oil of uniform tempera-
ture T∞ is injected at the pipeline inlet. The pipeline’s
inner wall is considered smooth, rigid, and impermeable
and is maintained at a uniform temperature Twall. The tem-
perature Twall may either be less than or greater than the
free-stream (or ambient) temperature T∞.

The fluid (i.e., water-oil) is considered a continuous
primary phase, whereas solid wax crystals are the discrete
secondary phase. Furthermore, the dispersed water drop-
lets flow at the same velocity as the oil phase. The fluid
phase and the solid phase are separated with a sharp

interface whose outward-drawn unit normal vector is n =
∇
!
ϕoil/j∇

!
ϕoilj. The fluid system is described in terms of three

pseudocomponents, i.e., oil, wax, and emulsions.
This study employs an interface-tracking technique

called the volume of fluid (VOF) model to capture the
dynamics of the interface separating the phases. The fluid
model adopted makes use of three variables (i.e., ϕoil, ϕwater,
and ϕgel) to define the volume fraction of each phase within
the flow domain such that

ϕoil + ϕwater + ϕgel = 1: ð1Þ

The volume fraction of each phase takes values in the
interval ½0, 1�. If 0 < ϕi < 1 (for i ∈ foil, water, gelg), then the
computational cell contains the interface between the i-th
fluid and one or another fluid. If ϕi = 0, the cell is empty of
the i-th fluid. If ϕi = 1, the cell is full of the i-th fluid.

This study also employs the Pseudosingle Phase (PSP)
approach, where the crude oil-water-gel three-phase mixture
is treated as a single mixture fluid. The physical properties of
the mixture fluid are computed by averaging the corre-
sponding physical properties of the oil, water, and gel and

weighted by the corresponding volume fractions, presented
in Zheng [19], Yang et al. [20], and Al-Ahmad et al. [21] as

ρf = 1 − ϕwaterð Þρoil + ϕwaterρwater,

ρmix = 1 − ϕgel

� �
ρf + ϕgelρgel,

μf = 1 − ϕwaterð Þμoil + ϕwaterμwater,

μmix = 1 − ϕgel

� �
μf + ϕgelμgel,

βTð Þf = 1 − ϕwaterð Þ βTð Þoil + ϕwater βTð Þwater,

βTð Þmix = 1 − ϕgel

� �
βTð Þf + ϕgel βTð Þgel,

βCð Þf = 1 − ϕwaterð Þ βCð Þoil + ϕwater βCð Þwater,

βCð Þmix = 1 − ϕgel

� �
βCð Þf + ϕgel βCð Þgel,

Cpð Þf =
1 − ϕwaterð Þρoil Cpð Þoil + ϕwaterρwater Cpð Þwater

ρf
,

Cpð Þmix =
1 − ϕgel

� �
ρf Cpð Þf + ϕgelρgel Cpð Þgel

ρmix
,

kf =
kwater + 2koil + 2ϕwater kwater − koilð Þ
kwater + 2koil − ϕwater kwater − koilð Þ
� �

koil,

kmix =
kgel + 2kf + 2ϕgel kgel − kf

À Á
kgel + 2kf − ϕgel kgel − kf

À Á
" #

kf ,

ð2Þ

where the subscript f denotes “fluid phase” and mix denotes
“mixture fluid.”

Crude oil is a mixture of several hydrocarbon compo-
nents. Hence, tracking the concentration of every single
component is not practical as the flow evolves within the
pipeline. Therefore, this study adopts a pragmatic fluid
model in which wax exists in two different forms, i.e., dis-
solved wax and crystallized wax (or precipitated wax). Since
the mass concentration of wax (or the amount of wax) which
remains soluble (Cd) in the liquid phase must be equal to the
total wax concentration (C) minus the amount of wax that
has precipitated (Cp), the total mass concentration of wax
in the crude oil at any location (r, z) and time t is given by

C r, z, tð Þ = Cd r, z, tð Þ + Cp r, z, tð Þ: ð3Þ

Suppose that the precipitated wax (Cp) exists in two
different forms, i.e., aggregated or deposited wax (Ca) and
nonaggregated wax (Cn). Thus, the mass concentration of
the nonaggregated wax crystals is given by

Cn r, z, tð Þ = Cp r, z, tð Þ − Ca r, z, tð Þ: ð4Þ
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Figure 2: Computational domain for a model crude oil pipeline.

At temperatures above the WAT, we have Cðr, z, tÞ =
Cdðr, z, tÞ since we are dealing with an unsaturated solution.
This study focuses on complete saturation; i.e., we suppose
that the dissolved wax concentration (Cd) is the one of satu-
ration at all locations in the domain, which depends only on
temperature, i.e.,

Cd = Cd T r, z, tð Þð Þ: ð5Þ

To describe the crystalline (or precipitate) component of
wax in crude oil, we consider a dimensionless parameter αm
known as the aggregation degree of precipitated wax. It rep-
resents the ratio of the concentration of aggregated wax to
the concentration of precipitated wax [4].

αm r, z, tð Þ = Ca r, z, tð Þ
Cp r, z, tð Þ : ð6Þ

Thus, αm takes values in the interval ½0, 1�. It plays a
crucial role in determining the specific rheology of the fluid.
Eliminating Ca between Equations (4) and (6) yields

Cn = 1 − αmð ÞCp: ð7Þ

Eliminating Cp between Equations (3) and (7), we obtain
the relation

Cn = 1 − αm½ � C − Cdð Þ: ð8Þ
Equation (8) is used to calculate the concentration of

nonaggregated wax crystals (Cn) in the crude oil pipeline
once C, Cd , and αm are known from the numerical
simulations.

The simultaneous action of two wax deposition mecha-
nisms, i.e., molecular diffusion and shear dispersion, is con-

sidered. The mass flux of the dissolved wax due to molecular
diffusion is given by

J
!

d = −Dd
dCd

dT
∇
!
T

� �
: ð9Þ

On the other hand, the mass flux of precipitated wax due
to shear dispersion is given by

J
!

p = − L1 γnj jð ÞCa + L2 γnj jð ÞCn½ �n!, ð10Þ
where L1 and L2 are nonnegative functions of the shear
rate γn (evaluated for the surface element with normal

vector n! − taken as a unit vector in the radial direction).
The general equations governing the flow of waxy crude

oil in pipeline systems are the equations of continuity,
momentum, energy, wax concentration, wax precipitation
kinetics, oil volume fraction, deposit growth, and deposit
aging.

∂ρmix
∂t

+∇
! · ρmixV

!� �
= 0,

ρmix
∂V
!

∂t
+V

!
· ∇

!
V
!� �" #

= −∇
!
p+∇

!
· −

μmix
κ

V
!

−σ ∇
!
· n

� �
∇
!
ϕoil − ρmixg

!,

ρmix Cpð Þmix
∂T
∂t

+V
!
· ∇

!
T

� �� �
= ∇

!
· kmix∇

!
T

� �
+Ψ − qh,

∂C
∂t

+ V
!
· ∇

!
C

� �
+∇
!
· J

!
d + J

!
p

� �
= 0,

∂αm
∂t

+V
!
· ∇

!
αm

� �
= 1 − αm½ �K1 Tð Þ
− αm W r, z, tð Þj jK2 Tð Þ,

∂ϕoil
∂t

+∇
!
· ϕoilV

!� �
= 0,
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dδ
dt

=
1 − f xð Þð Þ
xρgel

Dd
dCd
dT

∂T
∂r

����
r=Reff

 !
,

dx
dt

=
2 R − δ tð Þ½ �

δ tð Þ 2R − δ tð Þ½ �
f xð Þ
ρgel

Á Dd
dCd
dT

∂T
∂r

+Dp 1 − αmð Þ C − Cdð Þ ∂uz∂r

� �
r=Reff

,

ð11Þ

where V
!
is the velocity field of the fluid phase, T is the tem-

perature field, R is the inner radius of clean pipe, Reff is the
effective radius for oil flow, δ is the thickness of the gel layer,
x is the weight fraction of solid wax in the gel layer, and f ðxÞ
is the coefficient describing diffusion of wax molecules in the
gel layer.

This study assumes that the flux J
!
p of the precipitated

wax crystals is proportional to the concentration Cn of
the nonaggregated wax and to the radial velocity gradient
∂uz/∂r only. It is assumed further that the flow is axisym-
metric; there is no gas in the crude oil pipeline system,
there is no slip of fluid particles at the solid-liquid bound-
ary, and that thermophysical properties in each phase are
constants except the variation of the density of the mix-
ture fluid with temperature and species concentration in
the body force term so that the usual Boussinesq’s approx-
imation is applicable in the boundary layer flow.

Under these assumptions, the specific equations (in cylin-
drical coordinates) governing the flow of waxy crude oil in
field-scale pipeline systems are the equations of continuity,
momentum, energy, wax concentration, wax precipitation
kinetics, oil volume fraction, deposit growth, and deposit aging.

∂ rurð Þ
∂r

+
∂ ruzð Þ
∂z

= 0,

ρmix
∂ur
∂t

+ ur
∂ur
∂r

+ uz
∂ur
∂z

� �

= −
∂p
∂r

−
μmix
κ

ur + σK
∂ϕoil
∂r

+ μmix 2
∂2ur
∂r2

+
∂2ur
∂z2

+
∂2uz
∂r∂z

+
2
r
∂ur
∂r

−
2
r2
ur

 !

+ ρmixg βTð Þmix T − T∞ð Þ cos α
+ ρmixg βCð Þmix C − C∞ð Þ cos α,

ρmix
∂uz
∂t

+ ur
∂uz
∂r

+ uz
∂uz
∂z

� �

= −
∂p
∂z

−
μmix
κ

uz + σK
∂ϕoil
∂z

+ μmix
∂2uz
∂r2

+ 2
∂2uz
∂z2

+
∂2ur
∂r∂z

+
1
r
∂ur
∂z

+
1
r
∂uz
∂r

 !

+ ρmixg βTð Þmix T − T∞ð Þ sin α

+ ρmixg βCð Þmix C − C∞ð Þ sin α,

∂T
∂t

+ ur
∂T
∂r

+ uz
∂T
∂z

= αmix
∂2T
∂r2

+
1
r
∂T
∂r

+
∂2T
∂z2

 !

−
hr

ρmix Cpð Þmixdwater
T − T∞ð Þ + μmix

ρmix Cpð Þmix

Á ∂uz
∂r

+
∂ur
∂z

� �2
+ 2

∂ur
∂r

� �2
+ 2

ur
r

� �2
+ 2

∂uz
∂z

� �2
" #

,

∂C
∂t

+ ur
∂C
∂r

+ uz
∂C
∂z

=Dp 1 − αmð Þ C − Cdð Þ ∂2uz
∂r2

+
1
r
∂uz
∂r

 !"

+ 1 − αmð Þ ∂C
∂r

−
dCd

dT
∂T
∂r

� �
− C − Cdð Þ ∂αm∂r

� �
∂uz
∂r

�

+Dd
dCd

dT
∂2T
∂r2

+
1
r
∂T
∂r

+
∂2T
∂z2

 !"

+
d2Cd

dT2
∂T
∂r

� �2
+

∂T
∂z

� �2
( )#

,

∂αm
∂t

+ ur
∂αm
∂r

+ uz
∂αm
∂z

= 1 − αm½ �K1 Tð Þ − αmμmix
∂uz
∂r

� �2
K2 Tð Þ,

∂ϕoil
∂t

+ ur
∂ϕoil
∂r

+ uz
∂ϕoil
∂z

= 0,

dδ
dt

=
1 − f xð Þð Þ
xρgel

Dd
dCd

dT
∂T
∂r

����
r=Reff

 !
,

dx
dt

=
2 R − δð Þ
δ 2R − δð Þ

f xð Þ
ρgel

Á Dd
dCd

dT
∂T
∂r

+Dp 1 − αmð Þ C − Cdð Þ ∂uz
∂r

� �
r=Reff

:

ð12Þ

The corresponding boundary and initial conditions are

∂ur
∂r

= 0,
∂uz
∂r

= 0,
∂T
∂r

= 0,

∂C
∂r

= 0,
∂αm
∂r

= 0,
at r = 0 centerlineð Þ,

ur = 0, uz = 0, T = Twall, C = Cwall, at r = R pipewallð Þ,
ur = 0, uz =U∞, T = T∞,

C = C∞, ϕoil = 1 − ϕwater,
at z = 0 pipeinletð Þ,

ur = 0, uz =U∞, T = T∞,

C = C∞, αm = 0, δ = 0,

x = 0, ϕoil = 1 − ϕwater,

at t = 0: initialconditionsð Þ:

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð13Þ
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To express the governing equations and the initial-
boundary conditions in their dimensionless forms, the fol-
lowing dimensionless variables are introduced.

�r =
r
R
, �z =

z
R
,�t =

t
R/U∞

, ð14Þ

u = ur
U∞

, = uz
U∞

, P = p

ρmixU
2
∞
,Θ = T − T∞

Twall − T∞
, ð15Þ

ϕ =
C − C∞

Cwall − C∞
, �Cd =

Cd − C∞
Cwall − C∞

, �Reff =
Reff
R

, ð16Þ

�δ �tð Þ = δ tð Þ
R

, �d =
dwater
R

, �K1 =
K1

U∞/R
, �K2 =

K2
ρmixR

2À Á
/μ2mix

:

ð17Þ

Under the transformations (14)–(17), the dimensionless
equations governing the flow of waxy crude oil in field-scale
pipeline systems are

∂ �ruð Þ
∂�r

+ ∂ �rð Þ
∂�z

= 0, ð18Þ

∂u
∂�t

+ u
∂u
∂�r

+
∂u
∂�z

= −
∂P
∂�r

−
λ2

Re · Dað Þ u +
λ1
We

R�K
∂ϕoil
∂�r

+
λ2
Re

2
∂2u
∂�r2

+
∂2u
∂�z2

+
∂2

∂�r∂�z
+
2
�r
∂u
∂�r

−
2
�r2
u

 !

+ λ3
GrT
Re2

cos αð ÞΘ + λ4
GrC
Re2

cos αð Þϕ,

ð19Þ

∂
∂�t

+ u
∂
∂�r

+
∂
∂�z

= −
∂P
∂�z

−
λ2

Re · Dað Þ +
λ1
We

R�K
∂ϕoil
∂�z

+
λ2
Re

∂2

∂�r2
+ 2

∂2

∂�z2
+

∂2u
∂�r∂�z

+
1
�r
∂u
∂�z

+
1
�r
∂
∂�r

 !

+ λ3
GrT
Re2

sin αð ÞΘ + λ4
GrC
Re2

sin αð Þϕ,

ð20Þ

∂Θ
∂�t

+ u
∂Θ
∂�r

+
∂Θ
∂�z

=
λ5
Pe

∂2Θ
∂�r2

+
1
�r
∂Θ
∂�r

+
∂2Θ
∂�z2

 !
− St

λ6
�d
Θ

+ λ7
Ec
Re

2
∂u
∂�r

� �2
+ 2

u
�r

� �2
+ 2

∂
∂�z

� �2
+

∂
∂�r

+
∂u
∂�z

� �2
" #

,

ð21Þ

∂ϕ
∂�t

+ u
∂ϕ
∂�r

+
∂ϕ
∂�z

= εp 1 − αmð Þ ϕ − �Cd

À Á ∂2

∂�r2
+
1
�r
∂
∂�r

 !"

+ 1 − αmð Þ ∂ϕ
∂�r

−
d�Cd

dΘ
∂Θ
∂�r

� �
− ϕ − �Cd

À Á ∂αm
∂�r

� �
∂
∂�r

#

+
1

Re · Sc
d�Cd

dΘ
∂2Θ
∂�r2

+
1
�r
∂Θ
∂�r

+
∂2Θ
∂�z2

 !"

+
d2�Cd

dΘ2
∂Θ
∂�r

� �2
+

∂Θ
∂�z

� �2
( )#

,

ð22Þ
∂αm
∂�t

+ u
∂αm
∂�r

+
∂αm
∂�z

= 1 − αm½ ��K1 Θð Þ

− αm
Re
λ2

∂
∂�r

� �2
�K2 Θð Þ,

ð23Þ

∂ϕoil
∂�t

+ u
∂ϕoil
∂�r

+
∂ϕoil
∂�z

= 0, ð24Þ

d�δ
d�t

= ϕ1
1 − f xð Þð Þ

x
1

Re · Sc
d�Cd

dΘ
∂Θ
∂�r

����
�r=�Reff

 !
, ð25Þ

dx
d�t

= ϕ1 f xð Þ 2 1 − �δ
À Á
�δ 2 − �δ
À Á

Á 1
Re · Sc

d�Cd

dΘ
∂Θ
∂�r

+ εp 1 − αmð Þ ϕ − �Cd

À Á ∂
∂�r

� �
�r=�Reff

:

ð26Þ
The dimensionless parameters in the model Equations

(18)–(26) are defined as follows:

λ1 =
ρf

ρmix
, λ2 =

μmix
μf

ρf

ρmix
, λ3 =

βTð Þmix
βTð Þf

, λ4 =
βCð Þmix
βCð Þf

,

λ5 =
αmix
αf

=
kmix
kf

ρf

ρmix

Cpð Þf
Cpð Þmix

, λ6 =
ρf

ρmix

Cpð Þf
Cpð Þmix

,

λ7 =
μmix
μf

λ6,

εp =
Dp

R
, ϕ0 =

C∞ − ρgel

� �
Cwall − C∞ð Þ , ϕ1 =

Cwall − C∞ð Þ
ρgel

,

αavg = 1:684 − 0:323 ln Q,

Re =
ρf U∞R

μf
, GrT =

ρ2f g βTð Þf ΔTð ÞR3

μ2f
,

GrC =
ρ2f g βCð Þf ΔCð ÞR3

μ2f
,
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Figure 3: Radial velocity profiles.

Ec =
U2

∞
Cpð ÞfΔT

, Pr =
μf

ρf αf
, Pe =

U∞R
αf

, St =
hr

ρf U∞ Cpð Þf
,

Sc =
μf

ρf Dd
, We =

ρf U
2
∞R

σ
, Da =

κ

R2 , f xð Þ = 1 − x
α2avgx

2 − x + 1
:

ð27Þ
This study adopts the thermodynamic model for waxy

crude oil given in Al-Ahmad et al. [21] as

�Cd =
1
Sf

0:981 + 0:0677Θ
1 − 0:0208Θ

� �
, ð28Þ

where Sf = ð0:0077MWoil − 1:737Þ is the shift factor and M
Woil = 6084/ oAPI − 5:9 is the molecular weight of the crude
oil [22]. We consider heavy crude oil whose API gravity is
18°API.

The corresponding dimensionless boundary and initial
conditions are

∂u
∂�r

= 0,
∂
∂�r

= 0,
∂Θ
∂�r

= 0,
∂ϕ
∂�r

= 0,
∂αm
∂�r

= 0, at�r = 0,

u = 0, = 0,Θ = 1, ϕ = 1, at�r = 1,

u = 0, = 1,Θ = 0, ϕ = 0,

αm = 0, ϕoil = 1 − ϕwater,
at�z = 0,

u = 0, = 0,Θ = 0, ϕ = 0, αm = 0,
�δ = 0, x = 0, ϕoil = 1 − ϕwater,

at�t = 0:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð29Þ
The model Equations (18)–(26) together with the initial

and boundary Condition (29) are solved numerically using
spectral methods. In particular, the discretization is per-
formed in two ways: temporal discretization using a
second-order semi-implicit scheme (i.e., a combination of
both Adams-Bashforth second-order and Crank-Nicolson)
and spatial discretization using bivariate spectral collocation
method based on Chebyshev-Gauss-Lobatto points. The
resulting numerical schemes are simulated in MATLAB soft-
ware to obtain the profiles of the flow variables.

3. Results and Discussion

The results obtained from the present study are presented in
graphical and tabular forms and discussed.

3.1. Profiles of the Flow Variables. The profiles of the flow
variables (i.e., radial velocity, axial velocity, fluid tempera-
ture, wax concentration, and wax precipitation kinetics) at
different positions at time step 2000 in the pipeline are ana-
lyzed. The following three-dimensional surface plots are
obtained from computer simulations.

Figure 3 shows the radial velocity profiles at different
positions. As can be seen, the radial velocity increases as
the distance increase from both the pipe inlet and the center-
line. The observed trend is because as the flow progresses,

the velocity boundary layer thickness reduces, thus acceler-
ating the flow radially.

Figure 4 shows the axial velocity profiles at different
positions. As can be seen, the axial velocity decreases as
the distance increases between the pipe inlet and the center-
line. The observed trend is because as the flow progresses,
more wax gets deposited on the pipeline’s inner wall, which
grows and hence reduces the effective flow radius of the pipe.

Figure 5 shows the temperature profiles at different posi-
tions. As can be seen, the fluid temperature increases as the
distance increases from both the pipe inlet and the center-
line. The observed trend is because as the flow progresses,
the wax deposit absorbs the thermal potential of waxy crude
oil due to the high-temperature difference. The outlet tem-
perature begins to decrease and reaches its minimum value.
With the reduction of solid wax, the potential of the wax
deposit to absorb heat decreases, which increases the outlet
temperature. The outlet temperature approaches the inlet
temperature and reaches waxy crude oil temperature.

Figure 6 shows the total concentration profiles at
different positions. As can be seen, the wax concentration
increases as the distance increases between the pipe inlet
and the centerline. The observed trend is because as the flow
progresses, the high-temperature difference leads to thinning
of the concentration boundary layer thickness. Hence, more
wax molecules diffuse from the bulk of the fluid toward the
pipeline wall.

Figure 7 shows the wax aggregation degree profiles at
different positions. As can be seen, the wax aggregation
degree decreases as the distance increases between the pipe
inlet and the centerline. The observed trend is because as
the flow progresses, more wax molecules precipitate to form
solid wax crystals, which aggregate and deposit on the pipe-
line wall. The increase in the concentration of precipitated
wax reduces the aggregation degree.

Figure 8 shows the oil volume fraction profiles at differ-
ent positions. As can be seen, the oil volume fraction
decreases as the distance increases between the pipe inlet
and the centerline. The observed trend is because the heat
gets transferred from waxy crude oil to the wax deposit.
The thermal potential of waxy crude oil decreases as it flows.
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Thus, the temperature difference between the wax deposit
and waxy crude oil decreases along the pipeline. Therefore,
the wax deposit away from the pipe inlet melts slowly at a
narrow temperature difference. As the process advances,
the temperature of the wax deposit increases, and the tem-

perature difference diminishes, which reduces the heat
transfer rate. Therefore, the growth rate of the wax deposit
reduces.

3.2. Deposit Thickness and Aging. The data (about deposit
thickness and weight fraction of wax) extracted from com-
puter simulations are plotted against time while varying
the flow parameters. Moreover, the values of the deposit
growth and aging rates are presented in Table 1.

3.2.1. Effects of Flow Parameters on Deposit Thickness. It is
observed from Figure 9 that deposit thickness increases with
an increase in Reynolds number. The observed trend is due
to the enhanced heat convection that promotes large wall
temperature gradients. However, large values of the Reyn-
olds number increase the rate of deposit removal. Therefore,
the terminal steady-state deposit thickness increases.

It is observed from Figure 10 that deposit thickness
decreases with an increase in mass Grashof number. Increas-
ing the mass Grashof number increases the species buoyancy
forces in the fluid, which leads to thinning of the hydrody-
namic boundary layer and thus accelerating the flow of waxy
crude oil in the axial direction. An increase in mass Grashof
number increases the deposit removal rate but reduces the
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wax deposition rate. Hence, the terminal steady-state deposit
thickness decreases as the flow progresses.

It is observed from Figure 11 that deposit thickness
decreases with an increase in Schmidt number. Increasing
the Schmidt number increases the momentum diffusivity,
which leads to thinning of the velocity boundary layer and
thus accelerating the flow in the axial direction. An increase

in Schmidt number increases the deposit removal rate but
reduces the wax deposition rate. Hence, the deposit thick-
ness decreases as the flow progresses.

It is observed from Figure 12 that an increase in Weber
number results in a decrease in the thickness of the wax
deposit. The observed trend is because, at lower surface ten-
sion, droplets of deposited phase are continuously detached
from the top of the interfacial waves and entrained in the
bulk of the flow. At a low Weber number, the droplet
entrainment disappears. Hence, the capillary forces promote
the formation of a thicker deposit film.

3.2.2. Effects of Flow Parameters on Deposit Aging. It is
observed from Figure 13 that an increase in Reynolds num-
ber results in a decrease in the weight fraction of wax in the
deposited layer. The observed trend is because the exposure

Table 1: Rates of deposit growth and aging for various values of the
parameters Re, GrT , GrC , Ec, Sc, and We:

Re GrT GrC Ec Sc We Growth rate Aging rate

2.24 5 5 1.2 1.5 1.0 2.067 × 10−5 4.990 × 10−4

3.24 5 5 1.2 1.5 1.0 1.190 × 10−5 3.174 × 10−4

4.24 5 5 1.2 1.5 1.0 8.139 × 10−6 2.245 × 10−4

5.24 5 5 1.2 1.5 1.0 6.113 × 10−6 1.700 × 10−4

2.24 10 5 1.2 1.5 1.0 2.067 × 10−5 4.997 × 10−4

2.24 15 5 1.2 1.5 1.0 2.067 × 10−5 5.005 × 10−4

2.24 20 5 1.2 1.5 1.0 2.068 × 10−5 5.012 × 10−4

2.24 5 10 1.2 1.5 1.0 2.069 × 10−5 5.221 × 10−4

2.24 5 15 1.2 1.5 1.0 2.070 × 10−5 5.467 × 10−4

2.24 5 20 1.2 1.5 1.0 2.071 × 10−5 5.727 × 10−4

2.24 5 5 2.7 1.5 1.0 2.065 × 10−5 4.990 × 10−4

2.24 5 5 4.2 1.5 1.0 2.064 × 10−5 4.991 × 10−4

2.24 5 5 5.7 1.5 1.0 2.062 × 10−5 4.991 × 10−4

2.24 5 5 1.2 3.0 1.0 7.572 × 10−6 2.962 × 10−4

2.24 5 5 1.2 4.5 1.0 4.443 × 10−6 2.114 × 10−4

2.24 5 5 1.2 6.0 1.0 3.108 × 10−6 1.650 × 10−4

2.24 5 5 1.2 1.5 1.5 2.085 × 10−5 5.960 × 10−4

2.24 5 5 1.2 1.5 2.0 2.097 × 10−5 6.707 × 10−4

2.24 5 5 1.2 1.5 2.5 2.105 × 10−5 7.300 × 10−4
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Figure 9: Effects of varying Re on the deposit thickness.
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of the deposited layer to a range of temperatures and shear
stress triggers physical and chemical processes on the wax
deposit, which alters its molecular structure and properties.
The thermal gradient across the deposit may result in an
internal mass flux which yields a continuous increase in
the wax content of the deposited layer. Thus, it leads to the
hardening of the deposit as time elapses, a process called
aging of the deposit.

It is observed from Figure 14 that an increase in Schmidt
number results in a decrease in the weight fraction of wax in
the deposited layer. The observed trend is because the
Schmidt number decreases the deposit thickness. Hence,
the thinner deposit layer increases the temperature gradient

in the deposited layer, which increases the diffusion flux in
the deposited layer. Thus, it leads to the continuous diffusion
of wax molecules into the deposited layer, increasing the wax
content in the deposited layer.

3.2.3. Rates of Deposit Growth and Aging. It is observed from
Table 1 that both the Reynolds number and Schmidt num-
ber significantly affect the wax deposit growth and aging
rates. As the wax flow progresses, the deposit growth and
aging rates decrease due to an increase in the interfacial tem-
perature (because the oil-deposit interface moves away from
the pipeline wall) and to the onset of deposit removal.

4. Validation of the Results

The results of this study are validated by considering the wax
deposition data of Magnini and Matar [12]. The authors
studied wax deposition in crude oil flows in a pipeline via
interface-resolved numerical simulations. A comparison of
the results on deposit thickness profiles in Magnini and
Matar [12] with those obtained from the present study is
displayed in Figures 15(a) and 15(b), respectively.

The results reveal the same trend in the deposit thickness
as time elapses; i.e., from the onset of the flow, the total
amount of deposit within the pipeline increases until deposi-
tion and removal rates balance out and the deposit thickness
reaches a steady state. The observed trend is due to the
governing effect of heat convection at the early stages of
wax deposition, where the radial temperature gradient
increases with the flow rate. At later stages of wax deposi-
tion, i.e., when the deposit is thicker, higher flow rates pro-
mote shear-induced deposit removal, thus yielding lower
deposit thicknesses.
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Figure 14: Effects of varying Sc on the weight fraction of wax in oil.
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5. Prediction of Wax Deposition Thickness
and Aging

This study proposes simplified prediction models for the
deposit thickness and aging by the Lagrange interpolation
technique. Using MATLAB toolkit for basic fitting applied
to Figures 15(b) and 13, we obtain the following Lagrange
polynomial of degree 4 for estimating the deposit thickness
and aging as functions of time t.

δ tð Þ = − 2:4 × 10−5
À Á

t4 + 9:1 × 10−4
À Á

t3 − 1:3 × 10−2
À Á

t2

+ 8:8 × 10−2
À Á

t,
ð30Þ

x tð Þ = − 1:9 × 106
À Á

t4 + 6:6 × 104
À Á

t3 − 8:3 × 102
À Á

t2 + 4:6t,
ð31Þ

respectively. Hence, the deposition and aging rates are
obtained by differentiating Equations (30) and (31) with
respect to time t, respectively.

6. Summary and Conclusions

A mathematical model has been developed to predict wax
deposition and aging from multiphase flow in field-scale
crude oil pipeline transport systems using both the VOF
and PSP approaches. Waxy crude oil and the wax deposit
are two immiscible phases separated by an interface. The
wax concentration has been modeled by considering a
pragmatic fluid model in which wax exists in two different
forms, i.e., dissolved wax and crystallized wax (or precipi-
tated wax). Molecular diffusion and shear dispersion have
been considered the only deposition mechanisms. The
model is a system of coupled nonlinear partial differential
equations, i.e., the continuity, momentum, energy, species
transport, wax aggregation degree, conservation of oil vol-
ume fraction, deposit growth, and deposit aging equations,
for the wax-fluid two-phase flow in the presence of water-
in-oil emulsions. The model equations are solved numeri-

cally by the bivariate spectral collocation method. From the
study, the following conclusions have been drawn:

(i) Initially (i.e., at time t = 0), no deposit is present,
and thus removal does not occur yet. At the onset
of the flow, wall deposition starts due to the radial
temperature gradient and because the wall tempera-
ture is below the WAT. As time elapses, the depos-
ited layer grows because the wax deposition rate
exceeds the deposit removal rate. When the deposit
is sufficiently thick such that deposition and
removal rates balance out, the average thickness of
the deposit becomes constant. The steady-state
values of the deposition rates depend strongly on
the film thickness, i.e., the balance between deposi-
tion and removal rates, which determines the
temperature of the crude-deposit interface

(ii) Deposit thickness is directly proportional to the
Reynolds number and inversely proportional to
the mass Grashof number, Schmidt number, and
Weber number

(iii) Deposit aging is rampant during the early stages of
wax deposition, after which it stabilizes at a specific
value as time elapses

(iv) Reynolds number and Schmidt number have a sig-
nificant effect on the rates of wax deposit growth
and aging

(v) The proposed simplified wax deposition models,
given by Equations (30) and (31), can be used to
predict the deposit thickness and aging at any time,
respectively, in field-scale waxy crude oil pipeline
transport systems

Nomenclature

Roman Letters

ðr, zÞ: Cylindrical coordinate variables (m)
ð�r, �zÞ: Dimensionless cylindrical coordinate variables
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Figure 15: Graphs of deposit thickness in Magnini and Matar [12] and in the present study.

11Journal of Applied Mathematics



ður , uzÞ: Velocity components (m/s)
ðu,Þ: Dimensionless velocity components
Cp: Specific heat capacity at constant pressure

(J/(kg·K))
�d: Dimensionless diameter of water-in-oil emulsion
Dd: Molecular diffusivity of wax in crude oil (m2/s)
Dp: Shear dispersion coefficient (m)
g: Acceleration due to gravity (m/s2)

J
!

d:
Mass flux of dissolved wax (kg/(m2·s))

J
!

p:
Mass flux of precipitated wax (kg/(m2·s))

K1: Smooth positive function of temperature (1/s)
K2: Smooth positive function of temperature (1/Pa)
k: Thermal conductivity (W/m·K)
p: Pressure field (Pa)
P: Dimensionless pressure field
Q: Volumetric flow rate of the mixture fluid (m3/s)
qh: Heat source (W/m3·K)
R: Radius of pipe (m)
�t: Dimensionless time
W: Power density dissipated in the fluid by the viscous

forces
Da: Darcy number
Ec: Eckert number
GrC: Mass Grashof number
GrT: Thermal Grashof number
Pe: Peclet number
Pr: Prandtl number
Re: Reynolds number
Sc: Schmidt number
St: Stanton number
We: Weber number.

Greek Letters

α: Angle of inclination of the pipeline to the horizontal
αavg: Average aspect ratio of the wax crystals
βC : Coefficient of volume expansion due to concentration

gradient (m3/kg)
βT : Coefficient of volume expansion due to temperature

gradient (1/K)
γn: Shear rate (1/s)
κ: Intrinsic permeability of the gel layer (m2)
μ: Dynamic viscosity (Nsm-2)
ϕ: Dimensionless concentration of the nonaggregated

wax
ϕi: Volume fraction of the i-th phase
Ψ: Viscous dissipation function (N/m2s)
ρ: Density (kg/m3)
σ: Surface tension coefficient (N/m)
τ
!
: Viscous stress tensor (N/m2)

Θ: Dimensionless temperature.

Subscripts

d: Dissolved wax molecules
p: Precipitated wax
a: Aggregated wax crystals
n: Nonaggregated wax crystals

f : Fluid phase
eff : Effective
water: Water droplets
gel: Deposit/gel layer
oil: Crude oil
mix: Mixture fluid
wall: Condition at the solid-liquid interface
∞: Condition at the free-stream.
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