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ABSTRACT

Various group actions have been studied in the past with respect to their associated combina-

torial properties, invariants, structures and formulas. This thesis focuses on the combinatorial

properties, invariants and structures of the alternating groupAn acting onX [r] andX(r), re-

spectively the ordered and unorderedr-element subsets of the setX of n letters. It also aims

at deriving an expression of the cycle index of the symmetricgroupSn, a semidirect product

of An by the cyclic groupC2 of order2, explicitly in terms of the cycle index ofAn and that of

C2. Transitivity of the actions is established using either the Cauchy-Frobenius Lemma or the

Orbit-Stabilizer Theorem; primitivity is determined fromthe definition of blocks; ranks and

subdegrees are computed using combinatorial arguments; pairing of suborbits is determined

from definition; the suborbital graphs are constructed fromtheir corresponding suborbitals;

and the cycle index is derived from definition. The study shows that the action ofAn on

X [r] is transitive and imprimitive if and only ifn ≥ r + 2, while the rank is constant for

all n ≥ 2(r + 1). On the other hand, the action ofAn onX(r) is shown to be transitive for

all n ≥ r + 1 and imprimitive if and only ifn = 2r, while the rank isr + 1 if and only

if n ≥ 2r. Further, the ranks and subdegrees of the two actions are calculated and pairing

of the associated suborbits explored. Moreover, suborbital graphs related to the actions are

seperately constructed and examined for directedness, connectedness, number of components,

vertex degrees, and girths, depending on whether a corresponding suborbit is self-paired or

paired with another, and also the number of elements from a fixedr-element subset that each

element of the suborbit has. Finally, an expression of the cycle index ofSn, explicitly in terms

of the cycle index ofAn and that ofC2, is obtained.

xiv



CHAPTER ONE

INTRODUCTION

1.1 Background Information

1.1.1 Group Actions

Definition 1.1.1. Let G be a group andX a non-empty set. ThenG acts on the left ofX if

there exists a functionG×X → X such that(g1g2)x = g1(g2)x and1x = x, where1 is the

identity inG, x ∈ X andg1, g2 ∈ G. The action ofG on the right ofX can be defined in a

similar way. In this case,X is called aG-set.

Definition 1.1.2. Suppose a groupG acts on a setX. Define a relationx ∼ y on X if and

only if there existsg ∈ G such thaty = gx. This defines an equivalence relation onX. The

equivalence class containingx is OrbGx = {gx|g ∈ G}, and is called theorbit of x. Since

any set is a disjoint union of equivalence classes under an equivalence relation, it follows that

if G acts onX, thenX is a union of disjoint orbits.

Theorem 1.1.1. If G is a finite group andX is a finiteG-set, then the number of orbits inX

underG is given by 1
|G|

∑

g∈G

|fix(g)| wherefix(g) = {x ∈ X|gx = x} (Rose, 1978; Gardiner,

1986; Flareigh, 1994).

Theorem 1.1.1 is called theCauchy-Frobenius Lemmaor theBurnside’s Formula.

Definition 1.1.3. Thestabilizerin G of x is the subsetStabGx = {g ∈ G|gx = x} of G. It is

also denoted byGx. According to Gardiner (1986),Gx is a subgroup ofG, called theisotropy

subgroupof G. If Gx is trivial, i.e.,Gx = {1}, thenG is said to actfreelyonX.

Theorem 1.1.2. Let X be aG-set and letx ∈ X. Then|OrbGx| = |G : Gx|, the index ofGx

in G (Rose, 1978; Gardiner, 1986; Flareigh, 1994).

Theorem 1.1.2 is called theOrbit-Stabilizer Theorem.

Definition 1.1.4. The action of a groupG on a setX is said to betransitive if for each

x, y ∈ X, there existsg ∈ G such thaty = gx; in other wordsOrbGx = X if x ∈ X. A group

which is not transitive is calledintransitive.

Theorems 1.1.1 and 1.1.2 are used interchangeably in the determination of transitivity of a

group action.

Example 1.1.1.The symmetric groupSn acts transitively onX = {1, 2, · · · , n}. This is so

because for anyx, y ∈ X, there exists an elementα ∈ Sn for which y = αx. Similarly, the

alternating groupAn acts transitively onX = {1, 2, · · · , n} for all for all n ≥ 3, but acts

intransitively ifn = 2.

1



Definition 1.1.5. An action of a groupG on a setX, with |X| ≥ 2, is called2-transitive

(doubly transitive) when for any two ordered pairs of distinct elements(x, x
′
) and(y, y

′
) in

X, there is ag ∈ G such thaty = gx andy
′
= gx

′
. The distinctness of elements means

x 6= x
′
andy 6= y

′
. The elementg is said to take the pair(x, x

′
) to the pair(y, y

′
). One

can formulate the idea of3-transitive(triply transitive) action, and more general ak-transitive

action for any integerk ≥ 1: given any two orderedk-tuples(x1, · · · , xk) and(y1, · · · , yk) of

distinct elements in the set, some element of the group sendsxi to yi for all i. An action which

is k-transitive isl-transitive forl ≤ k; so any3-transitive action is2-transitive and transitive.

Theorem 1.1.3.The alternating groupAn has a natural(n − 2)-transitive action on the set

X = {1, 2, · · · , n} for all n ≥ 3 (Smith & Tabachnikova, 2000).

Definition 1.1.6. LetG act transitively onX and letGx be the stabilizer ofx ∈ X. The orbits

△0 = {x},△1,△2, · · · ,△r−1 of Gx on X are known assuborbitsof G. In this case,△0

is referred to as thetrivial suborbit ofG. The valuer is called therank and the sizes|△i|,

(i = 0, 1, 2, · · · , r − 1) the subdegrees, of G. Both the rank and the subdegrees ofG are

independent of the choice ofx ∈ X (Rose, 1978).

Definition 1.1.7. Let G act transitively on a setX and let△ be an orbit ofGx on X. If

△∗ = {gx|g ∈ G, x ∈ g△}, then△∗ is also an orbit ofGx called theGx-orbit orG-suborbit

paired with △. Clearly,△∗∗ = △ and |△| = |△∗|. If △ = △∗, then△ is said to beself-

paired. The trivial suborbit ofG is always self-paired.

Theorem 1.1.4.LetG act transitively on a setX. ThenG has non-trivial self-paired suborbits

if and only ifG has even order (Wielandt, 1964).

Theorem 1.1.5. Let G be transitive onX and letg ∈ G. Then the number of self-paired

suborbits ofG is given by 1
|G|

∑

g∈G

|fix(g2)| (Cameron, 1974).

Definition 1.1.8. Let G act transitively on a finite setX. Then a subsetY of X, where|Y | is

a factor of|X|, is called ablockor set of imprimitivityfor the action if for eachg ∈ G, either

gY = Y or gY ∩ Y = ∅; in other wordsgY andY do not overlap partially. In particular,

∅, X and all1-element subsets ofX are blocks, calledtrivial blocks. The action is said to be

primitive if the only blocks are the trivial blocks, andimprimitiveotherwise.

Theorem 1.1.6.A transitive groupG onX is primitive if and only ifGx, for a fixedx ∈ X,

is a maximal subgroup ofG. In addition, a2-transitive group is primitive. Moreover, any

non-trivial normal subgroup of a primitive group is transitive (Cameron, 1999).

Theorem 1.1.7.Let G be transitive onX and let the subdegrees ofG, ordered according to

increasing magnitude, be1 = n0 ≤ n1 ≤ n2 ≤ · · · ≤ nr−1. ThenG is imprimitive if there

exists an indexj > 0 such thatnj > n1nj−1 (Wielandt, 1964).
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1.1.2 Graph Theory

Definition 1.1.9. A simple graphG consists of a non-empty setV (G) of objects calledpoints

or nodesor verticesand a (possibly empty) setE(G) of pairs of elements ofV callededges.

The setV is called thevertex-setandE theedge-list, of G.

Definition 1.1.10. Two or more edges joining the same pair of vertices are calledmultiple

edgeswhile an edge joining a vertex to itself is called aloop. A multigraphis a graph which

is allowed to have multiple edges but no loops.

It is clear from definition that a simple graph has no loops or multiple edges. From this point

on, by a graph it shall mean a simple graph.

Definition 1.1.11. Let v andw be two vertices of a graphG. Then an edgee = (v, w) is said

to join or connectv andw. In this casee is said to beincidentwith v andw and the verticesv

andw areadjacent. A graph is calledcompleteif each pair of distinct vertices is joined by an

edge.

If a graph hasn vertices, then the maximum number of edges it can have is

(

n

2

)

, the number

of 2-element subsets ofV .

Definition 1.1.12. Let G be a graph with vertex-setV and edge-listE. A subgraphof G is a

graph all of whose vertices belong toV and all of whose edges belong toE.

Definition 1.1.13. Thedegreeor valencyof a vertexv of a graphG is the number of edges

incident withv, and is denoted bydeg v. If a graphG hasn vertices, then for any vertexv,

0 ≤ deg v ≤ n − 1. Theminimum degreeof G, denoted byδ(G), is the smallest number of

edges incident with a vertex ofG while themaximum degreeof G, denoted by△(G), is the

largest such number. The graphG is said to beregular of degreer if the degree of each vertex

is r, i.e., if δ(G) = △(G) = r.

Theorem 1.1.8. In any graph, the sum of all the vertex-degrees is equal to twice the number

of edges (Wilson & Watkins, 1990).

Theorem 1.1.8 is calledThe Handshaking Lemma.

Definition 1.1.14.Two graphsG andH areisomorphic, writtenG ∼= H, if there exists a one-

to-one correspondenceα : V (G) → V (H) such thatα preserves adjacency; in other words,

(u, v) ∈ E(G) if and only if (α(u), α(v)) ∈ E(H). Since|V (G)| = |V (H)|, any one-to-one

correspondence is equivalent to a relabelling of the vertices.

Definition 1.1.15. A walk of lengthk in a graphG is a succession ofk edges ofG of the

form v0v1, v1v2, · · · , vk−1vk, denoted byv0v1v2 · · · vk−1vk. A walk of lengthk all of whose
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edges are different (but not necessarily all the vertices) is called atrail of lengthk. A walk

of lengthk all of whose vertices are different is called apathof lengthk. A closed walk is

a succession of edges of the formv0v1, v1v2, · · · , vr−1vr, vrv0. A closed walk all of whose

edges are different is a closed trail. A closed walk all of whose vertices are different (except

the first and the last) is called acycle. The length of the shortest cycle (if any) inG is called

thegirth of G. Every cycle is a closed walk, but not every closed walk is a cycle.

Definition 1.1.16. A graphG is connectedif there is a path inG between any pair of distinct

vertices, anddisconnectedotherwise. Every disconnected graph can be split up into a number

of connected subgraphs calledcomponents.

Definition 1.1.17. A bipartitegraph is one whose vertex-set can be split into setsA andB in

such a way that each edge of the graph joins a vertex inA to a vertex inB.

Definition 1.1.18. A tree is a connected graph that contains no cycles. Aleaf of a tree is a

vertex of degree one. A graph all of whose components are trees is called aforest.

Theorem 1.1.9.If a tree hasn vertices, then it hasn− 1 edges (Chetwynd & Diggle, 1995).

Definition 1.1.19. A directed graphor digraph, D, is a graph with a function which assigns

each edgee an ordered pair of vertices(u, v). The vertexu is called thetail of e, v thehead

of e, andu, v theendsof e. If there is an edge with tailu and headv, then(u, v) denotes such

an edge, and the edge isdirectedfrom u to v. Theout-degreeof a vertexv, denotedoutdegv,

is the number of edges with tailv, and thein-degreeof v, denotedindegv, is the number of

edges with headv.

Theorem 1.1.10.In any digraph, the sum of all the out-degrees and the sum of all the in-

degrees are each equal to the number of directed edges (Wilson & Watkins, 1990).

Theorem 1.1.10 is calledThe Handshaking Di-Lemma.

1.1.3 Suborbitals and Suborbital Graphs

Definition 1.1.20. SupposeG acts onX. ThenG acts onX × X also, by the rule that

g(x, y) = (gx, gy), g ∈ G, x, y ∈ X. If O ⊆ X × X is aG-orbit, then for a fixed element

x ∈ X, △ = {y ∈ X|(x, y) ∈ O} is aGx-orbit. Conversely, if△ ⊆ X is aGx-orbit, then

O = {(gx, gy)|g ∈ G, y ∈ △} is aG-orbit onX × X. This means there is a one-to-one

correspondence between the orbits ofGx (x ∈ X) onX and the orbits ofG onX × X. In

this case△ is said to correspond toO. TheG-orbits onX × X are calledsuborbitals. The

number of these suborbitals is equal to the rank ofG.

Definition 1.1.21. Let Oi ⊆ X × X, (i = 0, 1, 2, · · · , r − 1) be a suborbital. Then a graph

Γi is formed by takingX as the points ofΓi and including a directed line fromx to y, where
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x, y ∈ X, if and only if (x, y) ∈ Oi. Thus each suborbitalOi determines a suborbital graph

Γi. Now, defineO∗
i = {(y, x)|(x, y) ∈ Oi}. ThenO∗

i is aG-orbit also and determines a

corresponding suborbital graphΓ∗
i .

Theorem 1.1.11.LetG be transitive onX and letΓ be the suborbital graph corresponding to

the suborbit△. ThenΓ is undirected if△ is self-paired and directed otherwise (Sims, 1967).

Theorem 1.1.12.LetG be transitive onX. ThenG is primitive if and only if every non-trivial

suborbital graph corresponding to the action is connected (Sims, 1967).

1.1.4 Permutation Groups

Definition 1.1.22.LetX = {1, 2, · · · , n}. Then thesymmetric groupof degreen is the group

of all permutations ofX under the binary operation of composition of maps. It is denoted by

Sn and has ordern!. A subgroup ofSn is called apermutation group.

Definition 1.1.23. Thealternating groupof degreen is the subgroup ofSn consisting of all

even permutations ofX under the binary operation of composition of maps. It is denoted by

An and has ordern!
2

.

Definition 1.1.24. A groupG is calledcyclic if G = {gk | k ∈ Z}, that isG can be generated

by a single elementg ∈ G. This is denoted byG =< g >. The elementg in this case is called

thegeneratorof G. A cyclic group can have two or more generators.

Example 1.1.2.A cyclic subgroup ofSn of degreen and ordern is denoted byCn. Just but

to mention,

C2 = < (ab) > = {1, (ab)},

C3 = < (abc) > = < (acb) > = {1, (abc), (acb)}

and

C4 =< (abcd) > = < (adcb) > = {1, (abcd), (ac)(bd), (adcb)}.

The subgroupC2 generated by a transposition will be of particular interestat some later stage

of this thesis.

1.1.5 Operations on Permutation Groups

There are some important operations on permutation groups which produce other permutation

groups. These include sum, product, composition, and powergroup. For the purpose of

definitions of these operations, consider a permutation group G of orderm1 and degreen1

defined on the setX = {x1, x2, · · · , xn1}, and another permutation groupH of orderm2 and

degreen2 defined on the setY = {y1, y2, · · · , yn2}.
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Definition 1.1.25. The sumG + H is a permutation group which is defined on the disjoint

unionX ∪ Y and whose elements are the ordered pairs(g, h) of permutationsg ∈ G and

h ∈ H. Any elementz of X ∪ Y is permuted by(g, h) according to the rule:

(g, h)z =







gz, z ∈ X

hz, z ∈ Y.

Clearly,G +H has orderm1m2 and degreen1 + n2. The group operation between the pairs

of elements of the sum is given by

(g, h)(g
′

, h
′

) = (gg
′

, hh
′

).

Definition 1.1.26. The productG × H, also called theCartesian productof G andH is a

permutation group which is defined on the setX × Y and whose elements are all the ordered

pairs(g, h) of permutationsg ∈ G andh ∈ H. The element(x, y) of X × Y is permuted

by (g, h) using the rule(g, h)(x, y) = (gx, hy). Clearly,G × H has orderm1m2 and degree

n1n2. The group operation between the pairs of elements of the product is given by

(g, h)(g
′

, h
′

) = (gg
′

, hh
′

).

Definition 1.1.27. ThecompositionG[H ] of G aroundH, also called thewreath productof

G by H, is also defined onX × Y . For eachg ∈ G and any sequence(h1, h2, · · · , hn1) of

n1 (not necessarily distinct) permutations inH, there is a unique permutation inG[H ] written

(g; h1, h2, · · · , hn1) such that for(xi, yj) in X × Y , (g; h1, h2, · · · , hn1)(xi, yj) = (gxi, hiyj)

for all i = 1, 2, · · · , n1, j = 1, 2, · · · , n2. The order ofG[H ] is clearly|G||H|n1 = m1m
n1
2

while its degree isn1n2. The group operation between the pairs of elements of the wreath prod-

uct is given by(g; h1, h2, · · · , hn1)(g
′
; h

′

1, h
′

2, · · · , h
′

n1
) = (gg

′
; g

′
h1h

′

1, g
′
h2h

′

2, · · · , g
′
hn1h

′

n1
).

Definition 1.1.28. Thepower groupHG is the set of permutations defined on the setY X of

all functions fromX to Y . The assumption is that the power group acts on more than one

function. For each pair of permutationsg ∈ G andh ∈ H there is a unique permutation,

written hg in HG. The action of the permutationhg on any functionf : X → Y in HG is

given by (hgf)(x) = hf(gx) for eachx ∈ X. The group operation between the pairs of

elements ofHG is given by

(hg)
(

h
′g

′
)

= hh
′gg

′

.

The order ofHG is |G||H| = m1m2, and its degree isnn1
2 .

The sum, product, and power group are all isomorphic as abstract groups, although they are

different as permutation groups, and the three operations are commutative (Harary, 1969;

Harary, 1970).
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1.1.6 Direct Products

The productH ×K can be defined for any two groupsH andK.

Definition 1.1.29. Let H andK be any two groups. The productH × K is a group with

multiplication of its elements defined by(h, k)(h
′
, k

′
) = (hh

′
, kk

′
) for all h, h

′
∈ H and

k, k
′
∈ K. In this caseH ×K is called theexternal direct productof H andK.

The definition of direct product of two groups can be extendedto the direct product of any

finite number of groups.

Definition 1.1.30. Let n be any positive integer and letG1, G2, · · · , Gn be anyn groups,

which are not necessarily distinct. ThenG1×G2×· · ·×Gn is the set ofn-tuples(g1, g2, · · · , gn)

with gi ∈ Gi. This set is given the structure of a group called the external direct product of the

groupsG1, G2, · · · , Gn by defining multiplication of then-tuples component-wise; in other

words if (g1, g2, · · · , gn), (g
′

1, g
′

2, · · · , g
′

n) ∈ G1 ×G2 × · · · ×Gn, then

(g1, g2, · · · , gn)(g
′

1, g
′

2, · · · , g
′

n) = (g1g
′

1, g2g
′

2, · · · , gng
′

n) ∈ G1 ×G2 × · · · ×Gn.

This group is denoted byDr
n
∏

i=1

Gi.

Definition 1.1.31. Let H andK be normal subgroups of a groupG with H ∩K = {1} and

G = HK. ThenG is a group, called theinternal direct productof H by K. In this case

G ∼= H ×K.

Example 1.1.3.The Klein-4 groupG = {1, (12)(34), (13)(24), (14)(23)} has normal sub-

groupsH = {1, (12)(34)} andK = {1, (14)(23)} such thatH ∩ K = {1} andG = HK.

Thus,G is an internal direct product ofH byK, andG ∼= H ×K.

Definition 1.1.32. Let G be a group with subgroupsH andK. ThenG is called asemidirect

productof K by H, denotedG = H ⋉ K or G = K ⋊ H , if K ⊳ G, H ∩ K = {1} and

G = HK.

Example 1.1.4.Consider the groupG = S3 = {1, (123), (132), (12), (13), (23)}. In this case

K = A3 = {1, (123), (132)} andH = C2 = {1, (12)} are subgroups ofG with K ⊳ G. It is

easy to verify thatG is a semidirect product ofK by H (though not an internal direct product

sinceH is not normal inG). In fact,Sn = An ⋊ C2 for all n ≥ 2. Similarly,Dn = Cn ⋊ C2

for all n ≥ 3.

Definition 1.1.33. A Frobenius groupis a groupG acting on a setX, transitively, in such a

way that the stabilizerH of a point is non-trivial, but only the identity fixes two or more points.

That means thatH ∩ (gHg−1) = {1} if g ∈ G \ H. DefineK∗ = G \ ∪{gHg−1 : g ∈ G},

the set of all elements inG having no fixed points. ThenK = K∗ ∪ {1} is a normal subgroup

of G. Besides,G = K ⋊H.
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Example 1.1.5.The groupG = S3 acts transitively onX = {1, 2, 3} (see Example 1.1.1). In

this case,H = StabG(3) = {1, (12)}, but only the identity fixes two or more points. So,S3

is a Frobenius group, by Definition 1.1.33. Furthermore,G \H = {(123), (132), (13), (23)}.

In this casegHg−1 = {1, (23)} if g = (123) or g = (13), gHg−1 = {1, (13)} if g = (132) or

g = (23), andgHg−1 = H if g ∈ H. Accordingly,H ∩ (gHg−1) = {1} wheneverg ∈ G\H,

andM = ∪{gHg−1 : g ∈ G} = {1, (12), (13), (23)}. So, ifK∗ = G \M = {(123), (132)},

thenK = K∗ ∪ {1} = {1, (123), (132)} = A3, and from Example 1.1.4,G = K ⋊H.

In general, ifn ≥ 4, the stabilizer of a point ofX = {1, 2, · · · , n} in Sn has non-trivial

elements which fix more than one element. Therefore,Sn is not Frobenius forn ≥ 4.

1.1.7 Cycle Indices

Definition 1.1.34. If a finite groupG acts on a setX with n elements, eachg ∈ G corresponds

to a permutationσ of X, which can be written uniquely as a product of disjoint cycles. If σ

hasα1 cycles of length1, α2 cycles of length2, · · · , αn cycles of lengthn, thenσ and hence

g hascycle type(α1, α2, · · · , αn).

Theorem 1.1.13.Let g be a permutation with cycle type(α1, α2, · · · , αn). Then the number

of 1-cycles ingl is
∑

i|l

iαi (Bruijn & Klarner, 1969).

Theorem 1.1.14.Two permutations inSn are conjugate if and only if they have the same

cycle type; and ifg ∈ Sn has cycle type(α1, α2, · · · , αn), then the number of permutations in

Sn conjugate tog is n!
n∏

i=1
αi!iαi

(Krishnamurthy, 1985).

Definition 1.1.35. If a group G acts on a setX, |X| = n, and g ∈ G has cycle type

(α1, α2, · · · , αn), themonomialof g is defined asmon(g) = tα1
1 tα2

2 · · · tαn
n , wheret1, t2, · · · , tn

are distinct commuting indeterminates.

Definition 1.1.36. The cycle indexof the action ofG on X is the polynomial (say over the

rational fieldQ) in t1, · · · , tn given by

Z(G) = ZG,X(t1, · · · , tn) =
1

|G|

∑

g∈G

{mon(g)}.

If G has conjugacy classesK1, · · · , Km with gi ∈ Ki, then

Z(G) =
1

|G|

m
∑

i=1

|Ki|{mon(gi)}. (1.1.1)
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Example 1.1.6.LetX = {1, 2, 3, 4} so thatG = S4. Then,

G = {1, (123), (132), (124), (142), (134), (143), (234), (243), (12)(34),

(13)(24), (14)(23), (12), (13), (14), (23), (24), (34), (1234),

(1243), (1324), (1342), (1423), (1432)}.

Now, Table 1.1 below displays the various permutation typesof elements ofG, and their

corresponding cycle types and monomials. The number of elements with the same cycle type

can be counted directly fromG and are given in the fourth column of the table (it is only

reasonable to calculate this number using the expression inTheorem 1.1.14 for cases where

|G| is relatively large).

Table 1.1: Monomials of Elements ofS4

Permutation Cycle Corresponding Corresponding Number
Type Type Monomial of Elements inS4

(a)(b)(c)(d) (4, 0, 0, 0) t41 1
(a)(bcd) (1, 0, 1, 0) t1t3 8
(ab)(cd) (0, 2, 0, 0) t22 3
(a)(b)(cd) (2, 1, 0, 0) t21t2 6
(abcd) (0, 0, 0, 1) t4 6
Total 24 = |S4|

Lastly, from Table 1.1 and Equation 1.1.1,ZG,X = 1
24
{t41 + 8t1t3 + 3t22 + 6t21t2 + 6t4}.

Definition 1.1.37. Let A andB be polynomials in the indeterminatest1, t2, · · · . Then, by the

Plethysmof A andB, it means the replacing of everyti in A (i = 1, 2, · · · ) by the polynomial

obtained fromB by multiplying byi the subscript of each of its indeterminates. The resulting

polynomial is denoted byA[B].

Example 1.1.7.ConsiderZ(S2) = 1
2
{t21 + t2} andZ(S3) = 1

6
{t31 + 2t3 + 3t1t2}, the cycle

indices ofS2 andS3 respectively. ThenZ(S2[S3]) is obtained by replacingt1 in Z(S2) by
1
6
{t31 + 2t3 + 3t1t2} andt2 in Z(S2) by 1

6
{t32 + 2t6 + 3t2t4}. Thus

Z(S2[S3]) =
1

72
{t61 + 4t23 + 9t21t

2
2 + 4t31t3 + 12t1t2t3 + 6t41t2 + 6t32 + 12t6 + 18t2t4}.

1.2 Statement of the Problem

The current study seeks to answer the open question about transitivity, primitivity, ranks, sub-

degrees, pairing of suborbits, and properties of the suborbital graphs, associated with the ac-

tions ofAn onX [r] andX(r), respectively the ordered and unorderedr-element subsets of the
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setX = {1, 2, · · · , n}. In addition, it focuses on deriving an expression of the cycle index of

Sn, explicitly in terms of the cycle index ofAn and that ofC2.

1.3 Justification

The theory of combinatorics has applications in counting the number of distinct objects in the

presence of symmetry. Applications of this theory is present in the enumeration of graphs and

solving a lot of counting problems connected with chemical isomers. The two main theorems

used in this field are the Burnside’s Formula, which utilizesthe concept of orbits to count

mathematical objects with regard to symmetry, and the Polya’s Enumeration Theorem, which

uses the cycle index of a group.

Graph theory has applications in modelling types of relations and process dynamics in phys-

ical, biological, social and information systems. Many practical problems can be represented

by graphs. For instance, graph theory is important in chemistry and physics when studying

the nature of bonding in crystals. In computer science, graphs are used to represent networks

of communication, data organization, computation devices, the flow of computation, etc. One

practical example is the link structure of a website which could be represented as a directed

graph, where the vertices are the web pages available at the website and a directed edge from

vertexA to vertexB exists if and only if pageA contains a link to pageB. In addition,

homogeneous multiprocessor systems are usually modelled by undirected graphs.

1.4 Objectives

1.4.1 General Objective

To determine combinatorial properties, invariants, structures, and formulas, associated with

some actions of the alternating groupAn.

1.4.2 Specific Objectives

1. To determine transitivity and primitivity of the actionsof An onX [r] andX(r).

2. To compute the ranks and subdegrees of the actions ofAn onX [r] andX(r).

3. To examine pairing of the suborbits corresponding to the actions ofAn onX [r] andX(r).

4. To construct the suborbital graphs associated with the actions ofAn on X [r] andX(r)

and to analyse the theoretic properties of these graphs.

5. To derive an expression of the cycle index of the semidirect productSn = An ⋊ C2

explicitly in terms of the cycle indices ofAn andC2.
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1.5 Null Hypothesis

The actions ofAn onX [r] andX(r) are not transitive and the cycle index formula ofSn is not

explicitly expressible in terms of the cycle indices ofAn andC2.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

The concepts of combinatorial properties, invariants, structures and formulas associated with

a group action form the basis for the study of the group action. This chapter provides a review

of some past studies, with respect to these concepts, that are closely related to the current

study. In this regard, Section 2.2 examines studies concerned with the combinatorial proper-

ties, invariants, and structures, while Section 2.3 examines studies dealing with combinatorial

formulas, of different group actions.

2.2 Combinatorial Properties, Invariants and Structures

A study by Nagai (1961) used the action ofA7 on X(2), the set of unordered pairs from

X = {1, 2, · · · , 7}, to illustrate the existence of a primitive not doubly transitive group of

degree21 which contains a non-abelian regular subgroup of order21.

According to Higman (1970) the symmetric groupSn acts onX(2) with rank3 and subdegrees

1, 2(n − 2),
(

n−2
2

)

. The action is imprimitive ifn = 4 and primitive ifn ≥ 5. Higman also

showed that any rank3 group of odd order is primitive. Moreover, ifG ≤ Sn, n ≥ 4, acts with

rank3 onX(2), thenG is 4-transitive except forn = 9 and the case whereG ∼= PΓL2(8).

According to Cameron (1981) ifG is a primitive permutation group of degreen = 2p where

p is prime, thenG has rank at most3; and if n − 1 is not a square, thenG is 2-transitive.

Moreover, ifG is a permutation group of degree1
2
n(n − 1) in whichGx has orbit lengths1,

2(n− 2), and1
2
(n− 2)(n− 3), and ifn is not one of a known finite list of exceptional values

(which includesn = 9), thenG ≤ Sn (acting on unordered pairs). Cameron further proved

that all finite2-transitive groups are known and that none, exceptSn andAn, is 6-transitive.

Cameron (1999) established that ifG is a primitive permutation group onX of rankr andGx

has an orbit of sizek > 1, then

|X| ≤







2r − 1 if k = 2

1 + k((k−1)r−1−1)
k−2

if k > 2.

Further, Cameron showed that the equality holds only in the cases wherer = 2 so thatG is

2-transitive, ork = 2 so thatG is dihedral of prime degree, orr = 3 andk = 3 so thatG isS5

orA5 of degree5, or r = 3 andk = 7 so thatG is of order50.

Li et al. (2004) studied finite primitive permutation groups with a small suborbit. They first

produced a precise list of primitive permutation groups with a suborbit of length4. In partic-

ular, they showed that there exist no examples of such groupswith a point stabilizer of order

12



2436, answering a question that has been open since1970s. They then analyzed the suborbital

graphs of primitive permutation groups with a suborbit of length3 or length4.

Hamma & Aliyu (2010) proved that a dihedral group of degree2r (r ≥ 2) acts both transitively

and imprimitively.

Hamma & Audu (2010) showed that ifG1 is a dihedral group of prime degreep ≥ 3 andG2 is

a Sylowp−subgroup ofG1, then bothG1 andG2 are transitive and primitive. They however

showed that if the degree ofG1 is p2 for a primep, then bothG1 andG2 act imprimitively.

Rimberia (2011); Rimberiaet al. (2012, 2013) investigated the action ofSn onX [r], the set

of orderedr-element subsets ofX = {1, 2, · · · , n}. It was proved that the action is both

transitive and imprimitive. The rank of the action was foundto be equal to(r!)2
r
∑

i=0

1
(i!)2(r−i)!

for all n ≥ 2r, and the corresponding subdegrees were also calculated. Further, it was shown

that suborbital graphs of the action, corresponding to self-paired suborbits, have girth zero if

n ≥ 2r, while those corresponding to paired suborbits have girth three forn ≥ 3r.

The action ofSn onX(r), the set of unorderedr-element subsets ofX = {1, 2, · · · , n}, was

studied by (Nyaga, 2012; Nyagaet al., 2012; Nyaga & Kamuti, 2013). It was proved that

the action is transitive. In addition, ifn ≥ 2r, the rank of the action was found to ber + 1

in which case the length of a suborbit△r−i (i = 0, 1, 2, · · · , r) whose each element contains

exactlyi elements from the set{1, 2, · · · , r} is
(

r
i

)(

n−r
r−i

)

. Moreover, it was observed that the

suborbits of the action are self-paired and that the suborbital graphs of the action have girth

three ifn ≥ 3r.

Kamuti et al. (2012) investigated some properties ofΓ∞ (the stabilizer of∞ in the modular

groupΓ) acting on the setZ of integers. They showed that the action is simply transitive and

imprimitive. Additionally, they gave conditions for the orbits of the action to be paired and for

the graphs associated with the action to be connected, as well as a formula for the number of

connected components in a disconected graph.

Mwai (2015) investigated the transitivity, primitivity, ranks, subdegrees, and properties of

suborbital graphs associated with the actions of the cyclicgroupCn and the dihedral group

Dn on the vertices of a regularn-gon thus extending the work of (Hamma & Aliyu, 2010;

Hamma & Audu, 2010) to the general degreen for bothCn andDn.

2.3 Combinatorial Formulas

The cycle index polynomial ofSn is Z(Sn) = 1
n!

n
∑

i=1

n!
n∏

i=1
iαiαi!

n
∏

i=1

tαi

i . This can be found in

(Harary, 1955; Harary, 1958; Palmer, 1973; Krishnamurthy,1985; Bjorge, 2009; Badar &

Iqbal, 2010).

Harary (1955) derived the cycle index polynomials for the pair groupS
(2)
n and the reduced

ordered pair groupS [2]
n , the groups induced when the symmetric groupSn acts respectively

13



on unordered and ordered pairs from the setX = {1, 2, · · · , n}. These polynomials are used

extensively in enumerating various types of graphs and digraphs as seen in (Harary, 1955;

Harary, 1958; Harary, 1970; Harary & Palmer, 1966).

The formula forZ(SS2
n ) was calculated by (Harary, 1958) and according to (Palmer & Robin-

son, 1973)Z(SSn

2 ) was calculated by Slepian. Harison & High (1968) constructed an algo-

rithm for findingZ(GSn) for a general permutation groupG and used their results to enumer-

ate Post functions.

The problem of the cycle index of a general power group was solved by (Harary & Palmer,

1966). In addition, Palmer & Robinson (1973) verified an explicit general formula forZ(GG1
2 )

in terms ofZ(G1) andZ(G2) for any permutation groupsG1 andG2. The result was obtained

by substituting certain operators for the variables ofZ(G1) and then letting them act onZ(G2).

Several applications were then sketched, including the enumeration of Boolean functions,

bicolored graphs, and Post functions.

Harary (1970); Krishnamurthy (1985) showed that the cycle index of the sumG1 +G2 of two

groupsG1 andG2 is the product ofZ(G1) by Z(G2); in other words

Z(G1 +G2) = Z(G1)Z(G2). They also showed that the cycle index of the Cartesian product

G1 ×G2 is

Z(G1 ×G2) =
1

|G1||G2|

∑

g1∈G1
g2∈G2

n1,n2
∏

r,s=1

t
(r,s)j

(g1)
r j

(g2)
s

[r,s] ,

wherej(g1)r and j
(g2)
s are respectively the number of cycles of lengthr and s in g1 and g2

respectively, while[r, s] and (r, s) are, respectively, the l.c.m and g.c.d ofr and s, where

1 ≤ r ≤ n1, 1 ≤ s ≤ n2.

Palmer & Robinson (1973); Krishnamurthy (1985) studied thecycle index of a wreath prod-

uct. They showed that ifZ(G1) = ZG1,X(t1, · · · , tn1) andZ(G2) = ZG2,Y (s1, · · · , sn2), then

Z(G1[G2]) = Z(G1)[Z(G2)], the Plethysm of the cycle indices ofG1 andG2; in other words,

Z(G1[G2]) is obtained by replacing each variableti of Z(G1) by the polynomialZi(G2) gen-

erated fromZ(G2) by multiplying each subscript byi. This expression was originally done

by Polya and it plays a key role in the enumeration ofk-colored graphs and non-separable

graphs.

The extension of the cycle index ofS(2)
n to that ofS(3)

n was done by (Palmer, 1973). Palmer

used the results to calculate the number of2-plexes forn ≤ 9 and went further to derive the

cycle index ofS(r)
n .

Grove (1983); Krishnamurthy (1985); Bjorge (2009); Badar &Iqbal (2010) showed that the

cycle index of the cyclic groupCn is given asZ(Cn) =
1
n

∑

i|n

φ(i)t
n/i
i , whereφ is the Euler’s phi

function given byφ(n) = |{d : 1 ≤ d ≤ n, gcd(d, n) = 1}|. They also expressed the cycle
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index polynomial of the dihedral groupDn in terms ofZ(Cn) as

Z(Dn) =
1

2
Z(Cn) +











1
2
t1t

(n−1)
2

2 if n is odd

1
4

(

t
n/2
2 + t21t

(n−2)
2

2

)

if n is even.

Krishnamurthy (1985); Bjorge (2009) expressed the cycle index ofAn in terms ofZ(Sn) as

Z(An) = Z(Sn) + Z(Sn)(t1,−t2, t3,−t4, · · · ).

Kamuti & Obon’go (2002) extended the cycle index ofS
[2]
n to that ofS [3]

n . They also used

similar techniques to derive the cycle index ofS
(3)
n which according to (Palmer, 1973) had

earlier been found by Oberschelp.

Kamuti & Njuguna (2004) derived in detail the cycle index formula ofS [4]
n and gave an outline

of how that ofS [r]
n can be obtained in general, thereby extending some results of (Harary, 1955;

Kamuti & Obon’go, 2002).

Kamuti (2004) expressed the cycle index formula of a semidirect productG = M ⋊H explic-

itly in terms of the cycle indices ofM andH. The study solved the problem by considering

the cycle indices of some important semidirect products, namely the Frobenius groups. The

method of solution exploited the well-known structure of Frobenius groups.

Kamuti (2012) extended a previous study by (Kamuti, 2004) byconsidering the internal direct

productG = M × H with the aim of expressing the cycle index ofG in terms of the cycle

indices ofM andH if G acts on the cosets ofH in G.

The studies outlined in Section 2.2 above show that very little has been done on transitivity,

primitivity, ranks, subdegrees, pairing of suborbits, as well as properties of the suborbital

graphs associated with the actions ofAn on X [r] andX(r). Additionally, from Section 2.3,

it is clear that the expression of the cycle index of the semidirect productSn = An ⋊ C2,

explicitly in terms of the cycle indices ofAn andC2, remains undetermined.
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CHAPTER THREE

PROPERTIES AND INVARIANTS OF THE ACTION OF An ON

ORDERED SUBSETS

3.1 Introduction

The combinatorial properties and invariants of a group action are fundamental concepts as far

as the study of the group action is concerned. This chapter isreserved for the exploration of

these concept with respect to the action ofAn onX [r], the set of the orderedr-element subsets

of X = {1, 2, · · · , n}. Transitivity and primitivity of the action are determined, respectively,

in Sections 3.2 and 3.3. On the other hand, calculation of therank and subdegrees of the action

is done in Section 3.4, while pairing of the suborbits corresponding to the action is explored

in Section 3.5.

Throughout this, and the next three chapters, for convenience, byG it shall mean the alternat-

ing groupAn.

Now, the action ofG onX = {1, 2, · · · , n} induces an action ofG onX [r]. The induced action

is defined byg[x1, x2, · · · , xr] = [g(x1), g(x2), · · · , g(xr)] ∀g ∈ G, [x1, x2, · · · , xr] ∈ X [r].

In this case,|X [r]| = nPr =
n!

(n−r)!
.

3.2 Transitivity of An onX
[2], X[3] and X

[r]

3.2.1 Transitivity of An onX
[2]

3.2.1.1 Transitivity of A3 onX
[2]

In this caseG = {1, (123), (132)} andX [2] = {[1, 2], [2, 1], [1, 3], [3, 1], [2, 3], [3, 2]}. The

identity in G fixes every element ofX [2]; the other two permutations move each element of

X [2]. So, by Theorem 1.1.1, the number of orbits corresponding tothe action is

1

|G|

∑

g∈G

|fix(g)| =
1

3
[6 + 0 + 0] = 2.

These areOrbG[1, 2] = {[1, 2], [2, 3], [3, 1]} andOrbG[2, 1] = {[2, 1], [3, 2], [1, 3]}. Hence, by

Definition 1.1.4, the action ofA3 onX [2] is intransitive.

3.2.1.2 Transitivity of A4 onX
[2]

In this case,

G = {1, (123), (132), (124), (142), (134), (143), (234),

(243), (12)(34), (13)(24), (14)(23)}
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and

X [2] = {[1, 2], [2, 1], [1, 3], [3, 1], [1, 4], [4, 1], [2, 3],

[3, 2], [2, 4], [4, 2], [3, 4], [4, 3]}.

Just like in Subsubsection 3.2.1.1, only the identity element inG fixes an element ofX [2]. So,

by Theorem 1.1.1, the number of orbits of the action is

1

|G|

∑

g∈G

|fix(g)| =
1

12
[12 + 0 + · · ·+ 0] = 1.

Therefore, by Definition 1.1.4, the action is transitive.

3.2.1.3 Transitivity of An onX
[2] for n ≥ 4

Proposition 3.2.1.The action ofG onX [2] is transitive if and only ifn ≥ 4.

Proof. Supposen ≥ 4. Let H = StabG[x, y] where[x, y] ∈ X [2]. An elementg ∈ H fixes

[x, y] so thatg(x) = x andg(y) = y. This happens only if each ofx andy belongs to a1-cycle

of g so thatH is isomorphic toAn−2. Hence|H| = (n−2)!
2

, which makes sense sincen ≥ 4 by

hypothesis. Now, by Theorem 1.1.2,

|OrbG[x, y]| = |G : H|

=
|G|

|H|

=
n!/2

(n−2)!/2

=
n!

(n− 2)!

= |X [2]|.

So, the action has a unique orbit and is therefore transitive. On the other hand, supposen < 4.

Then(n − 2)! < 2 so that|G| = n!
2

< n!
(n−2)!

= |X [2]|. Consequently, by Theorem 1.1.2,

|OrbG[x, y]| =
|G|
|H|

≤ |G| < |X [2]|, and the action is thus intransitive.

3.2.2 Transitivity of An onX
[3]

3.2.2.1 Transitivity of A4 onX
[3]

In this case,|X [3]| = 4P3 = 24. By Theorem 1.1.1, the number of orbits of the action is

1

|G|

∑

g∈G

|fix(g)| =
1

12
[24 + 0 + · · ·+ 0] = 2.
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The two orbits of the action are

OrbG[1, 2, 3] = {[1, 2, 3], [1, 3, 4], [1, 4, 2], [2, 1, 4], [2, 3, 1], [2, 4, 3], [3, 1, 2],

[3, 2, 4], [3, 4, 1], [4, 1, 3], [4, 2, 1], [4, 3, 2]}

and

OrbG[1, 3, 2] = {[1, 2, 4], [1, 3, 2], [1, 4, 3], [2, 1, 3], [2, 3, 4], [2, 4, 1], [3, 1, 4],

[3, 2, 1], [3, 4, 2], [4, 1, 2], [4, 2, 3], [4, 3, 1]}.

Hence, the action is intransitive.

3.2.2.2 Transitivity of An onX
[3] for n ≥ 5

Proposition 3.2.2.The action ofG onX [3] is transitive if and only ifn ≥ 5.

Proof. Supposen ≥ 5. Let H = StabG[x, y, z] for [x, y, z] ∈ X [3]. If g ∈ H, then it fixes

[x, y, z], which follows thatg(x) = x, g(y) = y andg(z) = z. This is the case only if each of

the elementsx, y andz belongs to a1-cycle ofg. Hence,H ∼= An−3 and|H| = (n−3)!
2

, which

is practical since, by assumption,n ≥ 5. By Theorem 1.1.2,

|OrbG[x, y, z]| = |G : H|

=
|G|

|H|

=
n!/2

(n−3)!/2

=
n!

(n− 3)!

= |X [3]|.

So, the action is transitive. Now, ifn < 5, then(n−3)! < 2 so that|G| = n!
2
< n!

(n−3)!
= |X [3]|.

Accordingly, |OrbG[x, y, z]| = |G|
|H|

≤ |G| < |X [3]|, by Theorem 1.1.2, and the action is

therefore intransitive.

3.2.3 Transitivity of An on X
[r]

Lemma 3.2.1. LetG act onX [r] with n ≥ r + 2. If [x1, x2, · · · , xr] ∈ X [r], then

|StabG[x1, x2, · · · , xr]| =
(n− r)!

2
.
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Besides,StabG[x1, x2, · · · , xr] is trivial if n = r + 2, so thatG acts freely onX [r], and is

non-trivial otherwise.

Proof. Let G act onX [r] and let[x1, x2, · · · , xr] ∈ X [r]. Theng ∈ G fixes [x1, x2, · · · , xr]

only if each element of{x1, x2, · · · , xr} is in a1-cycle ofg. Hence,StabG[x1, x2, · · · , xr] is

the group of all even permutations of the set{xr+1, xr+2, · · · , xn}. But, this group is isomor-

phic toAn−r. Therefore,

|StabG[x1, x2, · · · , xr]| =
(n− r)!

2
.

Now, if n = r + 2, then on rewritingn− r = 2, so that

|StabG[x1, x2, · · · , xr]| =
2!

2
= 1.

Hence the action ofG onX [r] is free. On the other hand, ifn > r + 2, thenn − r > 2, on

rewriting, so that

|StabG[x1, x2, · · · , xr]| =
(n− r)!

2
>

2!

2
= 1

andStabG[x1, x2, · · · , xr] is thus non-trivial.

Theorem 3.2.1.The action ofG onX [r] is transitive if and only ifn ≥ r + 2.

Proof. Supposen ≥ r + 2. From Theorem 1.1.2, and Lemma 3.2.1,

|OrbG[x1, x2, · · · , xr]| = |G : StabG[x1, x2, · · · , xr]|

=
|G|

|StabG[x1, x2, · · · , xr]|

=
n!/2

(n−r)!/2

=
n!

(n− r)!

= |X [r]|,

and then action is transitive. Now, supposen < r + 2. It follows that (n − r)! < 2 and

|G| = n!
2
< n!

(n−r)!
= |X [r]|. By Theorem 1.1.2,|OrbG[x1, x2, · · · , xr]| =

|G|
|H|

≤ |G| < |X [r]|,

and the action is intransitive.

Example 3.2.1.Consider the action ofG = A15 onX [5]. Then,|X [5]| = 15P5 = 15!
10!

and by

Lemma 3.2.1,|H| = 10!
2

. Now, by Theorem 1.1.2,

|OrbG[x1, x2, x3, x4, x5]| =
|G|

|H|
=

15!/2
10!/2

=
15!

10!
= |X [5]|.

Therefore, by Definition 1.1.4, the action is transitive.
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3.3 Primitivity of An onX
[2], X[3], X[4] andX

[r]

3.3.1 Primitivity of An on X
[2]

Proposition 3.3.1.The action ofG onX [2] is imprimitive if and only ifn ≥ 4.

Proof. This action is transitive if and only ifn ≥ 4, by Theorem 3.2.1. Consider the non-trivial

subsetY = {[1, 2], [1, 3], [1, 4], · · · , [1, n]} of X [2] where
n
∩
i=2

{1, i} = {1}. Then|Y | = n− 1

which divides
∣

∣X [2]
∣

∣ = n(n− 1). Now, if g ∈ G such that1 belongs to a1-cycle ofg, theng

either fixes an element ofY or takes one element ofY to another so thatgY = Y . Any other

g ∈ G moves an element ofY to an element not inY so thatgY ∩ Y = ∅. This argument

shows thatY is a block for the action and the conclusion follows, from Definition 1.1.8.

3.3.2 Primitivity of An on X
[3]

Proposition 3.3.2.The action ofG onX [3] is imprimitive if and only ifn ≥ 5.

Proof. The action is transitive if and only ifn ≥ 5, by Theorem 3.2.1. Consider the set

Y = {[1, 2, 3], [1, 2, 4], [1, 2, 5], · · · , [1, 2, n]} such that
n
∩
i=3

{1, 2, i} = {1, 2}. In this case

|Y | = n− 2 is a factor of
∣

∣X [3]
∣

∣ = n(n − 1)(n − 2). Now, if g ∈ G such that each of1 and

2 belongs to a1-cycle ofg, theng either fixes an element ofY or takes one element ofY to

another so thatgY = Y . On the other hand, if either of1 or 2 is in ak-cycle, wherek > 1, of

g ∈ G, theng moves an element ofY to an element not inY so thatgY ∩Y = ∅. Hence,Y is

a non-trivial block for the action. Therefore, the action isimprimitive, by Definition 1.1.8.

3.3.3 Primitivity of An on X
[4]

Proposition 3.3.3.The action ofG onX [4] is imprimitive if and only ifn ≥ 6.

Proof. This action is transitive if and only ifn ≥ 6, by Theorem 3.2.1. Now, consider the

setY = {[1, 2, 3, 4], [1, 2, 3, 5], [1, 2, 3, 6], · · · , [1, 2, 3, n]} with
n
∩
i=4

{1, 2, 3, i} = {1, 2, 3}.

Clearly,|Y | = n− 3 divides
∣

∣X [4]
∣

∣ = n(n− 1)(n− 2)(n− 3). Now, if g ∈ G such that each

of 1, 2, and3 belongs to a1-cycle ofg, theng either fixes an element ofY or takes one element

of Y to another so thatgY = Y . Any otherg ∈ G moves an element ofY to an element not

in Y so thatgY ∩ Y = ∅. Hence,Y is a non-trivial block for the action and the conclusion is

direct, from Definition 1.1.8.

3.3.4 Primitivity of An on X
[r]

Theorem 3.3.1.The action ofG onX [r] is imprimitive if and only ifn ≥ r + 2.
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Proof. The action is transitive if and only ifn ≥ r+2, by Theorem 3.2.1. Consider the subset

Y = {[1, 2, · · · , r − 1, r], [1, 2, · · · , r − 1, r + 1], [1, 2, · · · , r − 1, r + 2],

[1, 2, · · · , r − 1, r + 3], · · · , [1, 2, · · · , r − 1, n− 1], [1, 2, · · · , r − 1, n]}

of X [r] such that
n
∩
i=r

{1, 2, · · · , r − 1, i} = {1, 2, · · · , r − 1}. Then|Y | = n− r + 1 which

divides
∣

∣X [r]
∣

∣ = n(n− 1)(n− 2) · · · (n− r+1). Now, if g ∈ G where each of1, 2, · · · , r− 1

belongs to a1-cycle of g, theng either fixes an element ofY or takes one element ofY to

another so thatgY = Y . However, if any of1, 2, · · · , r−1 belongs to ak-cycle, wherek > 1,

of g ∈ G, theng moves an element ofY to an element not inY so thatgY ∩ Y = ∅. The

argument shows thatY is a non-trivial block for the action. Hence the action is imprimitive,

by Definition 1.1.8.

Example 3.3.1.Let G = A4 act onX [2]. The groupG and the setX [2] in this case are as

given in Subsubsection 3.2.1.2. Consider the subsetY = {[1, 2], [1, 3], [1, 4]} of X [2]. Then, it

can be shown thatgY = Y if g = 1, g = (234) or g = (243), andgY ∩ Y = ∅ for any other

g ∈ G. So,Y is a non-trivial block for the action. Therefore, by Definition 1.1.8, the action is

imprimitive.

3.4 Ranks and Subdegrees ofAn on X
[2], X[3], X[4] andX

[r]

3.4.1 Rank and Subdegrees ofAn on X
[2]

From Theorem 3.2.1, this action is transitive if and only ifn ≥ 4. Throughout this subsection,

byN it shall mean the set{1, 2}.

3.4.1.1 Rank and Subdegrees ofA4 onX
[2]

LetG act onX [2]. Then,|X [2]| = 4P2 = 12. From Lemma 3.2.1,G[1,2] = {1}. Now,G[1,2] has

orbits (G−suborbits) each of whose element has exactly2, 1 or no element fromN . These are

a) Suborbits whose respective elements contain both1 and2:

△0 = OrbG[1,2]
[1, 2] = {[1, 2]}

△1 = OrbG[1,2]
[2, 1] = {[2, 1]}

b) Suborbits whose respective elements contain exactly oneelement fromN :

△2 = OrbG[1,2]
[1, 3] = {[1, 3]}

△3 = OrbG[1,2]
[3, 1] = {[3, 1]}

△4 = OrbG[1,2]
[1, 4] = {[1, 4]}

△5 = OrbG[1,2]
[4, 1] = {[4, 1]}

△6 = OrbG[1,2]
[2, 3] = {[2, 3]}

△7 = OrbG[1,2]
[3, 2] = {[3, 2]}
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△8 = OrbG[1,2]
[2, 4] = {[2, 4]}

△9 = OrbG[1,2]
[4, 2] = {[4, 2]}

c) Suborbits whose respective elements contain neither1 nor2:

△10 = OrbG[1,2]
[3, 4] = {[3, 4]}

△11 = OrbG[1,2]
[4, 3] = {[4, 3]}

So, the action has12 suborbits each of length1. These are summarized in Table 3.1 below.

Table 3.1: Rank and Subdegrees ofA4 onX [2]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [2]

2 2C2 × 2P2 = 2 1 2
1 (2C1 × 2P1)× 2 = 8 1 8
0 (2C0 × 2P0)× 2 = 2 1 2

Total 12 12 = |X [2]|

Thus, the rank ofA4 onX [2] is 12.

3.4.1.2 Rank and Subdegrees ofA5 onX
[2]

In this case|X [2]| = 5P2 = 20. From Lemma 3.2.1,G[1,2]
∼= A3. Just like in the case in

Subsubsection 3.4.1.1 above,G[1,2] has orbits each of whose every element has exactly2, 1 or

no element fromN . These are summarized in Table 3.2 below.

Table 3.2: Rank and Subdegrees ofA5 onX [2]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [2]

2 2C2 × 2P2 = 2 1 2
1 2C1 × 2P1 = 4 3 12
0 (2C0 × 2P0)× 2 = 2 3 6

Total 8 20 = |X [2]|

So, the rank ofA5 onX [2] is 8.

3.4.1.3 Rank and Subdegrees ofA6 onX
[2]

In this case|X [2]| = 6P2 = 30. From Lemma 3.2.1,G[1,2]
∼= A4. Now,G[1,2] has orbits each

of whose every element has exactly2, 1 or no element fromN . These suborbits ofG are

summarized in Table 3.3 below.
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Table 3.3: Rank and Subdegrees ofA6 onX [2]

Numberx of Number of Suborbits Coresponding Coresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [2]

2 2C2 × 2P2 = 2 1 2
1 2C1 × 2P1 = 4 4 16
0 2C0 × 2P0 = 1 12 12

Total 7 30 = |X [2]|

So, the rank ofA6 onX [2] is 7.

3.4.1.4 Rank and Subdegrees ofAn onX
[2] for n ≥ 6

Proposition 3.4.1.The rank ofG onX [2] is 7 if n ≥ 6.

Proof. Let G act onX [2]. ThenG[1,2] has orbits each of whose every element has exactly2,

1 or no element fromN . There is only2C2 = 1 way of selecting two elements fromN and

the two can be arranged in the two positions in2P2 = 2 ways. So, there are2C2 × 2P2 = 2

suborbits each of whose element contains both elements fromN . Also, there are2C1 = 2

ways of selecting an element fromN , which can occupy any of the two positions in2P1 = 2

ways. Hence, there are2C1 × 2P1 = 4 suborbits each of whose every element has exactly one

element fromN . Similarly, there is only2C0× 2P0 = 1 suborbit whose each element contains

no element fromN . So,G has7 suborbits in total.

The seven suborbits discussed in Theorem 3.4.1 are

a) Suborbits whose respective elements contain both1 and2:

△0 = OrbG[1,2]
[1, 2] = {[1, 2]}

△1 = OrbG[1,2]
[2, 1] = {[2, 1]}

b) Suborbits each of whose every element contains exactly one element fromN :

△2 = OrbG[1,2]
[1, 3] = {[1, 3], [1, 4], [1, 5], · · · , [1, n]}

△3 = OrbG[1,2]
[3, 1] = {[3, 1], [4, 1], [5, 1], · · · , [n, 1]}

△4 = OrbG[1,2]
[2, 3] = {[2, 3], [2, 4], [2, 5], · · · , [2, n]}

△5 = OrbG[1,2]
[3, 2] = {[3, 2], [4, 2], [5, 2], · · · , [n, 2]}

c) Suborbit whose each element contains neither1 nor2:

△6 = OrbG[1,2]
[3, 4] = {[3, 4], [3, 5], · · · , [3, n], [4, 3], · · · , [4, n], · · · , [n, n− 1]}

The subdegrees and corresponding number of suborbits ofAn onX [2] for n ≥ 6 are summa-

rized in Table 3.4 below.
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Table 3.4: Rank and Subdegrees ofAn onX [2] for n ≥ 6
Number Corresponding Corresponding

of Elements Number of
fromN Subdegrees Suborbits

2 1 2C2 × 2P2 = 2
1 (n− 2) 2C1 × 2P1 = 4
0 (n− 2)(n− 3) 2C0 × 2P0 = 1

Total 7

3.4.2 Rank and Subdegrees ofAn on X
[3]

From Theorem 3.2.1, this action is transitive if and only ifn ≥ 5. Throughout this subsection,

byN it shall mean the set{1, 2, 3}.

3.4.2.1 Rank and Subdegrees ofA5 onX
[3]

Let G act onX [3]. In this case|X [3]| = 5P3 = 60. From Lemma 3.2.1,G[1,2,3] = {1} and has

orbits each of whose element has exactly3, 2, or 1 element fromN . Each of these suborbits

of G has length1 and they are60 in total. The suborbits are summarized in Table 3.5 below.

Table 3.5: Rank and Subdegrees ofA5 onX [3]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [3]

3 3C3 × 3P3 = 6 1 6
2 (3C2 × 3P2)× 2 = 36 1 36
1 (3C1 × 3P1)× 2 = 18 1 18

Total 60 60 = |X [3]|

So, the rank ofA5 onX [3] is 60.

3.4.2.2 Rank and Subdegrees ofA6 onX
[3]

If G acts onX [3], then|X [3]| = 6P3 = 120. From Lemma 3.2.1,G[1,2,3]
∼= A3 andG[1,2,3]

has orbits each of whose every element contains exactly3, 2, 1 or no element fromN . These

suborbits ofG are summarized in Table 3.6 below.
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Table 3.6: Rank and Subdegrees ofA6 onX [3]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
fromN x Elements fromN Subdegrees ElementsX [3]

3 3C3 × 3P3 = 6 1 6
2 3C2 × 3P2 = 18 3 54
1 (3C1 × 3P1)× 2 = 18 3 54
0 (3C0 × 3P0)× 2 = 2 3 6

Total 44 120 = |X [3]|

So, the rank ofA6 onX [3] is 44.

3.4.2.3 Rank and Subdegrees ofA7 onX
[3]

In this case|X [3]| = 7P3 = 210. From Lemma 3.2.1,G[1,2,3]
∼= A4 andG[1,2,3] has orbits each

of whose every element has exactly3, 2, 1 or no element fromN . These suborbits ofG are

summarized in Table 3.7 below.

Table 3.7: Rank and Subdegrees ofA7 onX [3]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [3]

3 3C3 × 3P3 = 6 1 6
2 3C2 × 3P2 = 18 4 72
1 3C1 × 3P1 = 9 12 108
0 (3C0 × 3P0)× 2 = 2 12 24

Total 35 210 = |X [3]|

So, the rank ofA7 onX [3] is 35.

3.4.2.4 Rank and Subdegrees ofA8 onX
[3]

Let G act onX [3]. Then,|X [3]| = 8P3 = 336. From Lemma 3.2.1,G[1,2,3]
∼= A5 andG[1,2,3]

has orbits each of whose every element has exactly3, 2, 1, or no element fromN . These

suborbits ofG are summarized in Table 3.8 below.
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Table 3.8: Rank and Subdegrees ofA8 onX [3]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [3]

3 3C3 × 3P3 = 6 1 6
2 3C2 × 3P2 = 18 5 90
1 3C1 × 3P1 = 9 20 180
0 3C0 × 3P0 = 1 60 60

Total 34 336 = |X [3]|

So, the rank ofA8 onX [3] is 34.

3.4.2.5 Rank and Subdegrees ofAn onX
[3] for n ≥ 8

Proposition 3.4.2.The rank ofG onX [3] is 34 for all n ≥ 8.

Proof. SupposeG acts onX [3]. ThenG[1,2,3] has orbits each of whose element has exactly3,

2, 1, or no element fromN . An argument similar to the one in the proof of Theorem 3.4.1

shows thatG has3C3 × 3P3 = 6 suborbits each of whose element has exactly3 elements

from N , 3C2 × 3P2 = 18 suborbits each of whose every element has exactly2 elements from

N , 3C1 × 3P1 = 9 suborbits each of whose every element has exactly1 element fromN and

3C0 × 3P0 = 1 suborbit whose every element has no element fromN . Therefore, the rank of

G onX [3] is 34.

The34 suborbits△0,△1,△2, · · · ,△33 discussed in Theorem 3.4.2 are listed in Appendix A.

The subdegrees and corresponding number of suborbits ofAn onX [3] for n ≥ 8 are summa-

rized in the Table 3.9 below.

Table 3.9: Rank and Subdegrees ofAn onX [3] for n ≥ 8
Number Corresponding Corresponding

of Elements Number of
from N Subdegrees Suborbits

3 1 3C3 × 3P3 = 6
2 (n− 3) 3C2 × 3P2 = 18
1 (n− 3)(n− 4) 3C1 × 3P1 = 9
0 (n− 3)(n− 4)(n− 5) 3C0 × 3P0 = 1

Total 34

3.4.3 Rank and Subdegrees ofAn on X
[4]

From Theorem 3.2.1, this action is transitive if and only ifn ≥ 6. Throughout this subsection,

byN it shall mean the set{1, 2, 3, 4}.
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3.4.3.1 Rank and Subdegrees ofA6 onX
[4]

Let G act onX [4]. Then|X [4]| = 6P4 = 360. From Lemma 3.2.1,G[1,2,3,4] = {1}, and has

orbits each of whose element has exactly4, 3, or 2 elements fromN . Each of these suborbits

of G has length1 and they are360 in number. These suborbits are summarized in Table 3.10

below.

Table 3.10: Rank and Subdegrees ofA6 onX [4]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [4]

4 4C4 × 4P4 = 24 1 24
3 (4C3 × 4P3)× 2 = 192 1 192
2 (4C2 × 4P2)× 2 = 144 1 144

Total 360 360 = |X [4]|

So, the rank ofA6 onX [4] is 360.

3.4.3.2 Rank and Subdegrees ofA7 onX
[4]

SupposeG acts onX [4]. Then,|X [4]| = 7P4 = 840. From Lemma 3.2.1,G[1,2,3,4]
∼= A3 and

G[1,2,3,4] has orbits each of whose every element has exactly4, 3, 2, or 1 element fromN .

These suborbits ofG are summarized in Table 3.11 below.

Table 3.11: Rank and Subdegrees ofA7 onX [4]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [4]

4 4C4 × 4P4 = 24 1 24
3 4C3 × 4P3 = 96 3 288
2 (4C2 × 4P2)× 2 = 144 3 432
1 (4C1 × 4P1)× 2 = 32 3 96

Total 296 840 = |X [4]|

So, the rank ofA7 onX [4] is 296.

3.4.3.3 Rank and Subdegrees ofA8 onX
[4]

In this case|X [4]| = 8P4 = 1680. From Lemma 3.2.1,G[1,2,3,4]
∼= A4. Moreover,G[1,2,3,4] has

orbits each of whose every element contains exactly4, 3, 2, 1, or no element fromN . These

suborbits ofG are summarized in Table 3.12 below.
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Table 3.12: Rank and Subdegrees ofA8 onX [4]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [4]

4 4C4 × 4P4 = 24 1 24
3 4C3 × 4P3 = 96 4 384
2 4C2 × 4P2 = 72 12 864
1 (4C1 × 4P1)× 2 = 32 12 384
0 (4C0 × 4P0)× 2 = 2 12 24

Total 226 1680 = |X [4]|

So, the rank ofA8 onX [4] is 226.

3.4.3.4 Rank and Subdegrees ofA9 onX
[4]

In this case|X [4]| = 9P4 = 3024. From Lemma 3.2.1,G[1,2,3,4]
∼= A5. Further,G[1,2,3,4]

has orbits each of whose every element has exactly4, 3, 2, 1, or no element fromN . These

suborbits ofG are summarized in Table 3.13 below.

Table 3.13: Rank and Subdegrees ofA9 onX [4]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
fromN x Elements fromN Subdegrees Elements inX [4]

4 4C4 × 4P4 = 24 1 24
3 4C3 × 4P3 = 96 5 480
2 4C2 × 4P2 = 72 20 1440
1 4C1 × 4P1 = 16 60 960
0 (4C0 × 4P0)× 2 = 2 60 120

Total 210 3024 = |X [4]|

So, the rank ofA9 onX [4] is 210.

3.4.3.5 Rank and Subdegrees ofA10 onX
[4]

Let G act onX [4]. Then,|X [4]| = 10P4 = 5040. From Lemma 3.2.1,G[1,2,3,4]
∼= A6 and

G[1,2,3,4] has orbits each of whose every element has exactly4, 3, 2, 1, or no element fromN .

These suborbits ofG are summarized in Table 3.14 below.
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Table 3.14: Rank and Subdegrees ofA10 onX [4]

Numberx of Number of Suborbits Corresponding Corresponding
Elements Containing Exactly Number of
from N x Elements fromN Subdegrees Elements inX [4]

4 4C4 × 4P4 = 24 1 24
3 4C3 × 4P3 = 96 6 576
2 4C2 × 4P2 = 72 30 2160
1 4C1 × 4P1 = 16 120 1920
0 4C0 × 4P0 = 1 360 360

Total 209 5040 = |X [4]|

So, the rank ofA10 onX [4] is 209.

3.4.3.6 Rank and Subdegrees ofAn onX
[4] for n ≥ 10

Proposition 3.4.3.The rank ofG onX [4] is 209 for all n ≥ 10.

Proof. It is analogous to the proofs of Propositions 3.4.1 and 3.4.2above.

The209 suborbits△0,△1, · · · ,△208 discussed in Theorem 3.4.3 are as listed in Appendix B.

The subdegrees and corresponding number of suborbits ofAn onX [4] for n ≥ 10 are summa-

rized in Table 3.15 below.

Table 3.15: Rank and Subdegrees ofAn onX [4] for n ≥ 10
Number Corresponding Corresponding

of Elements Number of
fromN Subdegrees Suborbits

4 1 4C4 × 4P4 = 24
3 (n− 4) 4C3 × 4P3 = 96
2 (n− 4)(n− 5) 4C2 × 4P2 = 72
1 (n− 4)(n− 5)(n− 6) 4C1 × 4P1 = 16
0 (n− 4)(n− 5)(n− 6)(n− 7) 4C0 × 4P0 = 1

Total 209

3.4.4 Rank and Subdegrees ofAn on X
[r]

Let G act onX [r] and letN = {1, 2, · · · , r}. From the findings in Subsections 3.4.1 through

3.4.3, above, it is quite clear that ifn ≥ 2(r+1),G has suborbits each of whose every element

has exactlyr − i (i = 0, 1, 2, · · · , r) elements fromN . The subdegrees and corresponding

number of suborbits of the action are obtained by generalizing the results in, respectively, the

second and third columns of Tables 3.4, 3.9 and 3.15 above. This is as shown in Table 3.16

below.
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Table 3.16: Rank and Subdegrees ofAn onX [r] for n ≥ 2(r + 1)
Number of Corresponding Corresponding
Elements Number of
fromN Subdegrees Suborbits

r 1 rCr ×r Pr

(r − 1) (n− r) rCr−1 ×r Pr−1

(r − 2) (n− r)(n− r − 1) rCr−2 ×r Pr−2

(r − 3) (n− r)(n− r − 1)(n− r − 2) rCr−3 ×r Pr−3

(r − 4) (n− r)(n− r − 1)(n− r − 2)(n− r − 3) rCr−4 ×r Pr−4
...

...
...

(r − i) (n− r)(n− r − 1) · · · (n− r − i+ 1) rCr−i ×r Pr−i
...

...
...

3 (n− r)(n− r − 1) · · · (n− 2r + 4) rC3 ×r P3

2 (n− r)(n− r − 1) · · · (n− 2r + 3) rC2 ×r P2

1 (n− r)(n− r − 1) · · · (n− 2r + 2) rC1 ×r P1

0 (n− r)(n− r − 1) · · · (n− 2r + 1) rC0 ×r P0

Total
r
∑

i=0

(rCr−i ×r Pr−i)

Lemma 3.4.1.LetG act onX [r] and letn ≥ 2(r+1). Suppose a suborbit△i of G has exactly

r − i (i = 0, 1, 2, · · · , r) elements fromN = {1, 2, · · · , r}. Then adding an extra element to

the setX increases|△i| by

i(n− r)(n− r − 1)(n− r − 2) · · · (n− r − i+ 3)(n− r − i+ 2)

units; however, this addition does not affect the rank ofG.

Proof. From the second column of Table 3.16,

|△i| = (n− r)(n− r − 1)(n− r − 2) · · · (n− r − i+ 2)(n− r − i+ 1).

If an extra element is added toX, the new value of|△i| is obtained by replacingn with n+1,

which equals(n− r+1)(n− r)(n− r− 1) · · · (n− r− i+3)(n− r− i+2). So, the number

of units by which the suborbit length changes is

(n− r + 1)(n− r)(n− r − 1) · · · (n− r − i+ 3)(n− r − i+ 2)

−(n− r)(n− r − 1) · · · (n− r − i+ 2)(n− r − i+ 1)

= [(n− r + 1)− (n− r − i+ 1)]

×(n− r)(n− r − 1) · · · (n− r − i+ 3)(n− r − i+ 2)

= i(n− r)(n− r − 1) · · · (n− r − i+ 3)(n− r − i+ 2).

Now, the number of suborbits△i, which is the corresponding entry in the third column of
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Table 3.16, is given purely in terms of the non-negative integersr andi. It is clear that these

integers are unaffected by increasing the number of elements ofX. This in turn implies that

increasing|X| does not change the number of suborbits△i. Accordingly, the rank ofG, which

is simply the sum of entries in the said column, is not affected by adding an extra element to

X.

Theorem 3.4.1.The rank ofG onX [r] is (r!)2
r
∑

i=0

1
(i!)2(r−i)!

for all n ≥ 2(r + 1).

Proof. If n = 2(r + 1), the sum of the entries in the third column of Table 3.16 givesthe

desired result; in other words, the rank ofG is

r
∑

i=0

(rCr−i × rPr−i) =

r
∑

i=0

(

r!

i!(r − i)!
×

r!

i!

)

= (r!)2
r
∑

i=0

1

(i!)2 (r − i)!
.

Thus, the given statement is true forn = 2(r + 1). Now, suppose the statement is true for

n = 2(r + 1) + k wherek ∈ Z+. Now, forn = 2(r + 1) + (k + 1), add an extra element to

the set{1, 2, · · · , 2r, 2r+ 1, 2(r+ 1), · · · , 2(r+ 1) + k}. By Lemma 3.4.1, the extra element

just changes the length of each suborbit△i (i = 0, 1, 2, · · · , r) whose every element contains

r − i elements from the set{1, 2, · · · , r}, by

i(n− r)(n− r − 1) · · · (n− r − i+ 3)(n− r − i+ 2)

units, but this increment has no effect on the number of the suborbits△i. As a result, if

n = 2(r+1)+ (k+1), the rank is the same as that whenn = 2(r+1)+ k. So, the statement

holds forn = 2(r + 1) + (k + 1) whenever it holds forn = 2(r + 1) + k. Therefore, by the

principle of mathematical induction, the statement is truefor all n ≥ 2(r + 1).

Example 3.4.1.The groupAn (n ≥ 10) acts onX [4] with rank

κ = (4!)2
[

1

(0!)24!
+

1

(1!)23!
+

1

(2!)22!
+

1

(3!)21!
+

1

(4!)20!

]

= 576

[

1

24
+

1

6
+

1

8
+

1

36
+

1

576

]

= 576×
209

576
= 209.
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Also,An (n ≥ 12) acts onX [5] with rank

µ = (5!)2
[

1

(0!)25!
+

1

(1!)24!
+

1

(2!)23!
+

1

(3!)22!
+

1

(4!)21!
+

1

(5!)20!

]

= 14400

[

1

120
+

1

24
+

1

24
+

1

72
+

1

576
+

1

14400

]

= 14400×
773

7200
= 1546.

In a similar manner, it can be shown that the rank ofAn (n ≥ 14) onX [6] is 13327 while that

of An (n ≥ 16) onX [7] is 130922. In fact, the Python computer programme in Appendix C

can be used to compute the rank ofAn onX [r] for all n ≥ 2(r + 1) wheneverr ≤ 166.

3.5 Pairing of Suborbits ofAn onX
[r]

Theorem 3.5.1.Let △ be an orbit ofG[1,2,··· ,r] onX [r]. Suppose the orderedr−element sub-

sets[x1, x2, · · · , xr] and[y1, y2, · · · , yr] are in△. Then△ is self-paired if and only if∃ some

permutationsgi =

(

1 2 · · · r · · · k

y1 y2 · · · yr · · · yk

)

andgj =

(

1 2 · · · r · · · k

x1 x2 · · · xr · · · xk

)

inG, with r ≤ k ≤ n, that are inverses of each other. In case[x1, x2, · · · , xr] = [y1, y2, · · · , yr],

thengi = gj = g such thatg =

(

1 2 · · · r · · · k

x1 x2 · · · xr · · · xk

)

is self-inverse.

Proof. Suppose△ is self-paired. Then, by Definition 1.1.7 there existgi, gj ∈ G such that

gi[x1, x2, · · · , xr] = [1, 2, · · · , r]; gi[1, 2, · · · , r] = [y1, y2, · · · , yr]

and

gj[y1, y2, · · · , yr] = [1, 2, · · · , r]; gj[1, 2, . . . , r] = [x1, x2, · · · , xr].

By the definition of the action,

gi(x1) = 1, gi(x2) = 2, · · · , gi(xr) = r; gi(1) = y1, gi(2) = y2, · · · , gi(r) = yr

and

gj(y1) = 1, gj(y2) = 2, · · · , gj(yr) = r; gj(1) = x1, gj(2) = x2, · · · , gj(r) = xr.

This argument implies that

(gigj)(1) = 1, (gigj)(2) = 2, · · · , (gigj)(r) = r
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and

(gjgi)(1) = 1, (gjgi)(2) = 2, · · · , (gjgi)(r) = r,

so that the permutationsgi andgj are inverses of each other.

Conversely, suppose there exist even permutationsgi =

(

1 2 · · · r · · · k

y1 y2 · · · yr · · · yk

)

and

gj =

(

1 2 · · · r · · · k

x1 x2 · · · xr · · · xk

)

that are inverses of each other. Then

gi[x1, x2, · · · , xr] = [1, 2, · · · , r] andgi[1, 2, · · · , r] = [y1, y2, · · · , yr]. On the other hand,

gj[y1, y2, · · · , yr] = [1, 2, · · · , r] and gj[1, 2, · · · , r] = [x1, x2, · · · , xr]. Hence,△ is self-

paired, by Definition 1.1.7. Now, suppose[x1, x2, · · · , xr] = [y1, y2, · · · , yr]. Then, clearly,

gi = gj = g and it is trivially self-inverse.

Theorem 3.5.2.SupposeG acts onX [r] and suppose△i and△j are orbits ofG[1,2,··· ,r].

Let [x1, x2, · · · , xr] ∈ △i wherexk ∈ {1, 2, · · · , n} ∀k = 1, 2, · · · , r. Then△i is paired

with △j if and only if there is an element[y1, y2, · · · , yr] ∈ △j with yt ∈ {1, 2, · · · , n}

∀t = 1, 2, · · · , r, and some even permutationsgi =

(

1 2 · · · r · · · k

y1 y2 · · · yr · · · yk

)

and

gj =

(

1 2 · · · r · · · k

x1 x2 · · · xr · · · xk

)

, r ≤ k ≤ n, that are inverses of each other.

Proof. Suppose△i is paired with△j and[x1, x2, · · · , xr] ∈ △i. Then , by Definition 1.1.7,

there exists[y1, y2, · · · , yr] ∈ △j andgi, gj ∈ G such that

gi[x1, x2, · · · , xr] = [1, 2, · · · , r]; gi[1, 2, · · · , r] = [y1, y2, · · · , yr]

and

gj[y1, y2, · · · , yr] = [1, 2, · · · , r]; gj[1, 2, · · · , r] = [x1, x2, · · · , xr].

By the definition of the action,

gi(x1) = 1, gi(x2) = 2, · · · , gi(xr) = r; gi(1) = y1, gi(2) = y2, · · · , gi(r) = yr

and

gj(y1) = 1, gj(y2) = 2, · · · , gj(yr) = r; gj(1) = x1, gj(2) = x2, · · · , gj(r) = xr.

This implies that

(gigj)(1) = 1, (gigj)(2) = 2, · · · , (gigj)(r) = r

and

(gjgi)(1) = 1, (gjgi)(2) = 2, · · · , (gjgi)(r) = r,
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so that the permutationsgi andgj are inverses of each other.

Conversely, suppose there exist even permutationsgi =

(

1 2 · · · r · · · k

y1 y2 · · · yr · · · yk

)

and

gj =

(

1 2 · · · r · · · k

x1 x2 · · · xr · · · xk

)

that are inverses of each other. Then

gi[x1, x2, · · · , xr] = [1, 2, · · · , r] andgi[1, 2, · · · , r] = [y1, y2, · · · , yr]. On the other hand,

gj[y1, y2, · · · , yr] = [1, 2, · · · , r] andgj [1, 2, · · · , r] = [x1, x2, · · · , xr]. Hence,△i and△j are

paired, by Definition 1.1.7.

Example 3.5.1.Consider the action ofG onX [2] for n ≥ 6 (see Subsection 3.4.1). Since|G| is

even, then by Theorem 1.1.4,G[1,2] has at least one non-trivial orbit which is self-paired. Now,

consider[2, 1] ∈ △1 and the self-inverse even permutationg = (12)(34) =

(

1 2 3 4

2 1 4 3

)

.

In this case,g takes[2, 1] to [1, 2] and vice versa. So, by Definition 1.1.7,△∗
1 = △1, that is

△1 is self-paired. A similar argument shows that△∗
2 = △2, △∗

5 = △5 and△∗
6 = △6. On

the other hand,[3, 1] ∈ △3, and if g1 = (123) =

(

1 2 3

2 3 1

)

, theng1[3, 1] = [1, 2] and

g1[1, 2] = [2, 3] ∈ △4. Further, ifg2 = (132) =

(

1 2 3

3 1 2

)

, theng2[2, 3] = [1, 2] and

g2[1, 2] = [3, 1]. In this case,g1 andg2 are inverses of each other and by Definition 1.1.7,

△∗
3 = △4, that is△3 is paired with△4.

Example 3.5.2.From Appendix A,△17,△21 and△23 are suborbits associated with the action

ofG onX [3] for n ≥ 8. Take the even permutationg1 = (1654)(23) =

(

1 2 3 4 5 6

6 3 2 1 4 5

)

.

Theng1[4, 3, 2] = [1, 2, 3] ∈ g1△23 andg1[1, 2, 3] = [6, 3, 2] ∈ △23. Similarly, consider the

permutationg2 = (1456)(23) =

(

1 2 3 4 5 6

4 3 2 5 6 1

)

. Theng2[6, 3, 2] = [1, 2, 3] and

g2[1, 2, 3] = [4, 3, 2]. In this caseg1 and g2 are inverses of each other. Alternatively, the

self-inverse permutationg = (14)(23) =

(

1 2 3 4

4 3 2 1

)

takes[4, 3, 2] to [1, 2, 3] and vice

versa. So, by Definition 1.1.7,△23 is self-paired. On the other hand, consider the even per-

mutationg3 = (1324)(56) =

(

1 2 3 4 5 6

3 4 2 1 6 5

)

. Theng3[4, 3, 1] = [1, 2, 3] ∈ g3△17

and g3[1, 2, 3] = [3, 4, 2] ∈ △21. Also, let g4 = (1423)(56) =

(

1 2 3 4 5 6

4 3 1 2 6 5

)

.

Then g4[3, 4, 2] = [1, 2, 3] and g4[1, 2, 3] = [4, 3, 1]. In this caseg3 and g4 are inverses

of each other, and by Definition 1.1.7,△17 is paired with△21. In fact, the13 suborbits

△i (i = 1, 2, 5, 6, 8, 13, 15, 22, 23, 24, 28, 32 and33) of the action are self-paired while the

suborbits△j (j = 3, 7, 9, 10, 11, 16, 17, 25, 26, 29) are paired, respectively, with the suborbits

△k (k = 4, 12, 14, 18, 20, 19, 21, 27, 30, 31).
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Example 3.5.3.Similarly, consider the suborbits of the action ofG onX [4] for n ≥ 10 (see

these suborbits in Appendix B). The suborbits△i (i = 1, 2, 5, 6, 7, 14, 16, 21, 23, 24, 28, 30,

40, 49, 51, 55, 63, 76, 77, 82, 89, 114, 115, 116, 119, 120, 121, 134, 135, 148, 149, 160, 161,

176, 177, 190, 191, 192, 197, 202, 207, 208) are self-paired. On the other hand, the suborbits

△j (j = 3, 8, 9, 10, 11, 15, 17, 25, 26, 27, 29, 31, 32, 33, 34, 35, 37, 38, 39, 41, 42, 43, 44, 45,

46, 47, 52, 53, 57, 58, 59, 64, 65, 66, 67, 68, 69, 70, 71, 83, 90, 91, 92, 93, 94, 95, 117, 122,

123, 124, 125, 126, 127, 128, 129, 130, 131, 136, 137, 138, 139, 140, 141, 142, 143, 150, 151,

152, 153, 154, 155, 164, 165, 166, 167, 178, 179, 193, 194, 195, 198, 199, 203) are paired,

respectively, with the suborbits△k (k = 4, 12, 18, 13, 19, 20, 22, 48, 72, 74, 50, 54, 36, 60,

78, 84, 56, 80, 86, 62, 96, 98, 102, 108, 104, 110, 73, 75, 61, 79, 85, 81, 87, 97, 99, 103, 109,

105, 111, 88, 100, 101, 106, 112, 107, 113, 118, 132, 133, 144, 145, 180, 181, 168, 169, 156,

157, 146, 147, 182, 183, 170, 171, 158, 159, 162, 163, 172, 173, 184, 185, 174, 175, 186, 187,

188, 189, 196, 200, 204, 201, 205, 206).

Lemma 3.5.1.Let the cycle type ofg ∈ G be(α1, α2, · · · , αn). If α1 ≥ r, then the number

of elements inX [r] fixed byg is given by

|fix(g)| = r!

(

α1

r

)

.

Proof. Let [x1, x2, · · · , xr] ∈ X [r]. Theng ∈ G fixes [x1, x2, · · · , xr] if and only if each of

the elementsx1, x2, · · · , xr comes from a1-cycle ing (see Proof of Lemma 3.2.1). From the

set ofα1 elements ofX that are fixed byg, the total number of orderedr-element subsets that

can be formed is

α1Pr = r!

(

α1

r

)

,

and the conclusion is clear.

Theorem 3.5.3.Let G act onX [r] and supposeg ∈ G has cycle type(α1, α2, · · · , αn). Then

the number of self-paired suborbits ofG is given by

π =
2r!

n!

∑

g∈G

(

α1 + 2α2

r

)

. (3.5.1)

Proof. The number of1-cycles ing2 is (α1 + 2α2), by Theorem 1.1.13. By Lemma 3.5.1, the

number of elements inX [r] fixed byg2 is given by

|fix(g2)| = r!

(

α1 + 2α2

r

)

.
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Now, by Theorem 1.1.5, the number of self-paired suborbits of G onX [r] is given by

1

|G|

∑

g∈G

|fix(g2)| =
1

n!/2

∑

g∈G

r!

(

α1 + 2α2

r

)

=
2r!

n!

∑

g∈G

(

α1 + 2α2

r

)

.

Example 3.5.4.Consider the case whereG = A6 acts onX [2]. Table 3.17 below gives the

number of elements with the same cycle types inG.

Table 3.17: Cycle Types of Elements ofA6

Permutation Corresponding Corresponding Corresponding
Type of an Cycle Type Value of Number of

Elementg ∈ G (α1, α2, · · · , α6) α1 + 2α2 Elements inG
(a)(b)(c)(d)(e)(f) (6, 0, 0, 0, 0, 0) 6 1
(a)(b)(cd)(ef) (2, 2, 0, 0, 0, 0) 6 45
(a)(b)(c)(def) (3, 0, 1, 0, 0, 0) 3 40
(abc)(def) (0, 0, 2, 0, 0, 0) 0 40
(a)(bcdef) (1, 0, 0, 0, 1, 0) 1 144
(ab)(cdef) (0, 1, 0, 1, 0, 0) 2 90

Total 360 = |G|

The elements with cycle types(0, 0, 2, 0, 0, 0) and(1, 0, 0, 0, 1, 0) have no contribution to the

number of self-paired suborbits of the action since the expressions

(

0

2

)

and

(

1

2

)

are mean-

ingless. Thus, from Equation 3.5.1 above, the number of self-paired suborbits ofG on X [2]

is

π =
2(2!)

6!

[(

6

2

)

+ 45

(

6

2

)

+ 40

(

3

2

)

+ 90

(

2

2

)]

=
4

720
[15 + 675 + 120 + 90]

=
900

180
= 5.

The5 suborbits are△0, the trivial suborbit, by default, and△1, △2, △5 and△6 as seen in

Example 3.5.1 above.

Example 3.5.5.Similarly, consider the action ofG = A8 onX [3].
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Table 3.18: Cycle Types of Elements ofA8

Permutation Corresponding Corresponding Corresponding
Type of an Cycle Type Value of Number of

Elementg ∈ G (α1, α2, · · · , α8) α1 + 2α2 Elements inG
(a)(b)(c)(d)(e)(f)(g)(h) (8, 0, 0, 0, 0, 0, 0, 0) 8 1
(a)(b)(c)(d)(ef)(gh) (4, 2, 0, 0, 0, 0, 0, 0) 8 210
(ab)(cd)(ef)(gh) (0, 4, 0, 0, 0, 0, 0, 0) 8 105

(a)(b)(c)(d)(e)(fgh) (5, 0, 1, 0, 0, 0, 0, 0) 5 112
(a)(bc)(de)(fgh) (1, 2, 1, 0, 0, 0, 0, 0) 5 1680
(a)(b)(cde)(fgh) (2, 0, 2, 0, 0, 0, 0, 0) 2 1120
(a)(b)(cd)(efgh) (2, 1, 0, 1, 0, 0, 0, 0) 4 2520
(abcd)(efgh) (0, 0, 0, 2, 0, 0, 0, 0) 0 1260

(a)(b)(c)(defgh) (3, 0, 0, 0, 1, 0, 0, 0) 3 1344
(abc)(defgh) (0, 0, 1, 0, 1, 0, 0, 0) 0 2688
(ab)(cdefgh) (0, 1, 0, 0, 0, 1, 0, 0) 2 3360
(a)(bcdefgh) (1, 0, 0, 0, 0, 0, 1, 0) 1 5760

Total 20160 = |G|

From the last two columns of Table 3.18 and Equation 3.5.1, the number of self-paired subor-

bits ofG onX [3] is

π =
2(3!)

8!
[

(

8

3

)

+ 210

(

8

3

)

+ 105

(

8

3

)

+ 112

(

5

3

)

+ 1680

(

5

3

)

+ 2520

(

4

3

)

+ 1344

(

3

3

)

]

=
1

3360
[56 + 11760 + 5880 + 1120 + 16800 + 10080 + 1344]

=
1

3360
× 47040

= 14.

These are the13 non-trivial self-paired suborbits specified in Example 3.5.2 above, together

with the trivial suborbit, forn = 8.
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CHAPTER FOUR

PROPERTIES AND INVARIANTS OF THE ACTION OF An ON

UNORDERED SUBSETS

4.1 Introduction

Primary to the study of any group action are the associated combinatorial properties and in-

variants. The current chapter provides a thorough examination of these concepts with regard

to the action ofAn onX(r), the set of the unorderedr-element subsets ofX = {1, 2, · · · , n}.

Transitivity and primitivity of the action are respectively determined in Sections 4.2 and 4.3.

Additionally, calculation of the rank and subdegrees of theaction is handled in Section 4.4,

while examination of pairing of the suborbits of the action is dealt with in Section 4.5.

The action ofG on X induces an action ofG on X(r). The induced action is defined by

g{x1, x2, · · · , xr} = {g(x1), g(x2), · · · , g(xr)} ∀g ∈ G, {x1, x2, · · · , xr} ∈ X(r). In this

case,|X(r)| =

(

n

r

)

= n!
(n−r)!r!

.

4.2 Transitivity of An onX
(2), X(3), X(4) andX

(r)

4.2.1 Transitivity of An onX
(2)

4.2.1.1 Transitivity of A3 onX
(2)

In this caseG = {1, (123), (132)} andX(2) = {{1, 2}, {1, 3}, {2, 3}}. It is clear that the

identity inG fixes the unordered pair{1, 2}, but the other elements ofG move the unordered

pair. So, by Definition 1.1.3,StabG{1, 2} = {1}. Now, by Theorem 1.1.2,

|OrbG{1, 2}| = |G : StabG{1, 2}|

=
|G|

|StabG{1, 2}|

=
3

1
= 3

= |X(2)|.

Hence, by Definition 1.1.4, the action is transitive.
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4.2.1.2 Transitivity of A4 onX
(2)

The set under consideration isX(2) = {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}}, and in

this caseStabG{1, 2} = {1, (12)(34)}. By Theorem 1.1.2,

|OrbG{1, 2}| = |G : StabG{1, 2}|

=
|G|

|StabG{1, 2}|

=
12

2
= 6

= |X(2)|.

Thus, the action is transitive.

4.2.1.3 Transitivity of A5 onX
(2)

In this case

X(2) = {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4},

{2, 5}, {3, 4}, {3, 5}, {4, 5}}.

Now,

StabG{1, 2} = {1, (345), (354), (12)(34), (12)(35), (12)(45)}

and by Theorem 1.1.2,

|OrbG{1, 2}| = |G : StabG{1, 2}|

=
|G|

|StabG{1, 2}|

=
60

6
= 10

= |X(2)|.

So, the action is transitive.

Lemma 4.2.1.The order of the stabilizer inG of an unordered pair{1, 2} is (n−2)!2!
2

for all

n ≥ 3.

Proof. The stabilizer of the unordered pair{1, 2} is the union of the products of the transpo-

sition (1 2) by the odd permutations of{3, · · · , n}, and the even permutations of{3, · · · , n},
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n ≥ 3. Thus,

|StabG{1, 2}| =
(n− 2)!

2
+

(n− 2)!

2

=
2[(n− 2)!]

2

=
(n− 2)!2!

2
.

Proposition 4.2.1.The groupG acts transitively onX(2) for all n ≥ 3.

Proof. Since|X(2)| =

(

n

2

)

, it is sufficient to show that|OrbG{1, 2}| =

(

n

2

)

. Now, by

Theorem 1.1.2 and Lemma 4.2.1,

|OrbG{1, 2}| = |G : StabG{1, 2}|

=
|G|

|StabG{1, 2}|

=
n!/2

(n−2)!2!/2

=
n!

(n− 2)!2!

=

(

n

2

)

.

4.2.2 Transitivity of An onX
(3)

4.2.2.1 Transitivity of A4 onX
(3)

Now,X(3) = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}andStabG{1, 2, 3} = {1, (123), (132)}.

By Theorem 1.1.2,

|OrbG{1, 2, 3}| = |G : StabG{1, 2, 3}|

=
|G|

|StabG{1, 2, 3}|

=
12

3
= 4

= |X(3)|.

Hence, the action is transitive.
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4.2.2.2 Transitivity of A5 onX
(3)

The set under consideration is

X(3) = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 3, 4}, {1, 3, 5}, {1, 4, 5},

{2, 3, 4}, {2, 3, 5}, {2, 4, 5}, {3, 4, 5}}.

Also,

StabG{1, 2, 3} = {1, (123), (132), (12)(45), (13)(45), (23)(45)}.

By Theorem 1.1.2,

|OrbG{1, 2, 3}| = |G : StabG{1, 2, 3}|

=
|G|

|StabG{1, 2, 3}|

=
60

6
= 10

= |X(3)|.

Thus, the action is transitive.

Lemma 4.2.2.The order of the stabilizer inG of an unordered triple{1, 2, 3} is (n−3)!3!
2

for

all n ≥ 4.

Proof. The stabilizer of the unordered triple{1, 2, 3} is the union of the products of the even

permutations of{1, 2, 3} by the even permutations of{4, · · · , n}, and the products of the odd

permutations of{1, 2, 3} by the odd permutations of{4, · · · , n}, n ≥ 4. So,

|StabG{1, 2, 3}| =
3!

2

(n− 3)!

2
+

3!

2

(n− 3)!

2

=
2[(n− 3)!3!]

2.2

=
(n− 3)!3!

2
.

Proposition 4.2.2.The groupG acts transitively onX(3) for all n ≥ 4.
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Proof. It suffices to show that|OrbG{1, 2, 3}| = |X(3)|. By Theorem 1.1.2 and Lemma 4.2.2,

|OrbG{1, 2, 3}| = |G : StabG{1, 2, 3}|

=
|G|

|StabG{1, 2, 3}|

=
n!/2

(n−3)!3!/2

=
n!

(n− 3)!3!

=

(

n

3

)

.

4.2.3 Transitivity of An onX
(4)

4.2.3.1 Transitivity of A5 onX
(4)

In this caseX(4) = {{1, 2, 3, 4}, {1, 2, 3, 5}, {1, 2, 4, 5}, {1, 3, 4, 5}, {2, 3, 4, 5}}, and

StabG{1, 2, 3, 4} = {1, (123), (132), (134), (143), (124), (142), (234),

(243), (12)(34), (13)(24), (14)(23)}.

By Theorem 1.1.2,

|OrbG{1, 2, 3, 4}| = |G : StabG{1, 2, 3, 4}|

=
|G|

|StabG{1, 2, 3, 4}|

=
60

12
= 5

= |X(4)|.

Therefore, the action is transitive, by Definition 1.1.4.

Lemma 4.2.3.The order of the stabilizer inG of an unordered quadruple{1, 2, 3, 4} is (n−4)!4!
2

for all n ≥ 5.

Proof. The stabilizer of the unordered quadruple{1, 2, 3, 4} is the union of the products of the

even permutations of{1, 2, 3, 4} by the even permutations of{5, · · · , n}, and the products of
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the odd permutations of{1, 2, 3, 4} by the odd permutations of{5, · · · , n}, n ≥ 5. Hence,

|StabG{1, 2, 3, 4}| =
4!

2

(n− 4)!

2
+

4!

2

(n− 4)!

2

=
2[(n− 4)!4!]

2.2

=
(n− 4)!4!

2
.

Proposition 4.2.3.The groupG acts transitively onX(4) for all n ≥ 5.

Proof. It is adequate to show that|OrbG{1, 2, 3, 4}| =

(

n

4

)

. Now, by Theorem 1.1.2 and

Lemma 4.2.3,

|OrbG{1, 2, 3, 4}| = |G : StabG{1, 2, 3, 4}|

=
|G|

|StabG{1, 2, 3, 4}|

=
n!/2

(n−4)!4!/2

=
n!

(n− 4)!4!

=

(

n

4

)

.

4.2.4 Transitivity of An onX
(r)

Lemma 4.2.4.The order of the stabilizer inG of an unorderedr-element subset{1, 2, · · · , r}

is (n−r)!r!
2

for all n ≥ r + 1.

Proof. The stabilizer of the subset{1, 2, · · · , r} is the union of the products of the even per-

mutations of{1, 2, · · · , r} by the even permutations of{r + 1, · · · , n}, and the products of

the odd permutations of{1, 2, · · · , r} by the odd permutations of{r + 1, · · · , n}, n ≥ r + 1.

Thus,

|StabG{1, 2, · · · , r}| =
r!

2

(n− r)!

2
+

r!

2

(n− r)!

2

=
2[(n− r)!r!]

2.2

=
(n− r)!r!

2
.
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Theorem 4.2.1.The groupG acts transitively onX(r) for all n ≥ r + 1.

Proof. Since|X(r)| =

(

n

r

)

, it is enough to show that|OrbG{1, 2, · · · , r}| =

(

n

r

)

. Now, by

Theorem 1.1.2 and Lemma 4.2.4,

|OrbG{1, 2, · · · , r}| = |G : StabG{1, 2, · · · , r}|

=
|G|

|StabG{1, 2, · · · , r}|

=
n!/2

(n−r)!r!/2

=
n!

(n− r)!r!

=

(

n

r

)

.

Example 4.2.1.Consider the action ofG = A13 onX(6). In this case,|X(6)| = 13!
7!6!

. Clearly,

StabG{1, 2, 3, 4, 5, 6} is the union of the products of the even (odd) permutations ofthe set

{1, 2, 3, 4, 5, 6} by the even (odd) permutations of the set{7, 8, 9, 10, 10, 11, 12, 13}. Thus,

|StabG{1, 2, 3, 4, 5, 6}| =
6!

2

7!

2
+

6!

2

7!

2

= 2

[

6!

2

7!

2

]

=
7!6!

2
.

Now, by Theorem 1.1.2,

|OrbG{1, 2, 3, 4, 5, 6}| = |G : StabG{1, 2, 3, 4, 5, 6}|

=
|G|

|StabG{1, 2, 3, 4, 5, 6}|

=
13!/2
7!6!/2

=
13!

7!6!
= |X(6)|.

Therefore, by Definition 1.1.4, the action is transitive.
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4.3 Primitivity of An onX
(2), X(3) and X

(r)

4.3.1 Primitivity of An onX
(2)

From Theorem 4.2.1, the action is transitive for alln ≥ 3.

4.3.1.1 Primitivity of A3 onX
(2)

Proposition 4.3.1.The action ofA3 onX(2) is primitive.

Proof. Clearly, |X(2)| =

(

3

2

)

= 3 is prime. So, the action has only trivial blocks and by

Definition 1.1.8, it is primitive.

4.3.1.2 Primitivity of A4 onX
(2)

Proposition 4.3.2.The action ofA4 onX(2) is imprimitive.

Proof. In this caseX(2) = {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}}. Consider the subset

Y = {{1, 2}, {3, 4}} of X(2). If g ∈ {1, (12)(34), (13)(24), (14)(23)}, theng either fixes the

elements ofY or takes each element ofY to the other, so thatgY = Y. However, ifg is any

other element ofA4, i.e., g = (x1 x2 x3), xi ∈ {1, 2, 3, 4}, i = 1, 2, 3, then it moves each

element ofY to an element ofX(2) not in Y so thatgY ∩ Y = ∅. Hence,Y is a non-trivial

block for the action. In general, ifY = {{x1, x2}, {x3, x4}} is a subset ofX(2) such that

{x1, x2} ∩ {x3, x4} = ∅, thenY is a non-trivial block for the action. By Definition 1.1.8, the

action is imprimitive.

4.3.1.3 Primitivity of An, n ≥ 5 onX
(2)

Proposition 4.3.3.The action ofG onX(2) is primitive for alln ≥ 5.

Proof. If n ≥ 5, then2 < n − 2. By Theorem 1.1.3, the action is(n − 2)-transitive and is

hence2-transitive, from Definition 1.1.5. Thus, by Theorem 1.1.6,the action is primitive.

4.3.2 Primitivity of An onX
(3)

From Theorem 4.2.1, the action is transitive for alln ≥ 4.

4.3.2.1 Primitivity of A4 onX
(3)

Proposition 4.3.4.The action ofA4 onX(3) is primitive.

Proof. The groupA4 acts onX(3) = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}. Let{x1, x2, x3}

and {y1, y2, y3} be distinct elements ofX(3). Then |{x1, x2, x3} ∩ {y1, y2, y3}| = 2, say
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x1 = y1 = x
′
, x2 = y2 = x

′′
and x3 6= y3. If Y = {{x

′
, x

′′
, x3}, {x

′
, x

′′
, y3}}, then

g = (x
′
x

′′
x3) ∈ A4 fixes{x

′
, x

′′
, x3} but moves{x

′
, x

′′
, y3} to an element not inY . Hence

gY ∩Y 6= ∅ andgY 6= Y . Hence the action lacks a block with two elements. Thus, the action

has only trivial blocks and the conclusion is direct.

4.3.2.2 Primitivity of A5 onX
(3)

Proposition 4.3.5.The action ofA5 onX(3) is primitive.

Proof. In this case,

X(3) = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 3, 4}, {1, 3, 5}, {1, 4, 5},

{2, 3, 4}, {2, 3, 5}, {2, 4, 5}, {3, 4, 5}}.

If Y is a non-trivial block of the action, then|Y | = 2 or 5 since |Y | divides |X(3)|. Let

{x1, x2, x3} and{y1, y2, y3} be the distinct elements of a subsetY of X(3). If g = (x1 x2 x3),

theng{x1, x2, x3} ∈ Y , but g{y1, y2, y3} /∈ Y since the elements ofY are not disjoint. So,

gY ∩ Y 6= ∅ andgY 6= Y . Hence, the action does not have a block consisting of2 ele-

ments only. Now, consider the permutationg = (1 2 3 4 5) ∈ A5. In this casegY1 = Y1

for the subsetY1 = {{1, 2, 3}, {1, 2, 5}, {1, 4, 5}, {2, 3, 4}, {3, 4, 5}}, and gY2 = Y2 for

Y2 = {{1, 2, 4}, {1, 3, 4}, {1, 3, 5}, {2, 3, 5}, {2, 4, 5}}with Y1 ∩ Y2 = ∅. However, neither of

Y1 or Y2 is a block since ifg = (1 2 3), gY1 andY1, alsogY2 andY2, overlap partially. Lastly,

any other subsetY of X(3) consisting of5 elements is not a block; this follows from the fact

thatgY ∩ Y 6= ∅ andgY 6= Y for g = (1 2 3 4 5). The conclusion is now clear.

4.3.2.3 Primitivity of A6 onX
(3)

Proposition 4.3.6.The action ofA6 onX(3) is imprimitive.

Proof. It is sufficient to show thatY = {{1, 2, 3}, {4, 5, 6}} is a block for the action. If

g is a product of an even (odd) permutation of{1, 2, 3} by an even (odd) permutation of

{4, 5, 6}, theng fixes both elements ofY . On the other hand, ifg = (ax)(bycz) where

{a, b, c} = {1, 2, 3} and{x, y, z} = {4, 5, 6}, theng takes{1, 2, 3} to {4, 5, 6} and vice versa.

In either case,gY = Y . Now, letg be any other element ofG, i.e.,g is a3-cycle but not an even

permutation of{1, 2, 3} or {4, 5, 6}, or g is a5-cycle, org = (a x)(b y) wherea, b ∈ {1, 2, 3}

andx, y ∈ {4, 5, 6}, or g = (a b)(c d) where any three ofa, b, c andd come from{1, 2, 3} or

{4, 5, 6}, or g is a product of two3-cycles neither of which is an even permutation of{1, 2, 3}

or {4, 5, 6}. Theng moves each element ofY to an element not inY so thatgY ∩ Y = ∅.

Hence,Y is a non-trivial block for the action.
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4.3.2.4 Primitivity of An, n ≥ 7 onX
(3)

Proposition 4.3.7.The action ofG onX(3) is primitive for alln ≥ 7.

Proof. Since2 < n − 2, then by Theorem 1.1.3, the action is(n − 2)-transitive, and by

Definition 1.1.5, it is2-transitive. The conclusion now follows from Theorem 1.1.6.

4.3.3 Primitivity of An onX
(r)

From Theorem 4.2.1, the action is transitive for alln ≥ r + 1.

Theorem 4.3.1.The action ofG onX(r) is imprimitive if and only ifn = 2r.

Proof. It is adequate to prove thatG acts onX(r) imprimitively if n = 2r and primitively

otherwise. Letn = 2r and letY = {{x1, x2, · · · , xr}, {y1, y2, · · · , yr}} be a subset ofX(r)

such that{x1, x2, · · · , xr} ∩ {y1, y2, · · · , yr} = ∅. Supposeg ∈ StabG{x1, x2, · · · , xr} or

g ∈ StabG{y1, y2, · · · , yr}, i.e.,g is a product of an even permutation of{x1, x2, · · · , xr} by

an even permutation of{y1, y2, · · · , yr} or a product of an odd permutation of{x1, x2, · · · , xr}

by an odd permutation of{y1, y2, · · · , yr}. Theng fixes each element ofY . On the other hand,

let g be a product of an even number of odd cycles of the form(xα1 yβ1 xα2 yβ2 · · ·xαk
yβk

),

1 ≤ k < r, αi, βj ∈ {1, 2, · · · , r}, i, j = 1, 2, · · · , k, where each element of an element ofY

belongs to an odd cycle. Then,g{x1, x2, · · · , xr} = {y1, y2, · · · , yr}, and vise versa. In either

case,gY = Y . Now, any otherg ∈ G takes each element ofY to an element ofX(r) not inY

so thatgY ∩ Y = ∅. Hence,Y is a non-trivial block for the action and, by Definition 1.1.8,

the action is imprimitive. Next, supposen < 2r. If n is prime withn = r+ 1, thenr = n− 1

so that|X(r)| =

(

n

n− 1

)

= n and the action will definitely have only trivial blocks. Now,

consider the other cases for whichn < 2r. Clearly, any two elements ofX(r) are not disjoint.

Hence, ifY is a proper subset ofX(r) containing two or more elements, then there exists a

permutationg ∈ G that takes one element ofY to another and the latter to an element not in

Y so thatgY ∩ Y 6= ∅ andgY 6= Y . Thus, the action lacks non-trivial blocks and is therefore

primitive. On the other hand, supposen > 2r. Clearly,2 < n − 2. By Theorem 1.1.3, the

action is(n− 2)-transitive, and by Definition 1.1.5, it is2-transitive. Thus, by Theorem 1.1.6,

the action is primitive.

4.4 Ranks and Subdegrees ofAn on X
(2), X(3), X(4) andX

(r)

4.4.1 Rank and Subdegrees ofAn onX
(2)

From Theorem 4.2.1, the action is transitive for alln ≥ 3. Throughout this subsection, byN

it shall mean the set{1, 2}.

47



4.4.1.1 Rank and Subdegrees ofA3 onX
(2)

In this caseX(2) = {{1, 2}, {1, 3}, {2, 3}} andG{1,2} = {1}. Now,G{1,2} has orbits whose

respective elements contain exactly2 or 1 element fromN :

△0 = OrbG{1,2}
{1, 2} = {{1, 2}}, the orbit whose element has both elements fromN ; the

trivial orbit, with |△0| = 1 =

(

2

2

)(

1

0

)

.

△1 = OrbG{1,2}
{1, 3} = {{1, 3}} and△2 = OrbG{1,2}

{2, 3} = {{2, 3}}, the orbits whose

respective elements contain exactly1 element fromN , with |△1| = |△2| = 1.

Therefore,A3 acts onX(2) with rank3 and subdegrees1, 1, 1.

4.4.1.2 Rank and Subdegrees ofA4 onX
(2)

In this case

X(2) = {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}}

andG{1,2} = {1, (12)(34)}. Now, G{1,2} has orbits each of whose every element contains

exactly2, 1, or no element fromN :

△0 = OrbG{1,2}
{1, 2} = {{1, 2}}, the trivial orbit, where|△0| = 1 =

(

2

2

)(

2

0

)

.

△1 = OrbG{1,2}
{1, 3} = {{1, 3}, {2, 4}} and△2 = OrbG{1,2}

{1, 4} = {{1, 4}, {2, 3}},

the orbits each of whose every element contains exactly1 element fromN , in which case

|△1| = |△2| = 2.

△3 = OrbG{1,2}
{3, 4} = {{3, 4}}, the orbit whose element contains no element from the set

N , where|△3| = 1 =

(

2

0

)(

2

2

)

.

Therefore,A4 acts onX(2) with rank4 and subdegrees1, 1, 2, 2.

4.4.1.3 Rank and Subdegrees ofA5 onX
(2)

In this case

X(2) = {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4},

{2, 5}, {3, 4}, {3, 5}, {4, 5}}

andG{1,2} = {1, (12)(34), (12)(35), (12)(45), (345), (354)}. Now,G{1,2} has orbits each of

whose every element contains exactly2, 1, or no element fromN :

△0 = OrbG{1,2}
{1, 2} = {{1, 2}}, the trivial orbit, where|△0| = 1 =

(

2

2

)(

3

0

)

.

△1 = OrbG{1,2}
{1, 3} = {{1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {2, 5}}, the orbit whose each

element contains exactly1 element fromN , with |△1| = 6 =

(

2

1

)(

3

1

)

.
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△2 = OrbG{1,2}
{3, 4} = {{3, 4}, {3, 5}, {4, 5}}, the orbit whose each element contains no

element fromN , such that|△2| = 3 =

(

2

0

)(

3

2

)

.

Therefore,A5 acts onX(2) with rank3 and subdegrees1, 3, 6.

4.4.1.4 Rank and Subdegrees ofA6 onX
(2)

In this case

X(2) = {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, {2, 3}, {2, 4}, {2, 5},

{2, 6}, {3, 4}, {3, 5}, {3, 6}, {4, 5}, {4, 6}, {5, 6}}

and

G{1,2} = {1, (12)(34), (12)(35), (12)(36), (12)(45), (12)(46), (12)(56),

(34)(56), (35)(46), (36)(45), (345), (354), (346), (364),

(356), (365), (456), (465), (12)(3456), (12)(3465),

(12)(3546), (12)(3564), (12)(3645), (12)(3654)}.

Now,G{1,2} has orbits each of whose every element has exactly2, 1, or no element fromN :

△0 = OrbG{1,2}
{1, 2} = {{1, 2}}, the trivial orbit, where|△0| = 1 =

(

2

2

)(

4

0

)

.

△1 = OrbG{1,2}
{1, 3} = {{1, 3}, {1, 4}, {1, 5}, {1, 6}, {2, 3}, {2, 4}, {2, 5}, {2, 6}}, the orbit

whose each element contains exactly1 element fromN , where|△1| = 8 =

(

2

1

)(

4

1

)

.

△2 = OrbG{1,2}
{3, 4} = {{3, 4}, {3, 5}, {3, 6}, {4, 5}, {4, 6}, {5, 6}}, the orbit whose each

element contains no element fromN , such that|△2| = 6 =

(

2

0

)(

4

2

)

.

Therefore,A6 acts onX(2) with rank3 and subdegrees1, 6, 8.

4.4.1.5 Rank and Subdegrees ofAn onX
(2) for n ≥ 5

Proposition 4.4.1. The groupG acts onX(2) with rank 3 and subdegrees

(

2

2

)(

n− 2

0

)

,
(

2

1

)(

n− 2

1

)

and

(

2

0

)(

n− 2

2

)

for all n ≥ 5.

Proof. SupposeG acts onX(2). Then,G{1,2} has orbits each of whose every element contains

exactly2, 1, or no element fromN :

△0 = OrbG{1,2}
{1, 2} = {{1, 2}}, the trivial orbit. Clearly,|△0| = 1 =

(

2

2

)(

n− 2

0

)

, the

number of ways of selecting2 objects from a set of2 distinct objects and0 objects from a set

of n− 2 distinct objects.
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△1 = OrbG{1,2}
{1, 3} = {{1, 3}, {1, 4}, · · · , {1, n}, {2, 3}, {2, 4}, · · · , {2, n}}, the orbit

whose each element contains exactly1 element fromN . The length of this orbit is given

by |△1| = 2(n− 2) =

(

2

1

)(

n− 2

1

)

, the number of ways of selecting1 object from a set of

2 distinct objects and1 object from a set ofn− 2 distinct objects.

△2 = OrbG{1,2}
{3, 4} = {{3, 4}, {3, 5}, · · · , {3, n}, {4, 5}, · · · , {4, n}, · · · , {n− 1, n}},

the orbit whose each element contains no element fromN . The orbit has corresponding length

|△2| = (n − 3) + (n − 4) + · · · + 3 + 2 + 1 = (n−2)(n−3)
2!

=

(

2

0

)(

n− 2

2

)

, the number of

ways of selecting0 objects from a set of2 distinct objects and2 objects from a set ofn − 2

distinct objects.

Clearly, these orbits are disjoint and summing up the subdegrees,

(

2

2

)(

n− 2

0

)

+

(

2

1

)(

n− 2

1

)

+

(

2

0

)(

n− 2

2

)

=

(

n

2

)

= |X(2)|.

Hence each element ofX(2) is in some△i (i = 0, 1, 2) above. So, the rank is3.

Now, calculations show that the subdegrees are ordered according to increasing magnitude as

follows:


























(

2

2

)(

n− 2

0

)

<

(

2

0

)(

n− 2

2

)

≤

(

2

1

)(

n− 2

1

)

if 5 ≤ n ≤ 7

(

2

2

)(

n− 2

0

)

<

(

2

1

)(

n− 2

1

)

<

(

2

0

)(

n− 2

2

)

if n ≥ 8.

4.4.2 Rank and Subdegrees ofAn onX
(3)

From Theorem 4.2.1, the action is transitive for alln ≥ 4. Throughout this subsection, byN

it shall mean the set{1, 2, 3}.

4.4.2.1 Rank and Subdegrees ofA4 onX
(3)

In this case

X(3) = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}

andG{1,2,3} = {1, (123), (132)}. Now, G{1,2,3} has orbits each of whose every element has

exactly3 or 2 elements fromN :

△0 = OrbG{1,2,3}
{1, 2, 3} = {{1, 2, 3}}, the orbit whose element has all the elements from

N ; the trivial orbit, with|△0| = 1 =

(

3

3

)(

1

0

)

.
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△1 = OrbG{1,2,3}
{1, 2, 4} = {{1, 2, 4}, {1, 3, 4}, {2, 3, 4}}, the orbit whose each element has

exactly2 elements fromN , where|△1| = 3 =

(

3

2

)(

1

1

)

.

Therefore,A4 acts onX(3) with rank2 and subdegrees1, 3.

4.4.2.2 Rank and Subdegrees ofA5 onX
(3)

In this case

X(3) = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 3, 4}, {1, 3, 5}, {1, 4, 5},

{2, 3, 4}, {2, 3, 5}, {2, 4, 5}, {3, 4, 5}}

and

G{1,2,3} = {1, (123), (132), (12)(45), (13)(45), (23)(45)}.

Now,G{1,2,3} has orbits each of whose every element has exactly3, 2, or 1 element fromN :

△0 = OrbG{1,2,3}
{1, 2, 3} = {{1, 2, 3}}, the trivial orbit, with|△0| = 1 =

(

3

3

)(

2

0

)

.

△1 = OrbG{1,2,3}
{1, 2, 4} = {{1, 2, 4}, {1, 2, 5}, {1, 3, 4}, {1, 3, 5}, {2, 3, 4}, {2, 3, 5}},

the orbit whose each element contains exactly2 elements fromN , with |△1| = 6 =

(

3

2

)(

2

1

)

.

△2 = OrbG{1,2,3}
{1, 4, 5} = {{1, 4, 5}, {2, 4, 5}, {3, 4, 5}}, the orbit whose each element

contains exactly1 element fromN , such that|△2| = 3 =

(

3

1

)(

2

2

)

.

Therefore,A5 acts onX(3) with rank3 and subdegrees1, 3, 6.

4.4.2.3 Rank and Subdegrees ofA6 onX
(3)

In this case

X(3) = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 2, 6}, {1, 3, 4}, {1, 3, 5}, {1, 3, 6}, {1, 4, 5},

{1, 4, 6}, {1, 5, 6}, {2, 3, 4}, {2, 3, 5}, {2, 3, 6}, {2, 4, 5},

{2, 4, 6}, {2, 5, 6}, {3, 4, 5}, {3, 4, 6},

{3, 5, 6}, {4, 5, 6}}

and

G{1,2,3} = {1, (123), (132), (456), (465), (12)(45), (12)(46), (12)(56),

(13)(45), (13)(46), (13)(56), (23)(45), (23)(46), (23)(56),

(123)(456), (123)(465), (132)(456), (132)(465)}.

51



Now, G{1,2,3} has orbits each of whose every element contains exactly3, 2, 1, or no element

fromN :

△0 = OrbG{1,2,3}
{1, 2, 3} = {{1, 2, 3}}, the trivial orbit, where|△0| = 1 =

(

3

3

)(

3

0

)

.

△1 = OrbG{1,2,3}
{1, 2, 4} = {{1, 2, 4}, {1, 2, 5}, {1, 2, 6}, {1, 3, 4}, {1, 3, 5},

{1, 3, 6}, {2, 3, 4}, {2, 3, 5}, {2, 3, 6}},

the orbit whose each element contains exactly2 elements fromN , with |△1| = 9 =

(

3

2

)(

3

1

)

.

△2 = OrbG{1,2,3}
{1, 4, 5} = {{1, 4, 5}, {1, 4, 6}, {1, 5, 6}, {2, 4, 5}, {2, 4, 6},

{2, 5, 6}, {3, 4, 5}, {3, 4, 6}, {3, 5, 6}},

the orbit whose each element contains exactly1 element fromN , where|△2| = 9 =

(

3

1

)(

3

2

)

.

△3 = OrbG{1,2,3}
{4, 5, 6} = {{4, 5, 6}}, the orbit whose only element contains no element

fromN , such that|△3| = 1 =

(

3

0

)(

3

3

)

.

Therefore,A6 acts onX(3) with rank4 and subdegrees1, 1, 9, 9.

4.4.2.4 Rank and Subdegrees ofA7 onX
(3)

In this case

X(3) = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 2, 6}, {1, 2, 7}, {1, 3, 4}, {1, 3, 5}, {1, 3, 6}, {1, 3, 7},

{1, 4, 5}, {1, 4, 6}, {1, 4, 7}, {1, 5, 6}, {1, 5, 7}, {1, 6, 7}, {2, 3, 4}, {2, 3, 5},

{2, 3, 6}, {2, 3, 7}, {2, 4, 5}, {2, 4, 6}, {2, 4, 7}, {2, 5, 6}, {2, 5, 7},

{2, 6, 7}, {3, 4, 5}, {3, 4, 6}, {3, 4, 7}, {3, 5, 6}, {3, 5, 7},

{3, 6, 7}, {4, 5, 6}, {4, 5, 7}, {4, 6, 7}, {5, 6, 7}}.
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and

G{1,2,3} = {1, (123), (132), (456), (457), (465), (467), (475), (476), (567), (576),

(12)(45), (12)(46), (12)(47), (12)(56), (12)(57), (12)(67), (13)(45),

(13)(46), (13)(47), (13)(56), (13)(57), (13)(67), (23)(45), (23)(46),

(23)(47), (23)(56), (23)(57), (23)(67), (45)(67), (46)(57), (47)(56),

(12)(4567), (12)(4576), (12)(4657), (12)(4675), (12)(4756),

(12)(4765), (13)(4567), (13)(4576), (13)(4657), (13)(4675),

(13)(4756), (13)(4765), (23)(4567), (23)(4576), (23)(4657),

(23)(4675), (23)(4756), (23)(4765), (123)(456), (123)(465),

(132)(456), (123)(457), (132)(457), (132)(465), (123)(467),

(132)(467), (123)(475), (132)(475), (123)(476), (132)(476),

(123)(567), (132)(567), (123)(576), (132)(576),

(123)(45)(67), (132)(45)(67), (123)(46)(57),

(132)(46)(57), (123)(47)(56), (132)(47)(56)}.

Now, G{1,2,3} has orbits each of whose every element contains exactly3, 2, 1, or no element

fromN :

△0 = OrbG{1,2,3}
{1, 2, 3} = {{1, 2, 3}}, the trivial orbit, with|△0| = 1 =

(

3

3

)(

4

0

)

.

△1 = OrbG{1,2,3}
{1, 2, 4} = {{1, 2, 4}, {1, 2, 5}, {1, 2, 6}, {1, 2, 7}, {1, 3, 4}, {1, 3, 5},

{1, 3, 6}, {1, 3, 7}, {2, 3, 4}, {2, 3, 5}, {2, 3, 6}, {2, 3, 7}},

the orbit whose each element contains exactly2 elements fromN , with |△1| = 12 =

(

3

2

)(

4

1

)

.

△2 = OrbG{1,2,3}
{1, 4, 5} = {{1, 4, 5}, {1, 4, 6}, {1, 4, 7}, {1, 5, 6}, {1, 5, 7}, {1, 6, 7},

{2, 4, 5}, {2, 4, 6}, {2, 4, 7}, {2, 5, 6}, {2, 5, 7}, {2, 6, 7},

{3, 4, 5}, {3, 4, 6}, {3, 4, 7}, {3, 5, 6}, {3, 5, 7}, {3, 6, 7}},

the orbit whose each element contains exactly1 element fromN , and|△2| = 18 =

(

3

1

)(

4

2

)

.

△3 = OrbG{1,2,3}
{4, 5, 6} = {{4, 5, 6}, {4, 5, 7}, {4, 6, 7}, {5, 6, 7}}, the orbit whose each

element contains no element fromN , such that|△3| = 4 =

(

3

0

)(

4

3

)

.

Therefore,A7 acts onX(3) with rank4 and subdegrees1, 4, 12, 18.

4.4.2.5 Rank and Subdegrees ofAn onX
(3) for n ≥ 6

Proposition 4.4.2.The groupG acts onX(3) with rank4 and subdegrees

(

3

3

)(

n− 3

0

)

,
(

3

2

)(

n− 3

1

)

,

(

3

1

)(

n− 3

2

)

and

(

3

0

)(

n− 3

3

)

for all n ≥ 6.
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Proof. The groupG{1,2,3} has orbits each of whose every element contains exactly3, 2, 1, or

no element fromN :

△0 = OrbG{1,2,3}
{1, 2, 3} = {{1, 2, 3}}, the trivial orbit. The orbit has corresponding length

|△0| = 1 =

(

3

3

)(

n− 3

0

)

, the number of ways of selecting3 objects from a set of3 distinct

objects and0 objects from a set ofn− 3 distinct objects.

△1 = OrbG{1,2,3}
{1, 2, 4} = {{1, 2, 4}, {1, 2, 5}, · · · , {1, 2, n}, {1, 3, 4},

{1, 3, 5}, . . . , {1, 3, n}, {2, 3, 4}, {2, 3, 5}, · · · , {2, 3, n}},

the orbit whose each element contains exactly2 elements fromN . The length of the orbit in

this case is|△1| = 3(n− 3) =

(

3

2

)(

n− 3

1

)

, the number of ways of selecting2 objects from

a set of3 distinct objects and1 object from a set ofn− 3 distinct objects.

△2 = OrbG{1,2,3}
{1, 4, 5} = {{1, 4, 5}, . . . , {1, 4, n}, {1, 5, 6}, . . . , {1, 5, n},

{1, 6, 7}, . . . , {1, n−1, n}, {2, 4, 5}, . . . , {2, n−1, n}, {3, 4, 5}, . . . , {3, n−1, n}},

the orbit whose each element contains exactly one element fromN . The length of this orbit

is |△2| = 3[(n− 4) + (n− 5) + · · ·+ 2 + 1] = 3(n−3)(n−4)
2

=

(

3

1

)(

n− 3

2

)

, the number of

ways of selecting1 object from a set of3 distinct objects and2 objects from a set containing

n− 3 distinct objects.

△3 = OrbG{1,2,3}
{4, 5, 6} = {{4, 5, 6}, · · · , {4, 5, n}, {4, 6, 7}, · · · , {4, 6, n},

{4, 7, 8}, · · · , {4, n−1, n}, {5, 6, 7}, · · · , {5, n−1, n}, {6, 7, 8}, · · · , {n−2, n−1, n}},

the orbit whose each element contains no element fromN . It has corresponding length

|△3| = {[(n− 5) + (n− 6) + · · ·+ 2 + 1] + [(n− 6) + (n− 7) + · · ·+ 2 + 1]

+[(n− 7) + (n− 8) + · · ·+ 2 + 1] + · · ·+ [3 + 2 + 1] + [2 + 1] + 1}

=
(n− 4)(n− 5)

2
+

(n− 5)(n− 6)

2
+ · · ·+

3(4)

2
+

2(3)

2
+

1(2)

2

=
1

2
{(n− 5)(n− 4) + (n− 6)(n− 5) + · · ·+ 3(4) + 2(3) + 1(2)}

=
1

2

{

(n− 5)(n− 4)(n− 3)

3

}

=
(n− 3)(n− 4)(n− 5)

3!

=

(

3

0

)(

n− 3

3

)

.

This is the number of ways of selecting0 objects from a set of3 distinct objects and3 objects

from a set ofn− 3 distinct objects.

Clearly, the orbits are distinct and disjoint. Summing up the subdegrees,

3
∑

i=0

|△i| =
3
∑

i=0

(

3

3− i

)(

n− 3

i

)

=

(

n

3

)

= |X(3)|.

54



This shows that each element ofX(3) is in exactly one△i (i = 0, 1, 2, 3) above. So, the rank

is 4.

Now, calculations show that the subdegrees are ordered according to increasing magnitude as

follows:






















































(

3

3

)(

n− 3

0

)

≤

(

3

0

)(

n− 3

3

)

<

(

3

2

)(

n− 3

1

)

≤

(

3

1

)(

n− 3

2

)

if 6 ≤ n ≤ 8

(

3

3

)(

n− 3

0

)

<

(

3

2

)(

n− 3

1

)

<

(

3

0

)(

n− 3

3

)

≤

(

3

1

)(

n− 3

2

)

if 9 ≤ n ≤ 14

(

3

3

)(

n− 3

0

)

<

(

3

2

)(

n− 3

1

)

<

(

3

1

)(

n− 3

2

)

<

(

3

0

)(

n− 3

3

)

if n ≥ 15.

4.4.3 Rank and Subdegrees ofAn onX
(4)

From Theorem 4.2.1, the action is transitive for alln ≥ 5. Throughout this subsection, byN

it shall mean the set{1, 2, 3, 4}.

4.4.3.1 Rank and Subdegrees ofA5 onX
(4)

In this caseX(4) = {{1, 2, 3, 4}, {1, 2, 3, 5}, {1, 2, 4, 5}, {1, 3, 4, 5}, {2, 3, 4, 5}} and

G{1,2,3,4} = {1, (123), (132), (124), (142), (134), (143), (234),

(243), (12)(34), (13)(24), (14)(23)}.

Now,G{1,2,3,4} has orbits each of whose every element has exactly4 or 3 elements fromN :

△0 = OrbG{1,2,3,4}
{1, 2, 3, 4} = {{1, 2, 3, 4}}, the orbit whose only element has all elements

fromN ; the trivial orbit, with|△0| = 1 =

(

4

4

)(

1

0

)

.

△1 = OrbG{1,2,3,4}
{1, 2, 3, 5} = {{1, 2, 3, 5}, {1, 2, 4, 5}, {1, 3, 4, 5}, {2, 3, 4, 5}}, the orbit

whose each element contains exactly3 elements fromN , with |△1| = 4 =

(

4

3

)(

1

1

)

.

Therefore,A5 acts onX(4) with rank2 and subdegrees1, 4.
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4.4.3.2 Rank and Subdegrees ofA6 onX
(4)

In this case

X(4) = {{1, 2, 3, 4}, {1, 2, 3, 5}, {1, 2, 3, 6}, {1, 2, 4, 5}, {1, 2, 4, 6}, {1, 2, 5, 6},

{1, 3, 4, 5}, {1, 3, 4, 6}, {1, 3, 5, 6}, {1, 4, 5, 6}, {2, 3, 4, 5},

{2, 3, 4, 6}, {2, 3, 5, 6}, {2, 4, 5, 6}, {3, 4, 5, 6}}

and

G{1,2,3,4} = {1, (123), (132), (124), (142), (134), (143), (234), (243), (12)(34),

(13)(24), (14)(23), (12)(56), (13)(56), (23)(56), (14)(56),

(24)(56), (34)(56), (1234)(56), (1324)(56),

(1342)(56), (1423)(56), (1432)(56)}.

Now, G{1,2,3,4} has orbits each of whose every element contains exactly4, 3, or 2 elements

fromN :

△0 = OrbG{1,2,3,4}
{1, 2, 3, 4} = {{1, 2, 3, 4}}, the trivial orbit, with|△0| = 1 =

(

4

4

)(

2

0

)

.

△1 = OrbG{1,2,3,4}
{1, 2, 3, 5} = {{1, 2, 3, 5}, {1, 2, 3, 6}, {1, 2, 4, 5}, {1, 2, 4, 6},

{1, 3, 4, 5}, {1, 3, 4, 6}, {2, 3, 4, 5}, {2, 3, 4, 6}},

the orbit whose each element contains exactly3 elements fromN , and|△1| = 8 =

(

4

3

)(

2

1

)

.

△2 = OrbG{1,2,3,4}
{1, 2, 5, 6} = {{1, 2, 5, 6}, {1, 3, 5, 6}, {1, 4, 5, 6},

{2, 3, 5, 6}, {2, 4, 5, 6}, {3, 4, 5, 6}},

the orbit whose each element contains exactly2 elements fromN , with |△2| = 6 =

(

4

2

)(

2

2

)

.

Therefore,A6 acts onX(4) with rank3 and subdegrees1, 6, 8.

4.4.3.3 Rank and Subdegrees ofA7 onX
(4)

In this case

X(4) = {{1, 2, 3, 4}, {1, 2, 3, 5}, {1, 2, 3, 6}, {1, 2, 3, 7}, {1, 2, 4, 5}, {1, 2, 4, 6},

{1, 2, 4, 7}, {1, 2, 5, 6}, {1, 2, 5, 7}, {1, 2, 6, 7}, {1, 3, 4, 5}, {1, 3, 4, 6},

{1, 3, 4, 7}, {1, 3, 5, 6}, {1, 3, 5, 7}, {1, 3, 6, 7}, {1, 4, 5, 6}, {1, 4, 5, 7},

{1, 4, 6, 7}, {1, 5, 6, 7}, {2, 3, 4, 5}, {2, 3, 4, 6}, {2, 3, 4, 7}, {2, 3, 5, 6},

{2, 3, 5, 7}, {2, 3, 6, 7}, {2, 4, 5, 6}, {2, 4, 5, 7}, {2, 4, 6, 7}, {2, 5, 6, 7},

{3, 4, 5, 6}, {3, 4, 5, 7}, {3, 4, 6, 7}, {3, 5, 6, 7}, {4, 5, 6, 7}}
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and

G{1,2,3,4} = {1, (123), (132), (124), (142), (134), (143), (234), (243), (567), (576),

(12)(34), (13)(24), (14)(23), (12)(56), (12)(57), (12)(67), (13)(56),

(13)(57), (13)(67), (14)(56), (14)(57), (14)(67), (23)(56), (23)(57),

(23)(67), (24)(56), (24)(57), (24)(67), (34)(56), (34)(57), (34)(67),

(123)(567), (123)(576), (132)(567), (132)(576), (124)(567),

(124)(576), (142)(567), (142)(576), (134)(567), (134)(576),

(143)(567), (143)(576), (234)(567), (234)(576), (243)(567),

(243)(576), (12)(34)(567), (12)(34)(576), (13)(24)(567),

(13)(24)(576), (14)(23)(567), (14)(23)(576), (1234)(56),

(1234)(57), (1234)(67), (1243)(56), (1243)(57),

(1243)(67), (1324)(56), (1324)(57), (1324)(67),

(1342)(56), (1342)(57), (1342)(67), (1423)(56),

(1423)(57), (1423)(67), (1432)(56),

(1432)(57), (1432)(67)}.

Now, G{1,2,3,4} has orbits each of whose every element contains exactly4, 3, 2, or 1 element

fromN :

△0 = OrbG{1,2,3,4}
{1, 2, 3, 4} = {{1, 2, 3, 4}}, the trivial orbit, where|△0| = 1 =

(

4

4

)(

3

0

)

.

△1 = OrbG{1,2,3,4}
{1, 2, 3, 5} = {{1, 2, 3, 5}, {1, 2, 3, 6}, {1, 2, 3, 7}, {1, 2, 4, 5},

{1, 2, 4, 6}, {1, 2, 4, 7}, {1, 3, 4, 5}, {1, 3, 4, 6},

{1, 3, 4, 7}, {2, 3, 4, 5}, {2, 3, 4, 6}, {2, 3, 4, 7}},

the orbit whose each element contains exactly3 elements fromN , with |△1| = 12 =

(

4

3

)(

3

1

)

.

△2 = OrbG{1,2,3,4}
{1, 2, 5, 6} = {{1, 2, 5, 6}, {1, 2, 5, 7}, {1, 2, 6, 7}, {1, 3, 5, 6},

{1, 3, 5, 7}, {1, 3, 6, 7}, {1, 4, 5, 6}, {1, 4, 5, 7}, {1, 4, 6, 7}, {2, 3, 5, 6}, {2, 3, 5, 7},

{2, 3, 6, 7}, {2, 4, 5, 6}, {2, 4, 5, 7}, {2, 4, 6, 7}, {3, 4, 5, 6}, {3, 4, 5, 7}, {3, 4, 6, 7}},

the orbit whose each element contains exactly2 elements fromN , with |△2| = 18 =

(

4

2

)(

3

2

)

.

△3 = OrbG{1,2,3,4}
{1, 5, 6, 7} = {{1, 5, 6, 7}, {2, 5, 6, 7}, {3, 5, 6, 7}, {4, 5, 6, 7}}, the orbit

whose each element contains exactly1 element fromN , where|△3| = 4 =

(

4

1

)(

3

3

)

.

Therefore,A7 acts onX(4) with rank4 and subdegrees1, 4, 12, 18.
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4.4.3.4 Rank and Subdegrees ofA8 onX
(4)

The action ofG{1,2,3,4} onX(4) has orbits each of whose every element contains exactly4, 3,

2, 1, or no element fromN :

△0 = OrbG{1,2,3,4}
{1, 2, 3, 4} = {{1, 2, 3, 4}}, the trivial orbit, where|△0| = 1 =

(

4

4

)(

4

0

)

.

△1 = OrbG{1,2,3,4}
{1, 2, 3, 5} = {{1, 2, 3, 5}, {1, 2, 3, 6}, {1, 2, 3, 7}, {1, 2, 3, 8},

{1, 2, 4, 5}, {1, 2, 4, 6}, {1, 2, 4, 7}, {1, 2, 4, 8}, {1, 3, 4, 5}, {1, 3, 4, 6},

{1, 3, 4, 7}, {1, 3, 4, 8}, {2, 3, 4, 5}, {2, 3, 4, 6}, {2, 3, 4, 7}, {2, 3, 4, 8}},

the orbit whose each element contains exactly3 elements fromN ; |△1| = 16 =

(

4

3

)(

4

1

)

.

△2 = OrbG{1,2,3,4}
{1, 2, 5, 6} = {{1, 2, 5, 6}, {1, 2, 5, 7}, {1, 2, 5, 8}, {1, 2, 6, 7}, {1, 2, 6, 8},

{1, 2, 7, 8}, {1, 3, 5, 6}, {1, 3, 5, 7}, {1, 3, 5, 8}, {1, 3, 6, 7}, {1, 3, 6, 8}, {1, 3, 7, 8},

{1, 4, 5, 6}, {1, 4, 5, 7}, {1, 4, 5, 8}, {1, 4, 6, 7}, {1, 4, 6, 8}, {1, 4, 7, 8}, {2, 3, 5, 6},

{2, 3, 5, 7}, {2, 3, 5, 8}, {2, 3, 6, 7}, {2, 3, 6, 8}, {2, 3, 7, 8}, {2, 4, 5, 6}, {2, 4, 5, 7},

{2, 4, 5, 8}, {2, 4, 6, 7}, {2, 4, 6, 8}, {2, 4, 7, 8}, {3, 4, 5, 6}, {3, 4, 5, 7},

{3, 4, 5, 8}, {3, 4, 6, 7}, {3, 4, 6, 8}, {3, 4, 7, 8}},

the orbit whose each element contains exactly2 elements fromN ; |△2| = 36 =

(

4

2

)(

4

2

)

.

△3 = OrbG{1,2,3,4}
{1, 5, 6, 7} = {{1, 5, 6, 7}, {1, 5, 6, 8}, {1, 5, 7, 8}, {1, 6, 7, 8},

{2, 5, 6, 7}, {2, 5, 6, 8}, {2, 5, 7, 8}, {2, 6, 7, 8}, {3, 5, 6, 7}, {3, 5, 6, 8},

{3, 5, 7, 8}, {3, 6, 7, 8}, {4, 5, 6, 7}, {4, 5, 6, 8}, {4, 5, 7, 8}, {4, 6, 7, 8}},

the orbit whose each element contains exactly1 element fromN ; |△3| = 16 =

(

4

1

)(

4

3

)

.

△4 = OrbG{1,2,3,4}
{5, 6, 7, 8} = {{5, 6, 7, 8}}, the orbit whose only element contains no ele-

ment fromN , where|△4| = 1 =

(

4

0

)(

4

4

)

.

Therefore,A8 acts onX(4) with rank5 and subdegrees1, 1, 16, 16, 36.

Proposition 4.4.3. The groupG acts onX(4) with rank 5 and subdegrees

(

4

4

)(

n− 4

0

)

,
(

4

3

)(

n− 4

1

)

,

(

4

2

)(

n− 4

2

)

,

(

4

1

)(

n− 4

3

)

and

(

4

0

)(

n− 4

4

)

for all n ≥ 8.

Proof. The groupG{1,2,3,4} has orbits each of whose every element contains exactly4, 3, 2, 1,

or no element fromN :

△0 = OrbG{1,2,3,4}
{1, 2, 3, 4} = {{1, 2, 3, 4}}, the trivial orbit. It has corresponding length

|△0| = 1 =

(

4

4

)(

n− 4

0

)

, the number of ways of selecting4 objects from a set of4 objects

and0 objects from a set ofn− 4 distinct objects.

△1 = OrbG{1,2,3,4}
{1, 2, 3, 5} = {{1, 2, 3, 5}, {1, 2, 3, 6}, · · · , {1, 2, 3, n}, {1, 2, 4, 5},

{1, 2, 4, 6}, · · · , {1, 2, 4, n}, {1, 3, 4, 5}, · · · , {1, 3, 4, n}, {2, 3, 4, 5}, · · · , {2, 3, 4, n}},

the orbit whose each element contains exactly3 elements fromN . The length of the orbit in

this case is|△1| = 4(n− 4) =

(

4

3

)(

n− 4

1

)

, the number of ways of selecting3 objects from
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a set of4 distinct objects and1 object from a set ofn− 4 distinct objects.

△2 = OrbG{1,2,3,4}
{1, 2, 5, 6} = {{1, 2, 5, 6}, {1, 2, 5, 7}, · · · , {1, 2, 5, n},

{1, 2, 6, 7}, · · · , {1, 2, 6, n}, {1, 2, 7, 8}, · · · , {1, 2, n− 2, n− 1}, {1, 2, n− 2, n},

{1, 2, n− 1, n}, {1, 3, 5, 6}, · · · , {1, 3, n− 1, n}, {1, 4, 5, 6}, · · · , {1, 4, n− 1, n},

{2, 3, 5, 6}, · · · , {2, 3, n− 1, n}, · · · , {2, 4, n− 1, n}, {3, 4, 5, 6}, · · · , {3, 4, n− 1, n}},

the orbit whose each element contains exactly2 elements fromN . Its corresponding lenthg in

this case is

|△2| = 6[(n− 5) + (n− 6) + (n− 7) + · · ·+ 3 + 2 + 1]

= 6

{

(n− 5)(n− 4)

2

}

= 3(n− 4)(n− 5)

=

(

4

2

)(

n− 4

2

)

,

the number of ways of selecting2 objects from a set of4 distinct objects and2 objects from a

set ofn− 4 distinct objects.

△3 = OrbG{1,2,3,4}
{1, 5, 6, 7} = {{1, 5, 6, 7}, {1, 5, 6, 8}, · · · , {1, 5, 6, n},

{1, 5, 7, 8}, · · · , {1, 5, 7, n}, {1, 5, 8, 9}, · · · , {1, 5, n− 2, n− 1},

{1, 5, n− 2, n}, {1, 5, n− 1, n}, {1, 6, 7, 8}, · · · , {1, n− 2, n− 1, n},

{2, 5, 6, 7}, · · · , {2, n− 2, n− 1, n}, {3, 5, 6, 7}, · · · , {3, n− 2, n− 1, n},

{4, 5, 6, 7}, · · · , {4, n− 2, n− 1, n}},

the orbit whose each element contains exactly1 element fromN . It has corresponding length

|△3| = 4{[(n− 6) + (n− 7) + · · ·+ 3 + 2 + 1] + [(n− 7) + (n− 8) + · · ·+ 3 + 2 + 1]

+[(n− 8) + (n− 9) + · · ·+ 3 + 2 + 1] + · · ·+ [3 + 2 + 1] + [2 + 1] + 1}

= 4

{

(n− 6)(n− 5)

2
+

(n− 7)(n− 6)

2
+ · · ·+

3(4)

2
+

2(3)

2
+

1(2)

2

}

=
4

2
{(n− 6)(n− 5) + (n− 7)(n− 6) + · · ·+ 3(4) + 2(3) + 1(2)}

=
2(n− 4)(n− 5)(n− 6)

3

=

(

4

1

)(

n− 4

3

)

,

the number of ways of selecting1 object from a set of4 distinct objects and3 objects from a

set ofn− 4 distinct objects.

△4 = OrbG{1,2,3,4}
{5, 6, 7, 8} = {{5, 6, 7, 8}, {5, 6, 7, 9}, · · · , {5, 6, 7, n},

{5, 6, 8, 9}, · · · , {5, 6, n− 2, n}, {5, 6, n− 1, n}, {5, 7, 8, 9}, · · · , {5, 7, n− 1, n},

{5, 8, 9, 10}, · · · , {5, n− 3, n− 2, n− 1}, {5, n− 3, n− 2, n}, {5, n− 2, n− 1, n},

{6, 7, 8, 9}, · · · , {6, n− 2, n− 1, n}, {7, 8, 9, 10}, · · · , {n− 3, n− 2, n− 1, n}},
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the orbit whose each element contains no element fromN . The length of this orbit is given by

|△4| = {{[(n− 7) + (n− 8) + · · ·+ 2 + 1] + [(n− 8) + (n− 9) + · · ·+ 2 + 1]

+[(n− 9) + (n− 10) + · · ·+ 2 + 1] + · · ·+ [3 + 2 + 1] + [2 + 1] + 1}

+{[(n− 8) + (n− 9) + · · ·+ 2 + 1] + [(n− 9) + (n− 10) + · · ·+ 1]

+[(n− 10) + (n− 11) + · · ·+ 2 + 1] + · · ·+ [3 + 2 + 1] + [2 + 1] + 1}

+{[(n− 9) + (n− 10) + · · ·+ 2 + 1] + [(n− 10) + (n− 11) + · · ·+ 1]

+[(n− 11) + (n− 12) + · · ·+ 2 + 1] + · · ·+ [3 + 2 + 1] + [2 + 1] + 1}

+ · · ·+ {[3 + 2 + 1] + [2 + 1] + 1}+ {[2 + 1] + 1}+ 1}

= [
(n− 7)(n− 6)

2
+

(n− 8)(n− 7)

2
+ · · ·+

1(2)

2
] + [

(n− 8)(n− 7)

2

+
(n− 9)(n− 8)

2
+ · · ·+

1(2)

2
] + [

(n− 9)(n− 8)

2
+

(n− 10)(n− 9)

2

+ · · ·+
1(2)

2
] + [

(n− 10)(n− 9)

2
+

(n− 11)(n− 10)

2
+ · · ·+

1(2)

2
]

+ · · ·+ [
3(4)

2
+

2(3)

2
+

1(2)

2
] + [

2(3)

2
+

1(2)

2
] + [

1(2)

2
]

=
1

2
[(n− 7)(n− 6) + (n− 8)(n− 7) + · · ·+ 1(2)] +

1

2
[(n− 8)(n− 7)

+(n− 9)(n− 8) + · · ·+ 1(2)] +
1

2
[(n− 9)(n− 8) + (n− 10)(n− 9)

+ · · ·+ 1(2)] +
1

2
[3(4) + 2(3) + 1(2)] +

1

2
[2(3) + 1(2)] +

1

2
[1(2)]

=
1

2

{

(n− 7)(n− 6)(n− 5)

3
+

(n− 8)(n− 7)(n− 6)

3
+ · · ·+

1(2)(3)

3

}

=
1

6
[(n− 7)(n− 6)(n− 5) + (n− 8)(n− 7)(n− 6) + · · ·+ 1(2)(3)]

=
(n− 7)(n− 6)(n− 5)(n− 4)

6× 4

=
(n− 4)(n− 5)(n− 6)(n− 7)

4!

=

(

4

0

)(

n− 4

4

)

.

This is the number of ways of selecting0 objects from a set of4 distinct objects and4 objects

from a set ofn− 4 distinct objects.

Clearly, the5 suborbits are distinct and disjoint. Summing up their subdegrees,

4
∑

i=0

|△i| =
4
∑

i=0

(

4

4− i

)(

n− 4

i

)

=

(

n

4

)

= |X(4)|.

This shows that each element ofX(4) is in exactly one△i (i = 0, 1, 2, 3, 4) above. So, the

rank of the action is5.
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Now, calculations show that the subdegrees are ordered according to increasing magnitude as

follows:



















































































































































(

4

4

)(

n− 4

0

)

≤

(

4

0

)(

n− 4

4

)

<

(

4

3

)(

n− 4

1

)

<

(

4

1

)(

n− 4

3

)

<

(

4

2

)(

n− 4

2

)

if 8 ≤ n ≤ 10

(

4

4

)(

n− 4

0

)

<

(

4

3

)(

n− 4

1

)

<

(

4

0

)(

n− 4

4

)

≤

(

4

2

)(

n− 4

2

)

<

(

4

1

)(

n− 4

3

)

if 11 ≤ n ≤ 15

(

4

4

)(

n− 4

0

)

<

(

4

3

)(

n− 4

1

)

<

(

4

2

)(

n− 4

2

)

<

(

4

0

)(

n− 4

4

)

≤

(

4

1

)(

n− 4

3

)

if 16 ≤ n ≤ 23

(

4

4

)(

n− 4

0

)

<

(

4

3

)(

n− 4

1

)

<

(

4

2

)(

n− 4

2

)

<

(

4

1

)(

n− 4

3

)

<

(

4

0

)(

n− 4

4

)

if n ≥ 24.

4.4.4 Rank and Subdegrees ofAn on X
(r)

The results stated and proved in this subsection, on the rankand subdegrees of the action ofG

onX(r), are derived from the observations made in Subsections 4.4.1 through 4.4.3, above.

Lemma 4.4.1. If the action ofG on X(r) has a suborbit whose each element has exactlyi

(i = 0, 1, 2, · · · , r) elements from the setN = {1, 2, · · · , r}, thenn ≥ 2r − i, in which case

the rank of the action is at leastr − i+ 1.

Proof. Let △r−i be the orbit whose each element contains exactlyi elements fromN . Then

once the firsti elements of an element of△r−i have been selected fromN , there remainr− i

elements to be selected from the remainingn − r elements ofX. For this to happen, it is

required thatr − i ≤ n− r, which becomesn ≥ 2r − i on rewriting. Accordingly,G{1,2,··· ,r}

has orbits each of whose every element has exactlyr, r − 1, r − 2, · · · , i + 2, i + 1, or i

elements fromN . These are

△0 = OrbG{1,2,··· ,r}
{1, 2, · · · , r}, the orbit whose only element contains exactlyr elements

from N (the trivial orbit), where|△0| =

(

r

r

)(

n− r

0

)

, the number of ways of selectingr

objects fromr distinct objects and no object fromn− r distinct objects,

△1 = OrbG{1,2,··· ,r}
{1, 2, · · · , r − 1, r + 1}, the orbit whose each element contains exactly
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r−1 elements fromN , with |△1| =

(

r

r − 1

)(

n− r

1

)

, the number of ways of selectingr−1

objects fromr distinct objects and1 object fromn− r distinct objects, and

△2 = OrbG{1,2,··· ,r}
{1, 2, · · · , r − 2, r + 1, r + 2}, the orbit whose each element contains

exactlyr − 2 elements fromN , such that|△2| =

(

r

r − 2

)(

n− r

2

)

, the number of ways of

selectingr − 2 objects fromr distinct objects and2 objects fromn− r distinct objects.

The intermediate orbits△3, · · · ,△r−i−2 are described in an analogous manner. The remaining

orbits are

△r−i−1 = OrbG{1,2,··· ,r}
{1, 2, · · · , i, i + 1, r + 1, r + 2, · · · , 2r − i − 1}, the orbit whose

each element contains exactlyi + 1 elements fromN ; the length corresponding to this orbit

is |△r−i−1| =

(

r

i+ 1

)(

n− r

r − i− 1

)

, the number of ways of selectingi + 1 objects fromr

distinct objects andr − i− 1 objects fromn− r distinct objects, and

△r−i = OrbG{1,2,··· ,r}
{1, 2, · · · , i, r + 1, r + 2, · · · , 2r − i}, the orbit whose each element

contains exactlyi elements fromN , where|△r−i| =

(

r

i

)(

n− r

r − i

)

, the number of ways of

selectingi objects fromr distinct objects andr − i objects fromn− r distinct objects.

Clearly, the orbits do not overlap partially and arer − i+ 1 in number.

Theorem 4.4.1.The rank ofG onX(r) is r + 1 if and only if n ≥ 2r.

Proof. Supposen ≥ 2r. This corresponds toi = 0 in Lemma 4.4.1 and it then follows from

the lemma that the stabilizerG{1,2,··· ,r} has orbits each of whose every element contains exactly

r, r − 1, r − 2, · · · , 2, 1, or no element fromN = {1, 2, · · · , r}. Ther + 1 suborbits ofG

are△0,△1,△2, · · · ,△r−2,△r−1, and△r respectively. Now, to prove thatG has exactlyr+1

suborbits, it suffices to show that{△0,△1,△2, · · · ,△r−1,△r} is a partition ofX(r). Clearly,

△r−i 6= ∅ for eachi = 0, 1, 2, · · · , r and△i ∩ △j = ∅ unlessi = j (i, j = 0, 1, 2, · · · , r).

Also,
r
∑

i=0

|△i| =
r
∑

i=0

(

r

r − i

)(

n− r

i

)

=

(

n

r

)

= |X(r)|

so that
r
∪
i=0

△r−i = X(r). Thus{△0,△1,△2, · · · ,△r−1,△r} partitionsX(r).

Conversely, suppose the rank isr+ 1. Then there exists a suborbit△r corresponding toi = 0

in Lemma 4.4.1. The length of this suborbit is

(

r

0

)(

n− r

r

)

wherein the factor

(

n− r

r

)

is

defined only ifn− r ≥ r, which becomesn ≥ 2r on rewriting.

Theorem 4.4.2. If n ≥ 2r, the length of the suborbit△i (i = 0, 1, 2, · · · , r) whose each

element has exactlyr − i elements from{1, 2, · · · , r} is

(

r

r − i

)(

n− r

i

)

. Further more,

|△i| < |△i+1|, i.e.

(

r

r − i

)(

n− r

i

)

<

(

r

r − i− 1

)(

n− r

i+ 1

)

, for all n ≥ r(r + 2).
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Proof. From the proof of Theorem 4.4.1,|△i| =

(

r

r − i

)(

n− r

i

)

, the number of ways of

selectingr − i objects fromr distinct objects andi objects fromn− r distinct objects.

The proof of the other part of the theorem is by mathematical induction. Ifr = 2, then from

Proposition 4.4.1,

(

2

2− i

)(

n− 2

i

)

<

(

2

2− i− 1

)(

n− 2

i+ 1

)

, (i = 0, 1, 2), for all n ≥ 8.

So, the statement is true forr = 2. Now, suppose the statement is true ifr = k for an integer

k ≥ 3. That is, ifn ≥ k(k + 2),

(

k

k − i

)(

n− k

i

)

<

(

k

k − i− 1

)(

n− k

i+ 1

)

⇒
k!

i!(k − i)!

(n− k)!

(n− k − i)!i!
<

k!

(i+ 1)!(k − i− 1)!

(n− k)!

(n− k − i− 1)!(i+ 1)!

⇒
k!

i!(k − i)!

(n− k)(n− k − 1)!

(n− k − i)(n− k − i− 1)!i!
<

k!

(i+ 1)!(k − i− 1)!

(n− k)(n− k − 1)!

(n− k − i− 1)(n− k − i− 2)!(i+ 1)!

⇒
k!

i!(k − i)!

(n− k − 1)!

(n− k − i− 1)!i!

(

n− k

n− k − i

)

<

k!

(i+ 1)!(k − i− 1)!

(n− k − 1)!

(n− k − i− 2)!(i+ 1)!

(

n− k

n− k − i− 1

)

⇒
k!

i!(k − i)!

(n− k − 1)!

(n− k − i− 1)!i!
<

k!

(i+ 1)!(k − i− 1)!

(n− k − 1)!

(n− k − i− 2)!(i+ 1)!

(

n− k − i

n− k − i− 1

)

.

For r = k + 1, the aim is to show that

(

k + 1

k − i+ 1

)(

n− k − 1

i

)

<

(

k + 1

k − i

)(

n− k − 1

i+ 1

)

⇒
(k + 1)!

i!(k − i+ 1)!

(n− k − 1)!

(n− k − i− 1)!i!
<

(k + 1)!

(i+ 1)!(k − i)!

(n− k − 1)!

(n− k − i− 2)!(i+ 1)!

⇒
(k + 1)k!

i!(k − i+ 1)(k − i)!

(n− k − 1)!

(n− k − i− 1)!i!
<

(k + 1)k!

(i+ 1)!(k − i)(k − i− 1)!

(n− k − 1)!

(n− k − i− 2)!(i+ 1)!
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⇒
k!

i!(k − i)!

(n− k − 1)!

(n− k − i− 1)!i!

(

k + 1

k − i+ 1

)

<

k!

(i+ 1)!(k − i− 1)!

(n− k − 1)!

(n− k − i− 2)!(i+ 1)!

(

k + 1

k − i

)

⇒
k!

i!(k − i)!

(n− k − 1)!

(n− k − i− 1)!i!
<

k!

(i+ 1)!(k − i− 1)!

(n− k − 1)!

(n− k − i− 2)!(i+ 1)!

(

k − i+ 1

k − i

)

.

Clearly, n−k−i
n−k−i−1

> 1 and k−i+1
k−i

> 1. Now, sincen ≥ k(k + 2) which on rewriting gives

n− 2k ≥ k2, then

(n− k − i)− (k − i+ 1) = (n− 2k)− 1

≥ k2 − 1

> 0

sincek ≥ 3. So,n − k − i > k − i + 1 and hencek−i+1
k−i

> n−k−i
n−k−i−1

. From the inductive

hypothesis, that is,

k!

i!(k − i)!

(n− k − 1)!

(n− k − i− 1)!i!
<

k!

(i+ 1)!(k − i− 1)!

(n− k − 1)!

(n− k − i− 2)!(i+ 1)!

(

n− k − i

n− k − i− 1

)

,

and the fact thatk−i+1
k−i

> n−k−i
n−k−i−1

, then

k!

i!(k − i)!

(n− k − 1)!

(n− k − i− 1)!i!
<

k!

(i+ 1)!(k − i− 1)!

(n− k − 1)!

(n− k − i− 2)!(i+ 1)!

(

k − i+ 1

k − i

)

.

This proves that

(

k + 1

k − i+ 1

)(

n− k − 1

i

)

<

(

k + 1

k − i

)(

n− k − 1

i+ 1

)

.

So, the statement is true forr = k+ 1 whenever true forr = k. Therefore, by the principle of

mathematical induction, the statement is true for allr ≥ 2.

Remark4.4.1. Theorem 4.4.1 and part of Theorem 4.4.2 hold only forn ≥ 5 whenr = 2.

This is clear from Proposition 4.4.1.
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4.5 Pairing of Suborbits ofAn onX
(r)

Since|G| is even, then by Theorem 1.1.4, the action has non-trivial suborbits that are self-

paired.

Theorem 4.5.1.The suborbits of the action ofG onX(r), except for some non-trivial suborbits

associated with the actions ofA3 andA4 onX(2), are self-paired.

Proof. Consider the general suborbit△r−i (i = 0, 1, · · · , r) whose each element contains

exactlyi elements from the set{1, 2, · · · , r}. Then

{1, 2, · · · , i, r + 1, r + 2, · · · , 2r − i− 1, 2r − i} ∈ △r−i.

If r andi are both even or both odd, then

g = (i+ 1 r + 1)(i+ 2 r + 2) · · · (r − 1 2r − i− 1)(r 2r − i) ∈ G

and if one ofr andi is even, and the other odd, then

g = (1 2)(i+ 1 r + 1)(i+ 2 r + 2) · · · (r − 1 2r − i− 1)(r 2r − i) ∈ G.

In any of these cases

g{1, 2, · · · , i, r + 1, r + 2, · · · , 2r − i− 1, 2r − i}

=

{1, 2, · · · , i, i+ 1, i+ 2, · · · , r − 1, r} ∈ g△r−i

and

g{1, 2, · · · , i, i+ 1, i+ 2, · · · , r − 1, r}

=

{1, 2, · · · , i, r + 1, r + 2, · · · , 2r − i− 1, 2r − i} ∈ △r−i

so that by Definition 1.1.7,△∗
r−i = △r−i (it is easy to verify that no suchg exists for cases

wheren = 3 andn = 4 while r = 2, i = 1; see Remark 4.5.1 and Example 4.5.1 below for

more details).

Remark4.5.1. Theorem 4.5.1, partially fails for the action ofA3 onX(2). The two non-trivial

suborbits of the action, found in Subsubsection 4.4.1.1, are paired (see Example 4.5.1 below).

The theorem also partially fails for the action ofA4 onX(2) where the two suborbits whose
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each element contains exactly one of1 and2, found in Subsubsection 4.4.1.2, are paired (again

see Example 4.5.1 for further details).

Example 4.5.1.The non-trivial suborbits of the action ofG = A3 onX(2) are

△1 = OrbG{1,2}
{1, 3} = {{1, 3}} and△2 = OrbG{1,2}

{2, 3} = {{2, 3}}. Now, consider

g = (1 2 3) ∈ G, theng{1, 3} = {1, 2} ∈ g△1 but g{1, 2} = {2, 3} ∈ △2. So,△∗
1 = △2.

Similarly, if A4 acts onX(2), the corresponding non-trivial suborbits△1, △2 and△3 seen in

Subsubsection 4.4.1.2, are such that△∗
1 = △2 but△∗

3 = △3.

Example 4.5.2.The action ofA5 onX(2) has two non-trivial suborbits△1 and△2 (see Sub-

subsection 4.4.1.3). Now, consideringg1 = (23)(45), theng1{1, 3} = {1, 2} ∈ g1△1 and

g1{1, 2} = {1, 3} ∈ △1. So,△1 is self-paired. Also,g2 = (13)(24) takes{3, 4} ∈ △2 to

{1, 2} and vice versa so that△2 is self-paired. Similarly, by Definition 1.1.7, the three non-

trivial suborbits△1, △2 and△3 of the action ofA6 onX(3) (see Subsubsection 4.4.2.3) are

self-paired. This is clear becauseg3 = (12)(34) takes{1, 2, 4} ∈ △1 to {1, 2, 3} and vice

versa,g4 = (24)(35) takes{1, 4, 5} ∈ △2 to {1, 2, 3} and vice versa, whileg5 = (1425)(36)

takes{4, 5, 6} ∈ △3 to {1, 2, 3} and vice versa.
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CHAPTER FIVE

SUBORBITAL GRAPHS OF THE ACTION OF An ON ORDERED

SUBSETS

5.1 Introduction

The properties of the combinatorial structures associatedwith a group action form an essential

component of the study of the group action. The aim of this chapter is to construct the subor-

bital graphs associated with the action ofAn onX [r] and also give an in-depth analysis of these

graphs with regard to concepts such as directedness, connectedness, number of components in

a disconnected graph, vertex degree, and girth. Construction and analysis of suborbital graphs

corresponding to the six non-trivial suborbits of the action of An onX [2] for n ≥ 6, seen in

Subsection 3.4.1, is done in Section 5.2. On the other hand, the construction and analysis of

the graphs corresponding to more general action ofAn onX [r] takes place in Section 5.3.

5.2 Suborbital Graphs ofAn onX
[2]

Consider the action ofAn (n ≥ 6) onX [2] (see the action in Subsubsection 3.4.1.4). Then the

suborbits△1,△2,△5 and△6 are self-paired while△3 and△4 are paired (see this pairing in

Example 3.5.1). Thus, by Theorem 1.1.11, the suborbital graphs corresponding to△1,△2,△5

and△6 are undirected while those corresponding to△3 and△4 are directed.

A suborbital graph corresponding to a suborbit of the actionhasX [2] as its vertex set. Now,

the six non-trivial graphs of the action are constructed anddescribed as follows:

(i) The suborbitalO1 corresponding to the suborbit△1 is

O1 = {(g[1, 2], g[2, 1])|g ∈ G, [2, 1] ∈ △1}.

So, the corresponding suborbital graphΓ1 has an edge from vertex[u, v] to vertex[x, y] if and

only if u = y andv = x. The graph is undirected since if[x, y] is in O1, so does[y, x]. It is

disconnected since there is no path from[1, 2] to [1, 3]; a component of the graph is a tree with

two leaves. Thus, it is a regular forest of degree1 consisting of|X
[2]|
2

= 1
2
(nP2) =

(

n

2

)

trees.

Its girth is zero, by the definition of a tree. The graph is bipartite with one part corresponding

to all ordered pairs[u, v] such thatu < v, and the other[x, y] such thatx > y.

Example 5.2.1.Forn = 6, the suborbital graphΓ1 corresponding to the suborbit△1 is given

as in Figure 5.2.1 below.
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Figure 5.2.1: Suborbital GraphΓ1 of A6 onX [2]

(ii) The suborbitalO2 corresponding to the suborbit△2 is

O2 = {(g[1, 2], g[1, 3])|g ∈ G, [1, 3] ∈ △2}.

So, the corresponding suborbital graphΓ2 has an edge from[u, v] to [x, y] if and only if u = x

but v 6= y. Now, if ([x, y], [x, z]) ∈ O2, then([x, z], [x, y]) ∈ O2 also. So,Γ2 is undirected

and hence self-paired. To show that it is regular of degreen − 2, without loss of generality,

the vertex[1, 2] is adjacent to each of then− 2 vertices[1, 3], [1, 4], · · · , [1, n− 1], and[1, n].

It is disconnected since there does not exist a path between the vertices[1, 2] and [2, 1]. A

connected component consists of then − 1 vertices of the form[x, y] for a fixedx ∈ X and

y ∈ X − {x}. Thus, the number of connected components is|X[2]|
n−1

= 1
n−1

(nP2) =
2

n−1

(

n

2

)

.

Moreover, it has girth3 since the vertices[1, 2], [1, 3] and[1, 4] are pairwise adjacent.

Example 5.2.2.If n = 6, the suborbital graphΓ2 corresponding to the suborbit△2 is given

as in Figure 5.2.2 below.
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Figure 5.2.2: Suborbital GraphΓ2 of A6 onX [2]

(iii) The suborbitalO3 corresponding to the suborbit△3 is

O3 = {(g[1, 2], g[3, 1])|g ∈ G, [3, 1] ∈ △3}.

So, the corresponding suborbital graphΓ3 has an edge from[u, v] to [x, y] if and only if u = y

butv 6= x. Now, if ([x, y], [z, x]) ∈ O3, then([z, x], [x, y]) /∈ O3. So,Γ3 is directed and hence

paired with another. It is connected since there exists a path between any two vertices, and has

girth 3 since there is a directed path joining the vertices[1, 2], [3, 1] and[2, 3]. To show that it

is regular where each vertex has indegreen−2 and outdegreen−2, without loss of generality,

there is a directed edge from[1, 2] to each of then − 2 vertices[3, 1], [4, 1], · · · , [n − 1, 1],

and[n, 1], and a directed edge from each of then− 2 vertices[2, 3], [2, 4], · · · , [2, n− 1], and

[2, n], to [1, 2].

Example 5.2.3.If n = 6, the suborbital graphΓ3 corresponding to the suborbit△3 is given

as in Figure 5.2.3 below.
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Figure 5.2.3: Suborbital GraphΓ3 of A6 onX [2]

(iv) The suborbitalO4 corresponding to the suborbit△4 is

O4 = {(g[1, 2], g[2, 3])|g ∈ G, [2, 3] ∈ △4}.

So, the corresponding suborbital graphΓ4 has a directed edge from[u, v] to [x, y] if and only

if v = x butu 6= y. If ([x, y], [y, z]) ∈ O4, then([y, z], [x, y]) /∈ O4. In fact([y, z], [x, y]) ∈ O3

above. So,Γ4 is directed and is paired withΓ3 above and has the same properties asΓ3, except

that the edges are oppositely directed to those ofΓ3.

Example 5.2.4.If n = 6, the suborbital graphΓ4 corresponding to the suborbit△4 is given

as in Figure 5.2.4 below.
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Figure 5.2.4: Suborbital GraphΓ4 of A6 onX [2]

(v) The suborbitalO5 corresponding to the suborbit△5 is

O5 = {(g[1, 2], g[3, 2])|g ∈ G, [3, 2] ∈ △5}.

So, the corresponding suborbital graphΓ5 has an edge from[u, v] to [x, y] if and only if v = y

andu 6= x. Now, if ([x, y], [z, y]) ∈ O5, then([z, y], [x, y]) ∈ O5. So,Γ5 is undirected and

hence self-paired. In this case, all the properties ofΓ5 are identical to those ofΓ2 above.

Example 5.2.5.If n = 6, the suborbital graphΓ5 corresponding to the suborbit△5 is given

as in Figure 5.2.5 below.
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Figure 5.2.5: Suborbital GraphΓ5 of A6 onX [2]

(vi) The suborbitalO6 corresponding to the suborbit△6 is

O6 = {(g[1, 2], g[3, 4])|g ∈ G, [3, 4] ∈ △6}.

The corresponding graphΓ6 has an edge from[u, v] to [x, y] if and only if {u, v}∩{x, y} = ∅.

If ([u, v], [x, y]) ∈ O6, then([x, y], [u, v]) ∈ O6. So,Γ6 is undirected and hence self-paired.

It is connected since there exists a path between any two vertices of the graph. To show that

it is regular of degree(n − 2)(n − 3), any vertex of the form[u, v] is adjacent to each of the

n−2P2 =
(n−2)!
(n−4)!

= (n− 2)(n− 3) vertices of the form[x, y] such that{u, v} ∩ {x, y} = ∅. It

has girth3 if and only ifn ≥ 6 since[1, 2], [3, 4], and[5, 6] are pairwise adjacent if and only if

n ≥ 6.

Example 5.2.6.If n = 6, the suborbital graphΓ6 corresponding to the suborbit△6 is given

as in Figure 5.2.6 below.
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Figure 5.2.6: Suborbital GraphΓ6 of A6 onX [2]

5.3 Suborbital Graphs ofAn onX
[r]

5.3.1 Construction of the Suborbital Graphs

Let G act onX [r] and let[x1, x2, · · · , xr] ∈ △ where△ is an orbit ofG[1,2,··· ,r] onX [r]. Then

the suborbitalO corresponding to△ is defined by

O = {(g[1, 2, · · · , r], g[x1, x2, · · · , xr])|g ∈ G, [x1, x2, · · · , xr] ∈ △}.

The suborbital graph corresponding to the suborbitalO hasX [r] as its vertex set. Now, suppose

|{1, 2, · · · , r} ∩ {x1, x2, · · · , xr}| = k, 0 ≤ k ≤ r such that the coordinates of[1, 2, · · · , r] in

positionsα1, α2, · · · , αk are respectively identical to the coordinates of[x1, x2, · · · , xr] in the

positionsβ1, β2, · · · , βk whereαi, βj ∈ {1, 2, · · · , r} andi, j ∈ {1, 2, · · · , k}. The graph has

an edge from[y1, y2, · · · , yr] to [z1, z2, · · · , zr] if and only if ([y1, y2, · · · , yr], [z1, z2, · · · , zr])

is in O, which in turn occurs if and only if|{y1, y2, · · · , yr} ∩ {z1, z2, · · · , zr}| = k in such a

way that the coordinates of[y1, y2, · · · , yr] in positionsα1, α2, · · · , αk are respectively identi-

cal to the coordinates of[z1, z2, · · · , zr] in positionsβ1, β2, · · · , βk.

Example 5.3.1.LetG act onX [4] with n ≥ 10. Then the ordered quadruple[5, 1, 2, 7] belongs
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to the suborbit△130 = OrbG[1,2,3,4]
[5, 1, 2, 6] (find △130 in Appendix B). The suborbitalO130

corresponding to△130 is defined by

O130 = {(g[1, 2, 3, 4], g[5, 1, 2, 7])|g ∈ G, [5, 1, 2, 7] ∈ △130}.

Thus, the graphΓ130 corresponding toO130 hasX [4] as its vertex set. It has an edge from

[x1, x2, x3, x4] to [y1, y2, y3, y4] if and only if x1 = y2, x2 = y3 and{x3, x4} ∩ {y1, y4} = ∅.

In this case△130 is paired with the suborbit△156 (see△156 in Appendix B, and pairing of

the suborbits in Example 3.5.3). Hence,Γ130 is paired with the suborbital graphΓ156, which

corresponds to△156, and each has directed edges.

5.3.2 Properties of the Suborbital Graphs

Theorem 5.3.1.The action ofG onX [r] has at least one disconnected non-trivial suborbital

graph for alln ≥ r + 2.

Proof. This action is imprimitive, from Theorem 3.3.1 and therefore, by Theorem 1.1.12, the

action has a disconnected non-trivial suborbital graph.

Example 5.3.2.Consider the action ofAn (n ≥ 6) onX [2]. The suborbital graphsΓ1, Γ2 and

Γ5 described in Section 5.2, associated with the action, are all disconnected.

Theorem 5.3.2.Let G act onX [r] and letTi be the suborbital graph corresponding to a self-

paired orbit ofG[1,2,··· ,r] onX [r] whose element has all elements from{1, 2, · · · , r}. ThenTi

has girth zero, it is regular of degree1 and is disconnected withr!
2

(

n

r

)

connected components.

Proof. Each vertex ofTi has degree one so that the connected components ofTi are trees with

two vertices and one edge (see Figure 5.3.1 below). Thus,Ti is disconnected, has girth zero

and the degree of each vertex is1. Clearly, the number of connected components inTi is given

by |X[r]|
2

= 1
2
(nPr) =

r!
2

(

n

r

)

.

b

b

Figure 5.3.1: A Connected Component inTi
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Example 5.3.3.A good illustration is the suborbital graphΓ1 corresponding to the self-paired

suborbit△1 of the action ofA6 onX [2] (see Example 5.2.1 above). One can easily check that

the number of connected components ofΓ1 is 2!
2

(

6

2

)

= 15.

Theorem 5.3.3.LetG act onX [r] and letTj be the suborbital graph corresponding to a paired

orbit of G[1,2,··· ,r] on X [r] whose element has all elements from{1, 2, · · · , r}. Then,Tj is

disconnected withr!
3

(

n

r

)

connected components and has girth three.

Proof. Each vertex ofTj has indegree1 and outdegree1. Construction shows that the con-

nected components ofTj are directed triangles. So,Tj has girth3 and the number of connected

components inTj is |X[r]|
3

= 1
3
(nPr) =

r!
3

(

n

r

)

.

Example 5.3.4.LetG act onX [3] with n ≥ 8. The suborbits△3 and△4 (find these suborbits

in Appendix A) are paired (see Example 3.5.2). Hence, their corresponding suborbital graphs

T3 andT4, respectively, are paired. A connected component inT3 is given in Figure 5.3.2

below.

b

[2, 3, 1]

b

[3, 1, 2]

b
[1, 2, 3]

Figure 5.3.2: A Connected Component inT3

Theorem 5.3.4.LetG act onX [r] and letT be the suborbital graph corresponding to the self-

paired orbit ofG[1,2,··· ,r] onX [r] whose each element contains no element from{1, 2, · · · , r}.

Then, T is connected and undirected. In addition, T has girth3 if and only if n ≥ 3r, and it is

regular of degree(n− r)(n− r − 1) · · · (n− 2r + 1).

Proof. Suppose△ is the orbit ofG[1,2,··· ,r] onX [r] whose each element has no element from

{1, 2, · · · , r}. If [u1, u2, · · · , ur] ∈ △, then the suborbital corresponding to△ is given by

O = {(g[1, 2, · · · , r], g[u1, u2, · · · , ur])|g ∈ G}.

Clearly,{1, 2, · · · , r}∩{u1, u2, · · · , ur} = ∅ and the corresponding graphT has an edge from

[v1, v2, · · · , vr] to [w1, w2, · · · , wr] if and only if {v1, v2, · · · , vr} ∩ {w1, w2, · · · , wr} = ∅.
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That the graph is undirected is clear since if([v1, v2, · · · , vr], [w1, w2, · · · , wr]) ∈ O, then

([w1, w2, · · · , wr], [v1, v2, · · · , vr]) ∈ O also. Now, construction shows that ifU andV are

distinct vertices ofT , there is a path that starts atU and ends atV . Hence,T is connected.

Further, the three vertices[u1, u2, · · · , ur], [v1, v2, · · · , vr] and [w1, w2, · · · , wr] will form a

cycle if and only if they are{u1, u2, · · · , ur} ∩ {v1, v2, · · · , vr} ∩ {w1, w2, · · · , wr} = ∅,

which is possible if and only ifn ≥ 3r (see Figure 5.3.3 below for a cycle inT ). Finally,

T is regular of degree(n − r)(n − r − 1) · · · (n − 2r + 1) since any vertex[x1, x2, · · · , xr]

is adjacent to each of then−rPr = (n−r)!
(n−2r)!

= (n − r)(n − r − 1) · · · (n − 2r + 1) vertices

[y1, y2, · · · , yr] for which{x1, x2, · · · , xr} ∩ {y1, y2, · · · , yr} = ∅.

b
[v1, v2, · · · , vr ]

b [w1, w2, · · · , wr]

b

[u1, u2, · · · , ur ]

Figure 5.3.3: A Cycle inT

Example 5.3.5.The suborbital graphΓ6 seen in Example 5.2.6 above, associated with the

action ofA6 onX [2], is one such example.
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CHAPTER SIX

SUBORBITAL GRAPHS OF THE ACTION OF An ON UNORDERED

SUBSETS

6.1 Introduction

Central to the study of a group action are the properties of the associated combinatorial struc-

tures. This chapter sets out to construct the suborbital graphs corresponding to the action of

An onX(r) and also provide an examination of these graphs with respectto concepts such as

directedness, connectedness, number of components in a disconnected graph, vertex degree,

and girth. Construction and analysis of the suborbital graphs corresponding to the non-trivial

suborbits of the action ofAn onX(2) is handled in Section 6.2. On the other hand, the con-

struction and detailed analysis of suborbital graphs corresponding to more general action of

An onX(r) is done Section 6.3.

6.2 Suborbital Graphs ofAn onX
(2)

A suborbital graph corresponding to a suborbit of the actionof G onX(2) hasX(2) as its vertex

set. The non-trivial suborbital graphs ofG onX(2) are constructed and described as follows:

(i) A suborbitalO1 corresponding to a suborbit△ of G onX(2) whose each element contains

exactly one of1 and2 is

O1 = {(g{1, 2}, g{1, 3})|g ∈ G, {1, 3} ∈ △}.

So, the corresponding suborbital graph has an edge from{u, v} to {x, y} if and only if

|{u, v} ∩ {x, y}| = 1. The graph is undirected since if({u, v}, {x, y}) belongs toO1, so

does({x, y}, {u, v}). It is connected as there exists a path between any two distinct vertices,

and it has girth3 because the vertices{1, 2}, {1, 3} and {2, 3} are pairwise adjacent. To

show that it is regular of degree

(

2

1

)(

n− 2

1

)

, without loss of generality, there is an edge

from the vertex{1, 2} to each of{1, 3}, · · · , {1, n}, {2, 3}, · · · , {2, n}; the number of edges

is 2(n− 2) =

(

2

1

)(

n− 2

1

)

in this case.

Example 6.2.1.If A3 acts onX(2), the paired suborbits△1 and△2 (check pairing of the sub-

orbits in Example 4.5.1) have precisely the same suborbitalgraph. This graphΦ is undirected

and is as given in Figure 6.2.1 below.
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b

{1, 3}

b

{2, 3}

b

{1, 2}

Figure 6.2.1: A Suborbital GraphΦ of A3 onX(2)

Example 6.2.2.Similarly, the paired suborbits△1 and△2 of A4 acting onX(2), (see pairing

in Example 4.5.1) have precisely the same suborbital graph.This graphΨ is undirected and is

as given in Figure 6.2.2 below.

b

{1, 4}

b

{2, 3}

b {1, 3}

b

{2, 4}

b

{1, 2}

b{3, 4}

Figure 6.2.2: A Suborbital GraphΨ of A4 onX(2)

Example 6.2.3.SupposeA5 acts onX(2). Then, the suborbital graphΩ corresponding to the

suborbit△1 (find △1 in Subsubsection 4.4.1.3) is as shown in Figure 6.2.3 below.
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b {2, 3}
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{1, 4}
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b{4, 5}

b{3, 5}

Figure 6.2.3: Suborbital GraphΩ of A5 onX(2)

(ii) The suborbitalO2 corresponding to the suborbit△ of G on X(2) whose each element

contains neither of1 and2 is

O2 = {(g{1, 2}, g{3, 4})|g ∈ G, {3, 4} ∈ △}.

In this case, the corresponding suborbital graph has an edgefrom {u, v} to {x, y} if and

only if {u, v} ∩ {x, y} = ∅. The graph is undirected since if({u, v}, {x, y}) is in O2, so

does({x, y}, {u, v}). It is regular of degree

(

2

0

)(

n− 2

2

)

since, without loss of generality,

there is an edge from the vertex{1, 2} to each of the

(

n− 2

2

)

=

(

2

0

)(

n− 2

2

)

vertices

of the form{x, y}, x, y ∈ {3, 4, · · · , n}. If n = 4, the graph is disconnected and has girth

zero (see Figure 6.2.4 in Example 6.2.4 below). On the other hand if n ≥ 5, the graph

is connected since there is a path between any two distinct vertices, and has girth5 since

{1, 2}{3, 4}{2, 5}{1, 4}{3, 5}{1, 2} is a cycle of shortest length in the graph.

Example 6.2.4.SupposeG = A4 acts onX(2). The suborbital graphΓ1 corresponding to the

suborbit△3 (see Subsubsection 4.4.1.2 for△3) is as shown in Figure 6.2.4 below.
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b {1, 2}

b{3, 4}

b{2, 4}

b{2, 3}

b {1, 4}

b {1, 3}

Figure 6.2.4: Suborbital GraphΓ1 of A4 onX(2)

Example 6.2.5.SupposeA5 acts onX(2). Then, the suborbital graphΓ2 corresponding to the

suborbit△2 (see Subsubsection 4.4.1.3 for△2) is as shown in Figure 6.2.5 below.
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b {1, 2}

b

{1, 5}

b{4, 5}

b

{3, 4}

b

{1, 4}

b

{3, 5}

b {2, 4}

b

{1, 3}

b{2, 5}

Figure 6.2.5: Suborbital GraphΓ2 of A5 onX(2)

Figure 6.2.5 above is the famous Petersen Graph.
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6.3 Suborbital Graphs ofAn onX
(r)

6.3.1 Construction of the Suborbital Graphs

LetG act onX(r) and let△ be a suborbit ofG. Then, the suborbitalO corresponding to△ is

given by

O = {(g{1, 2, · · · , r}, g{x1, x2, · · · , xr}) |g ∈ G, {x1, x2, · · · , xr} ∈ △} .

The suborbital graphΓ corresponding to this suborbital is constructed by takingX(r) as the

vertex set. Suppose|{1, 2, · · · , r} ∩ {x1, x2, · · · , xr}| = k, 0 ≤ k ≤ r. Consider vertices

U = {y1, y2, · · · , yr} andV = {z1, z2, · · · , zr}. ThenΓ has an edge fromU to V if and only

if (U, V ) ∈ O, which happens if and only if|U ∩ V | = k.

Example 6.3.1.SupposeG acts onX(4) with n ≥ 8. Then{2, 3, 5, 6} ∈ △2 in which

case△2 = OrbG{1,2,··· ,r)
{1, 2, 5, 6} (see this suborbit in Subsection 4.4.3). The suborbital

corresponding to△2 is given by

O2 = {(g{1, 2, 3, 4}, g{2, 3, 5, 6}) |g ∈ G, {2, 3, 5, 6} ∈ △2},

and the suborbital graphΓ2 corresponding toO2 hasX(4) as the vertex set. Consider the

elementsU = {y1, y2, y3, y4} andV = {z1, z2, z3, z4} of X(4). Then(U, V ) ∈ O2 if and only

if |U ∩ V | = 2. Accordingly, there exists an edge fromU to V . Now, since△2 is self-paired,

by Theorem 4.5.1,Γ2 is self-paired and hence undirected.

6.3.2 Properties of the Suborbital Graphs

Theorem 6.3.1.Every suborbital graph ofG acting onX(r) is undirected.

Proof. The trivial suborbital graph is undirected by default. FromExamples 6.2.1 and 6.2.2,

the suborbital graphs corresponding to the paired suborbits △1 and△2 for the case where

G = A3 (or A4) acts onX(2) are one and the same, and undirected. From Theorem 4.5.1,

all the other suborbits are self-paired. Therefore, by Theorem 1.1.11, their corresponding

suborbital graphs are self-paired and hence undirected.

Theorem 6.3.2.The action ofG onX(r) has exactly one disconnected non-trivial suborbital

graph ifn = 2r; any other non-trivial suborbital graph of the action is connected.

Proof. Supposen = 2r so thatX = {1, 2, · · · , r, r + 1, r + 2, · · · , 2r}. Now, consider the

suborbit△r = {r + 1, r + 2, · · · , 2r} whose only element contains no element from the set

N = {1, 2, · · · , r}. Then, the suborbital corresponding to△r is

Or = {(g{1, 2, · · · , r}, g{r + 1, r + 2, · · · , 2r}) |g ∈ G}.
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The corresponding suborbital graphΓr has an edge between verticesU = {x1, x2, · · · , xr}

andV = {y1, y2, · · · , yr} if and only if U ∩ V = ∅. Sincen = 2r, U is adjacent only

to V , and vise versa, so that a component ofΓr is a tree with two vertices and one edge.

HenceΓr is disconnected with girth zero and the number of connected components is given

by |X(r)|
2

= 1
2

(

n

r

)

in this case. Now, construction shows that there exists a path between any

two vertices of any other non-trivial suborbital graph of the action so that it is connected. On

the other hand, ifn 6= 2r, then from Theorem 4.3.1, the action ofG onX(r) is primitive and

hence, by Theorem 1.1.12, all the non-trivial suborbital graphs associated with this action are

connected.

Example 6.3.2.The suborbital graphΓ1 in Example 6.2.4 above is one such disconnected

graph.

Theorem 6.3.3.The suborbital graphΓr−i (i = 0, 1, · · · , r − 1) corresponding to the non-

trivial suborbit△r−i of G on X(r) whose every element contains exactlyi elements from

{1, 2, · · · , r} is regular of degree

(

r

i

)(

n− r

r − i

)

.

Proof. Suppose{x1, x2, · · · , xr} ∈ △r−i. Then the corresponding suborbital is

Or−i = {(g{1, 2, · · · , r}, g{x1, x2, · · · , xr}) | g ∈ G, {x1, x2, · · · , xr} ∈ △r−i}.

In this case|{1, 2, · · · , r} ∩ {x1, x2, · · · , xr}| = i. Accordingly, the corresponding suborbital

graphΓr−i hasX(r) as the vertex set and there exists an edge from vertexU = {y1, y2, · · · , yr}

to vertexV = {z1, z2, · · · , zr} if and only if |U ∩ V | = i. So, the firsti coordinates ofV

are chosen fromr elements ofX in

(

r

i

)

different ways and the remainingr − i coordinates

chosen from the remainingn − r elements ofX in

(

n− r

r − i

)

ways. As a result, vertexU is

connected to

(

r

i

)(

n− r

r − i

)

distinct vertices. SinceU is arbitrary, the conclusion is clear.

Example 6.3.3. If G = A5 acts onX(2), the non-trivial suborbital graphsΩ andΓ2 (see

Section 6.2) are regular of degree

(

2

1

)(

3

1

)

= 6 and

(

2

0

)(

3

2

)

= 3, respectively.

Theorem 6.3.4.Let Γ be a suborbital graph ofG acting onX(r) where adjacent vertices

U = {x1, x2, · · · , xr} andV = {y1, y2, · · · , yr} are such that|U ∩ V | = r − 1. ThenΓ has

girth 3 .

Proof. Consider the vertices{1, 2, · · · , r − 2, r − 1, r}, {1, 2, · · · , r − 2, r − 1, r + 1} and

{2, 3, · · · , r − 1, r, r + 1} of Γ . They are pairwise adjacent, by the condition of the theorem,

and the conclusion follows.
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Example 6.3.4.If G acts onX(4), then for eachn ≥ 5 there exists a suborbital graph satis-

fying the condition in Theorem 6.3.4. This graph has a closedpath connecting the vertices

{1, 2, 3, 4}, {1, 2, 3, 5} and{2, 3, 4, 5}. In fact this is the suborbital graph corresponding to

the suborbit△1 whose each element contains exactly3 elements from the set{1, 2, 3, 4}, for

eachn ≥ 5 (check Subsection 4.4.3 for the suborbit).

Theorem 6.3.5.Every non-trivial suborbital graph ofG onX(r) has girth3 if n ≥ 3r.

Proof. Supposen ≥ 3r. Let Γi (i = 1, 2, · · · , r) be the non-trivial suborbital graph corre-

sponding to a suborbit△i (i = 1, 2, · · · , r). Clearly, sincen ≥ 3r by hypothesis, there exist

distinct elementsU = {u1, u2, · · · , ur}, V = {v1, v2, · · · , vr} andW = {w1, w2, · · · , wr} in

X(r) such that|U ∩ V | = |U ∩W | = |V ∩W | = k, k = 0, 1, · · · , r − 1. HenceU , V andW

are pairwise adjacent inΓi, so thatΓi has a cycle of length3.

Example 6.3.5.The action ofA6 onX(2) has two non-trivial suborbits△1 and△2 (see Sub-

subsection 4.4.1.4). From the argument given in Subsection6.3.1 above, the suborbital graph

corresponding to△1 has a cycle joining the vertices{1, 2}, {1, 3} and{1, 4}. Similarly, the

suborbital graph corresponding to△2 has pairwise adjacent vertices{1, 2}, {3, 4} and{5, 6}.
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CHAPTER SEVEN

CYCLE INDEX OF Sn AS A SEMIDIRECT PRODUCT OF An BY C2

7.1 Introduction

The idea of the cycle index formula of a group action is a significant one. The current chapter

is devoted for the derivation of the cycle index formula of the symmetric groupSn, explicitly

in terms of the cycle index formula ofAn and that ofC2, whereSn is a semidirect product of

An byC2. The expression of cycle index ofSn in terms of cycle indices ofAn andC2 for each

case where3 ≤ n ≤ 7 is done in Section 7.2. Elsewhere, the derivation of the cycle index of

Sn in terms of the cycle index ofAn and that ofC2 for anyn ≥ 3 takes place in Section 7.3.

Throughout the chapter, the notationZ1,X shall be reserved to mean the cycle index of the

trivial group acting onX. On the other hand, the notationsG, H, andK shall be used as

defined in the respective contexts but not necessarily as defined in other contexts before.

7.2 Cycle Index ofSn as a Semidirect Product ofAn by C2 for

3 ≤ n ≤ 7

7.2.1 Cycle Index ofS3 as a Semidirect Product ofA3 by C2

Consider the setX = {1, 2, 3} and the groupsG = {1, (123), (132), (12), (13), (23)} = S3,

H = {1, (123), (132)} = A3 andK = {1, (12)} = C2. By Equation 1.1.1, the cycle index

polynomials ofG,H, andK acting onX areZG,X = 1
6
{t31+2t3+3t1t2},ZH,X = 1

3
{t31+2t3},

andZK,X = 1
2
{t31 + t1t2}, respectively. Now, on rewriting,

ZG,X =
1

6

{

t31 + 2t3
}

+
1

6
{3t1t2}

=
1

2

1

3

{

t31 + 2t3
}

+
1

2

{

t31 + t1t2
}

−
1

2
t31

=
1

2
ZH,X + ZK,X −

1

2
Z1,X .

This formula was originally obtained by (Kamuti, 2004) but using a different method; this is

as expected sinceG is Frobenius (see Example 1.1.5). The formula can further berewritten as

ZG,X =
1

2
ZH,X +

2!

3!

3!

2!1!
ZK,X −

1

3!

3!

2!1!
Z1,X

=
1

2
ZH,X +

2

3!

(

3

2

)

ZK,X −
1

3!

(

3

2

)

Z1,X .

In this case, all the transpositions (odd permutations) inG are conjugate to the transposition

(12) in K, by Theorem 1.1.14.
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7.2.2 Cycle Index ofS4 as a Semidirect Product ofA4 by C2

SupposeX = {1, 2, 3, 4} so thatG = S4 (see Example 1.1.6 for the elements ofG),

H = {1, (123), (132), (124), (142), (134), (143), (234),

(243), (12)(34), (13)(24), (14)(23)}

= A4

and

K = {1, (12)} = C2.

By Equation 1.1.1, the corresponding cycle index polynomials are

ZG,X =
1

24
{t41 + 8t1t3 + 3t22 + 6t21t2 + 6t4},

ZH,X =
1

12
{t41 + 8t1t3 + 3t22},

and

ZK,X =
1

2
{t41 + t21t2}

respectively. Now,ZG,X can be rewritten as

ZG,X =
1

24

{

t41 + 8t1t3 + 3t22
}

+
1

24

{

6t21t2 + 6t4
}

=
1

2

1

12

{

t41 + 8t1t3 + 3t22
}

+
1

2

1

2

{

t41 + t21t2
}

−
1

4
t41 +

1

24
{6t4}

=
1

2
ZH,X +

1

2
ZK,X −

1

4
Z1,X +

1

4
t4

=
1

2
ZH,X +

2!

4!

4!

2!2!
ZK,X −

1

4!

4!

2!2!
Z1,X +

1

4
t4

=
1

2
ZH,X +

2

4!

(

4

2

)

ZK,X −
1

4!

(

4

2

)

Z1,X +
1

4
t4.

In this case, the extra term1
4
t4 is the contribution, toZG,X , of the six odd permutations ofX

that are not transpositions. These permutations are not in aconjugate ofK but all of them

form a conjugacy class inG, by Theorem 1.1.14.

7.2.3 Cycle Index ofS5 as a Semidirect Product ofA5 by C2

Let X = {1, 2, 3, 4, 5}, G = S5, H = A5 andK = < (12) > = C2. The cycle index ofK

can easily be calculated since its elements and their corresponding monomials can be listed

down without much effort. On the other hand, Table 7.1 below is essential in the calculation of
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the cycle indices ofG andH since it is quite cumbersome listing down the elements of each.

Table 7.1: Monomials of Elements ofS5

Permutation Cycle Corresponding Corresponding Number
Type Type Monomial of Elements inS5

(a)(b)(c)(d)(e) (5, 0, 0, 0, 0) t51 1
(a)(bc)(de) (1, 2, 0, 0, 0) t1t

2
2 15

(a)(b)(cde) (2, 0, 1, 0, 0) t21t3 20
(abcde) (0, 0, 0, 0, 1) t5 24

(a)(b)(c)(de) (3, 1, 0, 0, 0) t31t2 10
(ab)(cde) (0, 1, 1, 0, 0) t2t3 20
(a)(bcde) (1, 0, 0, 1, 0) t1t4 30

Total 120 = |S5|

Now, in a manner analogous to the calculation ofZG,X in Example 1.1.6,

ZG,X =
1

120
{t51 + 15t1t

2
2 + 20t21t3 + 24t5 + 10t31t2 + 20t2t3 + 30t1t4},

and

ZH,X =
1

60
{t51 + 15t1t

2
2 + 20t21t3 + 24t5},

while

ZK,X =
1

2
{t51 + t31t2}.

Just like in Subsections 7.2.1 and 7.2.2,ZG,X can be rewritten as

ZG,X =
1

120

{

t51 + 15t1t
2
2 + 20t21t3 + 24t5

}

+
1

120

{

10t31t2 + 20t2t3 + 30t1t4
}

=
1

2

1

60

{

t51 + 15t1t
2
2 + 20t21t3 + 24t5

}

+
1

6

1

2

{

t51 + t31t2
}

−
1

12
t51 +

1

120
{20t2t3 + 30t1t4}

=
1

2
ZH,X +

1

6
ZK,X −

1

12
Z1,X +

1

5!
{20t2t3 + 30t1t4}

=
1

2
ZH,X +

2!

5!

5!

2!3!
ZK,X −

1

5!

5!

2!3!
Z1,X +

1

5!
{20t2t3 + 30t1t4}

=
1

2
ZH,X +

2

5!

(

5

2

)

ZK,X −
1

5!

(

5

2

)

Z1,X +
1

5!
{20t2t3 + 30t1t4} .

The extra term1
5!
{20t2t3 + 30t1t4} in this case is the contribution, toZG,X , of the50 odd

permutations ofX that are not transpositions. By Theorem 1.1.14, the permutations are not

in a conjugate ofK but form some two conjugacy classes inG; one consisting of20 elements

and the other30.
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7.2.4 Cycle Index ofS6 as a Semidirect Product ofA6 by C2

SupposeX = {1, 2, 3, 4, 5, 6}, G = S6, H = A6 andK = < (12) > = C2. Just like in

Subsection 7.2.3, Table 7.2 below is vital in the calculation ofZG,X andZH,X .

Table 7.2: Monomials of Elements ofS6

Permutation Cycle Corresponding Corresponding Number
Type Type Monomial of Elements inS6

(a)(b)(c)(d)(e)(f) (6, 0, 0, 0, 0, 0) t61 1
(a)(b)(cd)(ef) (2, 2, 0, 0, 0, 0) t21t

2
2 45

(a)(b)(c)(def) (3, 0, 1, 0, 0, 0) t31t3 40
(abc)(def) (0, 0, 2, 0, 0, 0) t23 40
(a)(bcdef) (1, 0, 0, 0, 1, 0) t1t5 144
(ab)(cdef) (0, 1, 0, 1, 0, 0) t2t4 90

(a)(b)(c)(d)(ef) (4, 1, 0, 0, 0, 0) t41t2 15
(a)(bc)(def) (1, 1, 1, 0, 0, 0) t1t2t3 120
(ab)(cd)(ef) (0, 3, 0, 0, 0, 0) t32 15
(a)(b)(cdef) (2, 0, 0, 1, 0, 0) t21t4 90
(abcdef) (0, 0, 0, 0, 0, 1) t6 120

Total 720 = |S6|

By Equation 1.1.1,

ZG,X =
1

720
{t61 + 45t21t

2
2 + 40t31t3 + 40t23 + 144t1t5 + 90t2t4

+15t41t2 + 120t1t2t3 + 15t32 + 90t21t4 + 120t6},

ZH,X =
1

360
{t61 + 45t21t

2
2 + 40t31t3 + 40t23 + 144t1t5 + 90t2t4}

and

ZK,X =
1

2
{t61 + t41t2}.
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Now,ZG,X can be rewritten as

ZG,X =
1

720

{

t61 + 45t21t
2
2 + 40t31t3 + 40t23 + 144t1t5 + 90t2t4

}

+
1

720
{15t41t2 + 120t1t2t3 + 15t32 + 90t21t4 + 120t6}

=
1

2

1

360

{

t61 + 45t21t
2
2 + 40t31t3 + 40t23 + 144t1t5 + 90t2t4

}

+
1

24

1

2

{

t61 + t41t2
}

−
1

48
t61 +

1

720

{

120t1t2t3 + 15t32 + 90t21t4 + 120t6
}

=
1

2
ZH,X +

1

24
ZK,X −

1

48
Z1,X +

1

6!

{

120t1t2t3 + 15t32 + 90t21t4 + 120t6
}

=
1

2
ZH,X +

2!

6!

6!

2!4!
ZK,X −

1

6!

6!

2!4!
Z1,X

+
1

6!

{

120t1t2t3 + 15t32 + 90t21t4 + 120t6
}

=
1

2
ZH,X +

2

6!

(

6

2

)

ZK,X −
1

6!

(

6

2

)

Z1,X

+
1

6!

{

120t1t2t3 + 15t32 + 90t21t4 + 120t6
}

.

The extra term1
6!
{120t1t2t3 + 15t32 + 90t21t4 + 120t6} in this case is the contribution, toZG,X,

of the345 odd permutations ofX that are not transpositions. These permutations are not in a

conjugate ofK but form some four conjugacy classes inG.

7.2.5 Cycle Index ofS7 as a Semidirect Product ofA7 by C2

TakeX = {1, 2, 3, 4, 5, 6, 7},G = S7, H = A7 andK = < (12) > = C2. While it is easy to

find ZK,X, Table 7.3 below becomes absolutely necessary in findingZG,X andZH,X .
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Table 7.3: Monomials of Elements ofS7

Permutation Cycle Corresponding Corresponding
Number of

Type Type Monomial Elements inS7

(a)(b)(c)(d)(e)(f)(g) (7, 0, 0, 0, 0, 0, 0) t71 1
(a)(b)(c)(de)(fg) (3, 2, 0, 0, 0, 0, 0) t31t

2
2 105

(a)(b)(c)(d)(efg) (4, 0, 1, 0, 0, 0, 0) t41t3 70
(ab)(cd)(efg) (0, 2, 1, 0, 0, 0, 0) t22t3 210
(a)(bcd)(efg) (1, 0, 2, 0, 0, 0, 0) t1t

2
3 280

(a)(bc)(defg) (1, 1, 0, 1, 0, 0, 0) t1t2t4 630
(a)(b)(cdefg) (2, 0, 0, 0, 1, 0, 0) t21t5 504
(abcdefg) (0, 0, 0, 0, 0, 0, 1) t7 720

(a)(b)(c)(d)(e)(fg) (5, 1, 0, 0, 0, 0, 0) t51t2 21
(a)(bc)(de)(fg) (1, 3, 0, 0, 0, 0, 0) t1t

3
2 105

(a)(b)(cd)(efg) (2, 1, 1, 0, 0, 0, 0) t21t2t3 420
(a)(b)(c)(defg) (3, 0, 0, 1, 0, 0, 0) t31t4 210
(abc)(defg) (0, 0, 1, 1, 0, 0, 0) t3t4 420
(ab)(cdefg) (0, 1, 0, 0, 1, 0, 0) t2t5 504
(a)(bcdefg) (1, 0, 0, 0, 0, 1, 0) t1t6 840

Total 5040 = |S7|

By Equation 1.1.1,

ZG,X =
1

5040
{t71 + 105t31t

2
2 + 70t41t3 + 210t22t3 + 280t1t

2
3

+630t1t2t4 + 504t21t5 + 720t7 + 21t51t2 + 105t1t
3
2

+420t21t2t3 + 210t31t4 + 420t3t4 + 504t2t5 + 840t1t6},

ZH,X =
1

2520
{t71 + 105t31t

2
2 + 70t41t3 + 210t22t3

+280t1t
2
3 + 630t1t2t4 + 504t21t5 + 720t7}

and

ZK,X =
1

2
{t71 + t51t2}.
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Thus,ZG,X can be rewritten

ZG,X =
1

5040
{t71 + 105t31t

2
2 + 70t41t3 + 210t22t3 + 280t1t

2
3

+630t1t2t4 + 504t21t5 + 720t7}+
1

5040
{21t51t2 + 105t1t

3
2

+420t21t2t3 + 210t31t4 + 420t3t4 + 504t2t5 + 840t1t6}

=
1

2

1

2520
{t71 + 105t31t

2
2 + 70t41t3 + 210t22t3 + 280t1t

2
3

+630t1t2t4 + 504t21t5 + 720t7}+
1

120

1

2
{t71 + t51t2}

−
1

240
t71 +

1

5040
{105t1t

3
2 + 420t21t2t3 + 210t31t4

+420t3t4 + 504t2t5 + 840t1t6}

=
1

2
ZH,X +

1

120
ZK,X −

1

240
Z1,X

+
1

7!
{105t1t

3
2 + 420t21t2t3 + 210t31t4 + 420t3t4 + 504t2t5 + 840t1t6}

=
1

2
ZH,X +

2!

7!

7!

2!5!
ZK,X −

1

7!

7!

2!5!
Z1,X

+
1

7!
{105t1t

3
2 + 420t21t2t3 + 210t31t4 + 420t3t4 + 504t2t5 + 840t1t6}

=
1

2
ZH,X +

2

7!

(

7

2

)

ZK,X −
1

7!

(

7

2

)

Z1,X

+
1

7!
{105t1t

3
2 + 420t21t2t3 + 210t31t4 + 420t3t4 + 504t2t5 + 840t1t6}.

The extra term1
7!
{105t1t

3
2+420t21t2t3+210t31t4+420t3t4+504t2t5+840t1t6} in this case is

the contribution toZG,X of the2499 odd permutations ofX that are not transpositions. These

permutations are not in a conjugate ofK but form some six conjugacy classes inG, of 105,

420, 210, 420, 504, and840 elements respectively.

7.3 Cycle Index ofSn as a Semidirect Product ofAn by C2

Theorem 7.3.1.Let X = {1, 2, · · · , n} so thatG = Sn, H = An andK = C2. SupposeΩ is

the set of the odd permutations ofX that are not transpositions. Then,

ZG,X =
1

2
ZH,X +

2

n!

(

n

2

)

ZK,X −
1

n!

(

n

2

)

Z1,X +
1

n!

∑

g∈Ω

{mon(g)} .

Proof. The cycle type of the identity permutation, which is even, is(n, 0, 0, · · · , 0) while

that of a transposition(ab), an odd permutation , is(n − 2, 1, 0, 0, · · · , 0). So, by definition,

mon(1) = tn1 andmon(ab) = tn−2
1 t2. Now, supposep is the sum of monomials of the non-

trivial even permutations ofX. Then, by Equation 1.1.1,ZH,X = 2
n!
{tn1 + p}. Similarly,
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ZK,X = 1
2

{

tn1 + tn−2
1 t2

}

. The conjugacy class of(ab) has n!
(n−2)!1n−21!21

= n!
2!(n−2)!

=

(

n

2

)

elements, by Theorem 1.1.14. Finally, supposeΩ is the set of the odd permutations ofX that

are not transpositions (i.e.,Ω consists of all odd permutations ofX that are not conjugate to

the transposition inK, by Theorem 1.1.14). Then, from Equation 1.1.1,

ZG,X =
1

n!

∑

g∈G

{mon(g)}

=
1

n!

∑

g∈H

{mon(g)}+
1

n!

∑

g∈G\H

{mon(g)}

=
1

n!
{tn1 + p}+

1

n!

{

(

n

2

)

tn−2
1 t2 +

∑

g∈Ω

{mon(g)}

}

=
1

2

[

2

n!
{tn1 + p}

]

+
1

n!

(

n

2

)

tn−2
1 t2 +

1

n!

∑

g∈Ω

{mon(g)}

=
1

2

[

2

n!
{tn1 + p}

]

+
2

n!

(

n

2

)[

1

2

{

tn1 + tn−2
1 t2

}

]

−
1

n!

(

n

2

)

tn1 +
1

n!

∑

g∈Ω

{mon(g)}

=
1

2
ZH,X +

2

n!

(

n

2

)

ZK,X −
1

n!

(

n

2

)

Z1,X +
1

n!

∑

g∈Ω

{mon(g)} .
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CHAPTER EIGHT

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

8.1 Introduction

This chapter provides a summary of the research findings in Chapters 3 through 7 and then

draws conclusions from these findings relative to the objectives of the study as outlined in

Chapter 1. It finally gives recommendations for some contexts that may attract interest for

research in the future.

8.2 Summary

This thesis was set out to investigate transitivity, primitivity, ranks, subdegrees and properties

of the suborbital graphs of the actions of the alternating groupAn onX [r] andX(r), respec-

tively the ordered and unorderedr-element subsets ofX = {1, 2, · · · , n}. It also aimed at

expressing the cycle index polynomial of the semidirect productSn = An ⋊ C2 explicitly in

terms of the cycle index polynomial ofAn and that ofC2.

In Chapter 3, it was shown that for a fixed integerr (r ≥ 2) the action ofAn onX [r] is both

transitive and imprimitive if and only ifn ≥ r + 2. On the other hand, the rank was found to

be a constant integer(r!)2
r
∑

i=0

1
(i!)2(r−i)!

whenevern ≥ 2(r + 1). The subdegrees of the action

were calculated and arranged according to their increasingorder of magnitude. Also, some

necessary and sufficient conditions for a suborbit to be self-paired or paired with another, as

well as a formula for finding the number self-paired suborbits, were determned.

Next, in Chapter 4, it was proved that the action ofAn onX(r) for a fixed integerr (r ≥ 2) is

transitive ifn ≥ r+1. Also, it was shown that the action is imprimitive if and onlyif n = 2r.

The rank of the action was established to be a constantr + 1 if and only if n ≥ 2r. The

subdegrees of the action were also calculated and arranged in increasing order of magnitude.

The suborbits of this action, except for some few specified cases, were shown to be self-paired.

Then, Chapter 5 focused on the suborbital graphs associatedwith the action ofAn on X [r].

The graphs were constructed and their properties analysed.In this regard, it was found that

the graphs corresponding to the self-paired suborbits whose respective elements have all el-

ements from the setN = {1, 2, · · · , r} are disconnected with girth zero. Also, the graphs

corresponding to the paired suborbits whose respective elements contain exactlyr elements

from N are disconnected with girth three. Moreover, the graph corresponding to the suborbit

whose every element contains no element fromN is connected, undirected, has girth three if

and only ifn ≥ 3r and is regular of degree(n− r)(n− r − 1) · · · (n− 2r + 1).

Further, Chapter 6 was concerned with the construction and analysis of the suborbital graphs

associated with the action ofAn on X(r). It was found that all the suborbital graphs are

undirected. Also, it was found that the action has exactly one disconnected graph if and only
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if n = 2r. In addition, it was established that if any two adjacent vertices of a graph have

i (i = 0, 1, · · · , r − 1) elements in common, the graph is regular of degree

(

r

i

)(

n− r

r − i

)

.

Finally, it was proved that if a graph of the action is such that any two adjacent vertices have

r− 1 elements in common, or the graph corresponds to the action ofAn onX(r) with n ≥ 3r,

then it has girth three.

Lastly, in Chapter 7, it was established that ifG = Sn, H = An, K = C2, andΩ the

set of all odd permutations ofX that are not transpositions ( i.e., the elements ofΩ are not

conjugate to the transposition generatingK), then the cycle index polynomial of the group

G is given explicitly in terms of the cycle index polynomials of its subgroupsH andK as

ZG,X = 1
2
ZH,X + 2

n!

(

n

2

)

ZK,X − 1
n!

(

n

2

)

Z1,X + 1
n!

∑

g∈Ω

{mon(g)}.

8.3 Conclusions

It is evident from Section 8.2 that this study has accomplished its objectives, by answering

questions that have been open for a while. The transitivity and primitivity of the actions of

the alternating groupAn onX [r] andX(r), respectively the ordered and unorderedr-element

subsets ofX = {1, 2, · · · , n}, have been determined. Also, the ranks and subdegrees of

the actions have been calculated, and the pairing of the corresponding suborbits explored.

Additionally, the suborbital graphs associated with the actions have been constructed and ex-

amination of their theoretic properties done. Besides, an expression of the cycle index formula

of the symmetric groupSn explicitly in terms of the cycle indices of the alternating groupAn

and the cyclic groupC2 has been obtained.

8.4 Recommendations for Further Research

Having achieved the objectives of the current study, there remain other interesting areas re-

lated to the study that have not received any attention. One may investigate the transitivity,

primitivity, ranks, subdegrees and suborbital graphs of any of the following actions, for in-

stance.

1. The Cartesian productSn × An of the symmetric groupSn by the alternating groupAn

onX(r) ×X(r) orX [r] ×X [r].

2. The dihedral groupDn and the cyclic groupCn on the diagonals of a regularn-gon.

3. The group of units ofZn on the setZn \ {0} of non-zero elements ofZn.
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APPENDICES

Appendix A: Suborbits of An (n ≥ 8) Acting on X
[3]

△0 = OrbG[1,2,3]
[1, 2, 3] = {[1, 2, 3]}

△1 = OrbG[1,2,3]
[1, 3, 2] = {[1, 3, 2]}

△2 = OrbG[1,2,3]
[2, 1, 3] = {[2, 1, 3]}

△3 = OrbG[1,2,3]
[2, 3, 1] = {[2, 3, 1]}

△4 = OrbG[1,2,3]
[3, 1, 2] = {[3, 1, 2]}

△5 = OrbG[1,2,3]
[3, 2, 1] = {[3, 2, 1]}

△6 = OrbG[1,2,3]
[1, 2, 4] = {[1, 2, 4], [1, 2, 5], [1, 2, 6], · · · , [1, 2, n]}

△7 = OrbG[1,2,3]
[1, 4, 2] = {[1, 4, 2], [1, 5, 2], [1, 6, 2], · · · , [1, n, 2]}

△8 = OrbG[1,2,3]
[2, 1, 4] = {[2, 1, 4], [2, 1, 5], [2, 1, 6], · · · , [2, 1, n]}

△9 = OrbG[1,2,3]
[2, 4, 1] = {[2, 4, 1], [2, 5, 1], [2, 6, 1], · · · , [2, n, 1]}

△10 = OrbG[1,2,3]
[4, 1, 2] = {[4, 1, 2], [5, 1, 2], [6, 1, 2], · · · , [n, 1, 2]}

△11 = OrbG[1,2,3]
[4, 2, 1] = {[4, 2, 1], [5, 2, 1], [6, 2, 1], · · · , [n, 2, 1]}

△12 = OrbG[1,2,3]
[1, 3, 4] = {[1, 3, 4], [1, 3, 5], [1, 3, 6], · · · , [1, 3, n]}

△13 = OrbG[1,2,3]
[1, 4, 3] = {[1, 4, 3], [1, 5, 3], [1, 6, 3], · · · , [1, n, 3]}

△14 = OrbG[1,2,3]
[3, 1, 4] = {[3, 1, 4], [3, 1, 5], [3, 1, 6], · · · , [3, 1, n]}

△15 = OrbG[1,2,3]
[3, 4, 1] = {[3, 4, 1], [3, 5, 1], [3, 6, 1], · · · , [3, n, 1]}

△16 = OrbG[1,2,3]
[4, 1, 3] = {[4, 1, 3], [5, 1, 3], [6, 1, 3], · · · , [n, 1, 3]}

△17 = OrbG[1,2,3]
[4, 3, 1] = {[4, 3, 1], [5, 3, 1], [6, 3, 1], · · · , [n, 3, 1]}

△18 = OrbG[1,2,3]
[2, 3, 4] = {[2, 3, 4], [2, 3, 5], [2, 3, 6], · · · , [2, 3, n]}

△19 = OrbG[1,2,3]
[2, 4, 3] = {[2, 4, 3], [2, 5, 3], [2, 6, 3], · · · , [2, n, 3]}

△20 = OrbG[1,2,3]
[3, 2, 4] = {[3, 2, 4], [3, 2, 5], [3, 2, 6], · · · , [3, 2, n]}

△21 = OrbG[1,2,3]
[3, 4, 2] = {[3, 4, 2], [3, 5, 2], [3, 6, 2], · · · , [3, n, 2]}

△22 = OrbG[1,2,3]
[4, 2, 3] = {[4, 2, 3], [5, 2, 3], [6, 2, 3], · · · , [n, 2, 3]}

△23 = OrbG[1,2,3]
[4, 3, 2] = {[4, 3, 2], [5, 3, 2], [6, 3, 2], · · · , [n, 3, 2]}

△24 = OrbG[1,2,3]
[1, 4, 5] = {[1, 4, 5], [1, 4, 6], · · · , [1, 4, n], [1, 5, 4], [1, 5, 6], · · · , [1, n, n−1]}

△25 = OrbG[1,2,3]
[4, 1, 5] = {[4, 1, 5], [4, 1, 6], · · · , [4, 1, n], [5, 1, 4], [5, 1, 6], · · · , [n, 1, n−1]}

△26 = OrbG[1,2,3]
[4, 5, 1] = {4, 5, 1], [4, 6, 1], · · · , [4, n, 1], [5, 4, 1], [5, 6, 1], · · · , [n, n− 1, 1]}

△27 = OrbG[1,2,3]
[2, 4, 5] = {[2, 4, 5], [2, 4, 6], · · · , [2, 4, n], [2, 5, 4], [2, 5, 6], · · · , [2, n, n−1]}

△28 = OrbG[1,2,3]
[4, 2, 5] = {[4, 2, 5], [4, 2, 6], · · · , [4, 2, n], [5, 2, 4], [5, 2, 6], · · · , [n, 2, n−1]}

△29 = OrbG[1,2,3]
[4, 5, 2] = {[4, 5, 2], [4, 6, 2], · · · , [4, n, 2], [5, 4, 2], [5, 6, 2], · · · , [n, n−1, 2]}

△30 = OrbG[1,2,3]
[3, 4, 5] = {[3, 4, 5], [3, 4, 6], · · · , [3, 4, n], [3, 5, 4], [3, 5, 6], · · · , [3, n, n−1]}

△31 = OrbG[1,2,3]
[4, 3, 5] = {[4, 3, 5], [4, 3, 6], · · · , [4, 3, n], [5, 3, 4], [5, 3, 6], · · · , [n, 3, n−1]}

△32 = OrbG[1,2,3]
[4, 5, 3] = {[4, 5, 3], [4, 6, 3], · · · , [4, n, 3], [5, 4, 3], [5, 6, 3], · · · , [n, n−1, 3]}
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△33 = OrbG[1,2,3]
[4, 5, 6] = {[4, 5, 6], [4, 5, 7], · · · , [4, 5, n],

[4, 6, 5], [4, 6, 7], · · · , [4, n, n− 1], [5, 4, 6], · · · , [n, n− 1, n− 2]}
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Appendix B: Suborbits of An (n ≥ 10) Acting on X
[4]

△0 = OrbG[1,2,3,4]
[1, 2, 3, 4] = {[1, 2, 3, 4]}

△1 = OrbG[1,2,3,4]
[1, 2, 4, 3] = {[1, 2, 4, 3]}

△2 = OrbG[1,2,3,4]
[1, 3, 2, 4] = {[1, 3, 2, 4]}

△3 = OrbG[1,2,3,4]
[1, 3, 4, 2] = {[1, 3, 4, 2]}

△4 = OrbG[1,2,3,4]
[1, 4, 2, 3] = {[1, 4, 2, 3]}

△5 = OrbG[1,2,3,4]
[1, 4, 3, 2] = {[1, 4, 3, 2]}

△6 = OrbG[1,2,3,4]
[2, 1, 3, 4] = {[2, 1, 3, 4]}

△7 = OrbG[1,2,3,4]
[2, 1, 4, 3] = {[2, 1, 4, 3]}

△8 = OrbG[1,2,3,4]
[2, 3, 1, 4] = {[2, 3, 1, 4]}

△9 = OrbG[1,2,3,4]
[2, 3, 4, 1] = {[2, 3, 4, 1]}

△10 = OrbG[1,2,3,4]
[2, 4, 1, 3] = {[2, 4, 1, 3]}

△11 = OrbG[1,2,3,4]
[2, 4, 3, 1] = {[2, 4, 3, 1]}

△12 = OrbG[1,2,3,4]
[3, 1, 2, 4] = {[3, 1, 2, 4]}

△13 = OrbG[1,2,3,4]
[3, 1, 4, 2] = {[3, 1, 4, 2]}

△14 = OrbG[1,2,3,4]
[3, 2, 1, 4] = {[3, 2, 1, 4]}

△15 = OrbG[1,2,3,4]
[3, 2, 4, 1] = {[3, 2, 4, 1]}

△16 = OrbG[1,2,3,4]
[3, 4, 1, 2] = {[3, 4, 1, 2]}

△17 = OrbG[1,2,3,4]
[3, 4, 2, 1] = {[3, 4, 2, 1]}

△18 = OrbG[1,2,3,4]
[4, 1, 2, 3] = {[4, 1, 2, 3]}

△19 = OrbG[1,2,3,4]
[4, 1, 3, 2] = {[4, 1, 3, 2]}

△20 = OrbG[1,2,3,4]
[4, 2, 1, 3] = {[4, 2, 1, 3]}

△21 = OrbG[1,2,3,4]
[4, 2, 3, 1] = {[4, 2, 3, 1]}

△22 = OrbG[1,2,3,4]
[4, 3, 1, 2] = {[4, 3, 1, 2]}

△23 = OrbG[1,2,3,4]
[4, 3, 2, 1] = {[4, 3, 2, 1]}

△24 = OrbG[1,2,3,4]
[1, 2, 3, 5] = {[1, 2, 3, 5], [1, 2, 3, 6], · · · , [1, 2, 3, n]}

△25 = OrbG[1,2,3,4]
[1, 2, 5, 3] = {[1, 2, 5, 3], [1, 2, 6, 3], · · · , [1, 2, n, 3]}

△26 = OrbG[1,2,3,4]
[1, 5, 2, 3] = {[1, 5, 2, 3], [1, 6, 2, 3], · · · , [1, n, 2, 3]}

△27 = OrbG[1,2,3,4]
[1, 5, 3, 2] = {[1, 5, 3, 2], [1, 6, 3, 2], · · · , [1, n, 3, 2]}

△28 = OrbG[1,2,3,4]
[1, 3, 2, 5] = {[1, 3, 2, 5], [1, 3, 2, 6], · · · , [1, 3, 2, n]}

△29 = OrbG[1,2,3,4]
[1, 3, 5, 2] = {[1, 3, 5, 2], [1, 3, 6, 2], · · · , [1, 3, n, 2]}

△30 = OrbG[1,2,3,4]
[2, 1, 3, 5] = {[2, 1, 3, 5], [2, 1, 3, 6], · · · , [2, 1, 3, n]}

△31 = OrbG[1,2,3,4]
[2, 1, 5, 3] = {[2, 1, 5, 3], [2, 1, 6, 3], · · · , [2, 1, n, 3]}

△32 = OrbG[1,2,3,4]
[2, 3, 1, 5] = {[2, 3, 1, 5], [2, 3, 1, 6], · · · , [2, 3, 1, n]}

△33 = OrbG[1,2,3,4]
[2, 3, 5, 1] = {[2, 3, 5, 1], [2, 3, 6, 1], · · · , [2, 3, n, 1]}
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△34 = OrbG[1,2,3,4]
[2, 5, 1, 3] = {[2, 5, 1, 3], [2, 6, 1, 3], · · · , [2, n, 1, 3]}

△35 = OrbG[1,2,3,4]
[2, 5, 3, 1] = {[2, 5, 3, 1], [2, 6, 3, 1], · · · , [2, n, 3, 1]}

△36 = OrbG[1,2,3,4]
[3, 1, 2, 5] = {[3, 1, 2, 5], [3, 1, 2, 6], · · · , [3, 1, 2, n]}

△37 = OrbG[1,2,3,4]
[3, 1, 5, 2] = {[3, 1, 5, 2], [3, 1, 6, 2], · · · , [3, 1, n, 2]}

△38 = OrbG[1,2,3,4]
[3, 5, 1, 2] = {[3, 5, 1, 2], [3, 6, 1, 2], · · · , [3, n, 1, 2]}

△39 = OrbG[1,2,3,4]
[3, 5, 2, 1] = {[3, 5, 2, 1], [3, 6, 2, 1], · · · , [3, n, 2, 1]}

△40 = OrbG[1,2,3,4]
[3, 2, 1, 5] = {[3, 2, 1, 5], [3, 2, 1, 6], · · · , [3, 2, 1, n]}

△41 = OrbG[1,2,3,4]
[3, 2, 5, 1] = {[3, 2, 5, 1], [3, 2, 6, 1], · · · , [3, 2, n, 1]}

△42 = OrbG[1,2,3,4]
[5, 1, 2, 3] = {[5, 1, 2, 3], [6, 1, 2, 3], · · · , [n, 1, 2, 3]}

△43 = OrbG[1,2,3,4]
[5, 1, 3, 2] = {[5, 1, 3, 2], [6, 1, 3, 2], · · · , [n, 1, 3, 2]}

△44 = OrbG[1,2,3,4]
[5, 2, 1, 3] = {[5, 2, 1, 3], [6, 2, 1, 3], · · · , [n, 2, 1, 3]}

△45 = OrbG[1,2,3,4]
[5, 2, 3, 1] = {[5, 2, 3, 1], [6, 2, 3, 1], · · · , [n, 2, 3, 1]}

△46 = OrbG[1,2,3,4]
[5, 3, 1, 2] = {[5, 3, 1, 2], [6, 3, 1, 2], · · · , [n, 3, 1, 2]}

△47 = OrbG[1,2,3,4]
[5, 3, 2, 1] = {[5, 3, 2, 1], [6, 3, 2, 1], · · · , [n, 3, 2, 1]}

△48 = OrbG[1,2,3,4]
[1, 2, 4, 5] = {[1, 2, 4, 5], [1, 2, 4, 6], · · · , [1, 2, 4, n]}

△49 = OrbG[1,2,3,4]
[1, 2, 5, 4] = {[1, 2, 5, 4], [1, 2, 6, 4], · · · , [1, 2, n, 4]}

△50 = OrbG[1,2,3,4]
[1, 4, 2, 5] = {[1, 4, 2, 5], [1, 4, 2, 6], · · · , [1, 4, 2, n]}

△51 = OrbG[1,2,3,4]
[1, 4, 5, 2] = {[1, 4, 5, 2], [1, 4, 6, 2], · · · , [1, 4, n, 2]}

△52 = OrbG[1,2,3,4]
[1, 5, 2, 4] = {[1, 5, 2, 4], [1, 6, 2, 4], · · · , [1, n, 2, 4]}

△53 = OrbG[1,2,3,4]
[1, 5, 4, 2] = {[1, 5, 4, 2], [1, 6, 4, 2], · · · , [1, n, 4, 2]}

△54 = OrbG[1,2,3,4]
[2, 1, 4, 5] = {[2, 1, 4, 5], [2, 1, 4, 6], · · · , [2, 1, 4, n]}

△55 = OrbG[1,2,3,4]
[2, 1, 5, 4] = {[2, 1, 5, 4], [2, 1, 6, 4], · · · , [2, 1, n, 4]}

△56 = OrbG[1,2,3,4]
[2, 4, 1, 5] = {[2, 4, 1, 5], [2, 4, 1, 6], · · · , [2, 4, 1, n]}

△57 = OrbG[1,2,3,4]
[2, 4, 5, 1] = {[2, 4, 5, 1], [2, 4, 6, 1], · · · , [2, 4, n, 1]}

△58 = OrbG[1,2,3,4]
[2, 5, 1, 4] = {[2, 5, 1, 4], [2, 6, 1, 4], · · · , [2, n, 1, 4]}

△59 = OrbG[1,2,3,4]
[2, 5, 4, 1] = {[2, 5, 4, 1], [2, 6, 4, 1], · · · , [2, n, 4, 1]}

△60 = OrbG[1,2,3,4]
[4, 1, 2, 5] = {[4, 1, 2, 5], [4, 1, 2, 6], · · · , [4, 1, 2, n]}

△61 = OrbG[1,2,3,4]
[4, 1, 5, 2] = {[4, 1, 5, 2], [4, 1, 6, 2], · · · , [4, 1, n, 2]}

△62 = OrbG[1,2,3,4]
[4, 2, 1, 5] = {[4, 2, 1, 5], [4, 2, 1, 6], · · · , [4, 2, 1, n]}

△63 = OrbG[1,2,3,4]
[4, 2, 5, 1] = {[4, 2, 5, 1], [4, 2, 6, 1], · · · , [4, 2, n, 1]}

△64 = OrbG[1,2,3,4]
[4, 5, 1, 2] = {[4, 5, 1, 2], [4, 6, 1, 2], · · · , [4, n, 1, 2]}

△65 = OrbG[1,2,3,4]
[4, 5, 2, 1] = {[4, 5, 2, 1], [4, 6, 2, 1], · · · , [4, n, 2, 1]}

△66 = OrbG[1,2,3,4]
[5, 1, 2, 4] = {[5, 1, 2, 4], [6, 1, 2, 4], · · · , [n, 1, 2, 4]}

△67 = OrbG[1,2,3,4]
[5, 1, 4, 2] = {[5, 1, 4, 2], [6, 1, 4, 2], · · · , [n, 1, 4, 2]}

△68 = OrbG[1,2,3,4]
[5, 2, 1, 4] = {[5, 2, 1, 4], [6, 2, 1, 4], · · · , [n, 2, 1, 4]}

△69 = OrbG[1,2,3,4]
[5, 2, 4, 1] = {[5, 2, 4, 1], [6, 2, 4, 1], · · · , [n, 2, 4, 1]}

△70 = OrbG[1,2,3,4]
[5, 4, 1, 2] = {[5, 4, 1, 2], [6, 4, 1, 2], · · · , [n, 4, 1, 2]}

△71 = OrbG[1,2,3,4]
[5, 4, 2, 1] = {[5, 4, 2, 1], [6, 4, 2, 1], · · · , [n, 4, 2, 1]}
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△72 = OrbG[1,2,3,4]
[1, 3, 4, 5] = {[1, 3, 4, 5], [1, 3, 4, 6], · · · , [1, 3, 4, n]}

△73 = OrbG[1,2,3,4]
[1, 3, 5, 4] = {[1, 3, 5, 4], [1, 3, 6, 4], · · · , [1, 3, n, 4]}

△74 = OrbG[1,2,3,4]
[1, 4, 3, 5] = {[1, 4, 3, 5], [1, 4, 3, 6], · · · , [1, 4, 3, n]}

△75 = OrbG[1,2,3,4]
[1, 4, 5, 3] = {[1, 4, 5, 3], [1, 4, 6, 3], · · · , [1, 4, n, 3]}

△76 = OrbG[1,2,3,4]
[1, 5, 3, 4] = {[1, 5, 3, 4], [1, 6, 3, 4], · · · , [1, n, 3, 4]}

△77 = OrbG[1,2,3,4]
[1, 5, 4, 3] = {[1, 5, 4, 3], [1, 6, 4, 3], · · · , [1, n, 4, 3]}

△78 = OrbG[1,2,3,4]
[3, 1, 4, 5] = {[3, 1, 4, 5], [3, 1, 4, 6], · · · , [3, 1, 4, n]}

△79 = OrbG[1,2,3,4]
[3, 1, 5, 4] = {[3, 1, 5, 4], [3, 1, 6, 4], · · · , [3, 1, n, 4]}

△80 = OrbG[1,2,3,4]
[3, 4, 1, 5] = {[3, 4, 1, 5], [3, 4, 1, 6], · · · , [3, 4, 1, n]}

△81 = OrbG[1,2,3,4]
[3, 4, 5, 1] = {[3, 4, 5, 1], [3, 4, 6, 1], · · · , [3, 4, n, 1]}

△82 = OrbG[1,2,3,4]
[3, 5, 1, 4] = {[3, 5, 1, 4], [3, 6, 1, 4], · · · , [3, n, 1, 4]}

△83 = OrbG[1,2,3,4]
[3, 5, 4, 1] = {[3, 5, 4, 1], [3, 6, 4, 1], · · · , [3, n, 4, 1]}

△84 = OrbG[1,2,3,4]
[4, 1, 3, 5] = {[4, 1, 3, 5], [4, 1, 3, 6], · · · , [4, 1, 3, n]}

△85 = OrbG[1,2,3,4]
[4, 1, 5, 3] = {[4, 1, 5, 3], [4, 1, 6, 3], · · · , [4, 1, n, 3]}

△86 = OrbG[1,2,3,4]
[4, 3, 1, 5] = {[4, 3, 1, 5], [4, 3, 1, 6], · · · , [4, 3, 1, n]}

△87 = OrbG[1,2,3,4]
[4, 3, 5, 1] = {[4, 3, 5, 1], [4, 3, 6, 1], · · · , [4, 3, n, 1]}

△88 = OrbG[1,2,3,4]
[4, 5, 1, 3] = {[4, 5, 1, 3], [4, 6, 1, 3], · · · , [4, n, 1, 3]}

△89 = OrbG[1,2,3,4]
[4, 5, 3, 1] = {[4, 5, 3, 1], [4, 6, 3, 1], · · · , [4, n, 3, 1]}

△90 = OrbG[1,2,3,4]
[5, 1, 3, 4] = {[5, 1, 3, 4], [6, 1, 3, 4], · · · , [n, 1, 3, 4]}

△91 = OrbG[1,2,3,4]
[5, 1, 4, 3] = {[5, 1, 4, 3], [6, 1, 4, 3], · · · , [n, 1, 4, 3]}

△92 = OrbG[1,2,3,4]
[5, 3, 1, 4] = {[5, 3, 1, 4], [6, 3, 1, 4], · · · , [n, 3, 1, 4]}

△93 = OrbG[1,2,3,4]
[5, 3, 4, 1] = {[5, 3, 4, 1], [6, 3, 4, 1], · · · , [n, 3, 4, 1]}

△94 = OrbG[1,2,3,4]
[5, 4, 1, 3] = {[5, 4, 1, 3], [6, 4, 1, 3], · · · , [n, 4, 1, 3]}

△95 = OrbG[1,2,3,4]
[5, 4, 3, 1] = {[5, 4, 3, 1], [6, 4, 3, 1], · · · , [n, 4, 3, 1]}

△96 = OrbG[1,2,3,4]
[2, 3, 4, 5] = {[2, 3, 4, 5], [2, 3, 4, 6], · · · , [2, 3, 4, n]}

△97 = OrbG[1,2,3,4]
[2, 3, 5, 4] = {[2, 3, 5, 4], [2, 3, 6, 4], · · · , [2, 3, n, 4]}

△98 = OrbG[1,2,3,4]
[2, 4, 3, 5] = {[2, 4, 3, 5], [2, 4, 3, 6], · · · , [2, 4, 3, n]}

△99 = OrbG[1,2,3,4]
[2, 4, 5, 3] = {[2, 4, 5, 3], [2, 4, 6, 3], · · · , [2, 4, n, 3]}

△100 = OrbG[1,2,3,4]
[2, 5, 3, 4] = {[2, 5, 3, 4], [2, 6, 3, 4], · · · , [2, n, 3, 4]}

△101 = OrbG[1,2,3,4]
[2, 5, 4, 3] = {[2, 5, 4, 3], [2, 6, 4, 3], · · · , [2, n, 4, 3]}

△102 = OrbG[1,2,3,4]
[3, 2, 4, 5] = {[3, 2, 4, 5], [3, 2, 4, 6], · · · , [3, 2, 4, n]}

△103 = OrbG[1,2,3,4]
[3, 2, 5, 4] = {[3, 2, 5, 4], [3, 2, 6, 4], · · · , [3, 2, n, 4]}

△104 = OrbG[1,2,3,4]
[3, 4, 2, 5] = {[3, 4, 2, 5], [3, 4, 2, 6], · · · , [3, 4, 2, n]}

△105 = OrbG[1,2,3,4]
[3, 4, 5, 2] = {[3, 4, 5, 2], [3, 4, 6, 2], · · · , [3, 4, n, 2]}

△106 = OrbG[1,2,3,4]
[3, 5, 2, 4] = {[3, 5, 2, 4], [3, 6, 2, 4], · · · , [3, n, 2, 4]}

△107 = OrbG[1,2,3,4]
[3, 5, 4, 2] = {[3, 5, 4, 2], [3, 6, 4, 2], · · · , [3, n, 4, 2]}

△108 = OrbG[1,2,3,4]
[4, 2, 3, 5] = {[4, 2, 3, 5], [4, 2, 3, 6], · · · , [4, 2, 3, n]}

△109 = OrbG[1,2,3,4]
[4, 2, 5, 3] = {[4, 2, 5, 3], [4, 2, 6, 3], · · · , [4, 2, n, 3]}
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△110 = OrbG[1,2,3,4]
[4, 3, 2, 5] = {[4, 3, 2, 5], [4, 3, 2, 6], · · · , [4, 3, 2, n]}

△111 = OrbG[1,2,3,4]
[4, 3, 5, 2] = {[4, 3, 5, 2], [4, 3, 6, 2], · · · , [4, 3, n, 2]}

△112 = OrbG[1,2,3,4]
[4, 5, 2, 3] = {[4, 5, 2, 3], [4, 6, 2, 3], · · · , [4, n, 2, 3]}

△113 = OrbG[1,2,3,4]
[4, 5, 3, 2] = {[4, 5, 3, 2], [4, 6, 3, 2], · · · , [4, n, 3, 2]}

△114 = OrbG[1,2,3,4]
[5, 2, 3, 4] = {[5, 2, 3, 4], [6, 2, 3, 4], · · · , [n, 2, 3, 4]}

△115 = OrbG[1,2,3,4]
[5, 2, 4, 3] = {[5, 2, 4, 3], [6, 2, 4, 3], · · · , [n, 2, 4, 3]}

△116 = OrbG[1,2,3,4]
[5, 3, 2, 4] = {[5, 3, 2, 4], [6, 3, 2, 4], · · · , [n, 3, 2, 4]}

△117 = OrbG[1,2,3,4]
[5, 3, 4, 2] = {[5, 3, 4, 2], [6, 3, 4, 2], · · · , [n, 3, 4, 2]}

△118 = OrbG[1,2,3,4]
[5, 4, 2, 3] = {[5, 4, 2, 3], [6, 4, 2, 3], · · · , [n, 4, 2, 3]}

△119 = OrbG[1,2,3,4]
[5, 4, 3, 2] = {[5, 4, 3, 2], [6, 4, 3, 2], · · · , [n, 4, 3, 2]}

△120 = OrbG[1,2,3,4]
[1, 2, 5, 6] = {[1, 2, 5, 6],

[1, 2, 5, 7], · · · , [1, 2, 5, n], [1, 2, 6, 5], · · · , [1, 2, n, n− 1]}

△121 = OrbG[1,2,3,4]
[2, 1, 5, 6] = {[2, 1, 5, 6],

[2, 1, 5, 7], · · · , [2, 1, 5, n], [2, 1, 6, 5], · · · , [2, 1, n, n− 1]}

△122 = OrbG[1,2,3,4]
[1, 5, 2, 6] = {[1, 5, 2, 6],

[1, 5, 2, 7], · · · , [1, 5, 2, n], [1, 6, 2, 5], · · · , [1, n, 2, n− 1]}

△123 = OrbG[1,2,3,4]
[2, 5, 1, 6] = {[2, 5, 1, 6],

[2, 5, 1, 7], · · · , [2, 5, 1, n], [2, 6, 1, 5], · · · , [2, n, 1, n− 1]}

△124 = OrbG[1,2,3,4]
[1, 5, 6, 2] = {[1, 5, 6, 2],

[1, 5, 7, 2], · · · , [1, 5, n, 2], [1, 6, 5, 2], · · · , [1, n, n− 1, 2]}

△125 = OrbG[1,2,3,4]
[2, 5, 6, 1] = {[2, 5, 6, 1],

[2, 5, 7, 1], · · · , [2, 5, n, 1], [2, 6, 5, 1], · · · , [2, n, n− 1, 1]}

△126 = OrbG[1,2,3,4]
[5, 6, 1, 2] = {[5, 6, 1, 2],

[5, 7, 1, 2], · · · , [5, n, 1, 2], [6, 5, 1, 2], · · · , [n, n− 1, 1, 2]}

△127 = OrbG[1,2,3,4]
[5, 6, 2, 1] = {[5, 6, 2, 1],

[5, 7, 2, 1], · · · , [5, n, 2, 1], [6, 5, 2, 1], · · · , [n, n− 1, 2, 1]}

△128 = OrbG[1,2,3,4]
[5, 1, 6, 2] = {[5, 1, 6, 2],

[5, 1, 7, 2], · · · , [5, 1, n, 2], [6, 1, 5, 2], · · · , [n, 1, n− 1, 2]}

△129 = OrbG[1,2,3,4]
[5, 2, 6, 1] = {[5, 2, 6, 1],

[5, 2, 7, 1], · · · , [5, 2, n, 1], [6, 2, 5, 1], · · · , [n, 2, n− 1, 1]}

△130 = OrbG[1,2,3,4]
[5, 1, 2, 6] = {[5, 1, 2, 6],

[5, 1, 2, 7], · · · , [5, 1, 2, n], [6, 1, 2, 5], · · · , [n, 1, 2, n− 1]}

△131 = OrbG[1,2,3,4]
[5, 2, 1, 6] = {[5, 2, 1, 6],

[5, 2, 1, 7], · · · , [5, 2, 1, n], [6, 2, 1, 5], · · · , [n, 2, 1, n− 1]}

△132 = OrbG[1,2,3,4]
[1, 3, 5, 6] = {[1, 3, 5, 6],

[1, 3, 5, 7], · · · , [1, 3, 5, n], [1, 3, 6, 5], · · · , [1, 3, n, n− 1]}

△133 = OrbG[1,2,3,4]
[3, 1, 5, 6] = {[3, 1, 5, 6],

[3, 1, 5, 7], · · · , [3, 1, 5, n], [3, 1, 6, 5], · · · , [3, 1, n, n− 1]}
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△134 = OrbG[1,2,3,4]
[1, 5, 3, 6] = {[1, 5, 3, 6],

[1, 5, 3, 7], · · · , [1, 5, 3, n], [1, 6, 3, 5], · · · , [1, n, 3, n− 1]}

△135 = OrbG[1,2,3,4]
[3, 5, 1, 6] = {[3, 5, 1, 6],

[3, 5, 1, 7], · · · , [3, 5, 1, n], [3, 6, 1, 5], · · · , [3, n, 1, n− 1]}

△136 = OrbG[1,2,3,4]
[1, 5, 6, 3] = {[1, 5, 6, 3],

[1, 5, 7, 3], · · · , [1, 5, n, 3], [1, 6, 5, 3], · · · , [1, n, n− 1, 3]}

△137 = OrbG[1,2,3,4]
[3, 5, 6, 1] = {[3, 5, 6, 1],

[3, 5, 7, 1], · · · , [3, 5, n, 1], [3, 6, 5, 1], · · · , [3, n, n− 1, 1]}

△138 = OrbG[1,2,3,4]
[5, 6, 1, 3] = {[5, 6, 1, 3],

[5, 7, 1, 3], · · · , [5, n, 1, 3], [6, 5, 1, 3], · · · , [n, n− 1, 1, 3]}

△139 = OrbG[1,2,3,4]
[5, 6, 3, 1] = {[5, 6, 3, 1],

[5, 7, 3, 1], · · · , [5, n, 3, 1], [6, 5, 3, 1], · · · , [n, n− 1, 3, 1]}

△140 = OrbG[1,2,3,4]
[5, 1, 6, 3] = {[5, 1, 6, 3],

[5, 1, 7, 3], · · · , [5, 1, n, 3], [6, 1, 5, 3], · · · , [n, 1, n− 1, 3]}

△141 = OrbG[1,2,3,4]
[5, 3, 6, 1] = {[5, 3, 6, 1],

[5, 3, 7, 1], · · · , [5, 3, n, 1], [6, 3, 5, 1], · · · , [n, 3, n− 1, 1]}

△142 = OrbG[1,2,3,4]
[5, 1, 3, 6] = {[5, 1, 3, 6],

[5, 1, 3, 7], · · · , [5, 1, 3, n], [6, 1, 3, 5], · · · , [n, 1, 3, n− 1]}

△143 = OrbG[1,2,3,4]
[5, 3, 1, 6] = {[5, 3, 1, 6],

[5, 3, 1, 7], · · · , [5, 3, 1, n], [6, 3, 1, 5], · · · , [n, 3, 1, n− 1]}

△144 = OrbG[1,2,3,4]
[1, 4, 5, 6] = {[1, 4, 5, 6],

[1, 4, 5, 7], · · · , [1, 4, 5, n], [1, 4, 6, 5], · · · , [1, 4, n, n− 1]}

△145 = OrbG[1,2,3,4]
[4, 1, 5, 6] = {[4, 1, 5, 6],

[4, 1, 5, 7], · · · , [4, 1, 5, n], [4, 1, 6, 5], · · · , [4, 1, n, n− 1]}

△146 = OrbG[1,2,3,4]
[1, 5, 4, 6] = {[1, 5, 4, 6],

[1, 5, 4, 7], · · · , [1, 5, 4, n], [1, 6, 4, 5], · · · , [1, n, 4, n− 1]}

△147 = OrbG[1,2,3,4]
[4, 5, 1, 6] = {[4, 5, 1, 6],

[4, 5, 1, 7], · · · , [4, 5, 1, n], [4, 6, 1, 5], · · · , [4, n, 1, n− 1]}

△148 = OrbG[1,2,3,4]
[1, 5, 6, 4] = {[1, 5, 6, 4],

[1, 5, 7, 4], · · · , [1, 5, n, 4], [1, 6, 5, 4], · · · , [1, n, n− 1, 4]}

△149 = OrbG[1,2,3,4]
[4, 5, 6, 1] = {[4, 5, 6, 1],

[4, 5, 7, 1], · · · , [4, 5, n, 1], [4, 6, 5, 1], · · · , [4, n, n− 1, 1]}

△150 = OrbG[1,2,3,4]
[5, 1, 4, 6] = {[5, 1, 4, 6],

[5, 1, 4, 7], · · · , [5, 1, 4, n], [6, 1, 4, 5], · · · , [n, 1, 4, n− 1]}

△151 = OrbG[1,2,3,4]
[5, 4, 1, 6] = {[5, 4, 1, 6],

[5, 4, 1, 7], · · · , [5, 4, 1, n], [6, 4, 1, 5], · · · , [n, 4, 1, n− 1]}

△152 = OrbG[1,2,3,4]
[5, 1, 6, 4] = {[5, 1, 6, 4],

[5, 1, 7, 4], · · · , [5, 1, n, 4], [6, 1, 5, 4], · · · , [n, 1, n− 1, 4]}
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△153 = OrbG[1,2,3,4]
[5, 4, 6, 1] = {[5, 4, 6, 1],

[5, 4, 7, 1], · · · , [5, 4, n, 1], [6, 4, 5, 1], · · · , [n, 4, n− 1, 1]}

△154 = OrbG[1,2,3,4]
[5, 6, 1, 4] = {[5, 6, 1, 4],

[5, 7, 1, 4], · · · , [5, n, 1, 4], [6, 5, 1, 4], · · · , [n, n− 1, 1, 4]}

△155 = OrbG[1,2,3,4]
[5, 6, 4, 1] = {[5, 6, 4, 1],

[5, 7, 4, 1], · · · , [5, n, 4, 1], [6, 5, 4, 1], · · · , [n, n− 1, 4, 1]}

△156 = OrbG[1,2,3,4]
[2, 3, 5, 6] = {[2, 3, 5, 6],

[2, 3, 5, 7], · · · , [2, 3, 5, n], [2, 3, 6, 5], · · · , [2, 3, n, n− 1]}

△157 = OrbG[1,2,3,4]
[3, 2, 5, 6] = {[3, 2, 5, 6],

[3, 2, 5, 7], · · · , [3, 2, 5, n], [3, 2, 6, 5], · · · , [3, 2, n, n− 1]}

△158 = OrbG[1,2,3,4]
[2, 5, 3, 6] = {[2, 5, 3, 6],

[2, 5, 3, 7], · · · , [2, 5, 3, n], [2, 6, 3, 5], · · · , [2, n, 3, n− 1]}

△159 = OrbG[1,2,3,4]
[3, 5, 2, 6] = {[3, 5, 2, 6],

[3, 5, 2, 7], · · · , [3, 5, 2, n], [3, 6, 2, 5], · · · , [3, n, 2, n− 1]}

△160 = OrbG[1,2,3,4]
[5, 2, 3, 6] = {[5, 2, 3, 6],

[5, 2, 3, 7], · · · , [5, 2, 3, n], [6, 2, 3, 5], · · · , [n, 2, 3, n− 1]}

△161 = OrbG[1,2,3,4]
[5, 3, 2, 6] = {[5, 3, 2, 6],

[5, 3, 2, 7], · · · , [5, 3, 2, n], [6, 3, 2, 5], · · · , [n, 3, 2, n− 1]}

△162 = OrbG[1,2,3,4]
[2, 5, 6, 3] = {[2, 5, 6, 3],

[2, 5, 7, 3], · · · , [2, 5, n, 3], [2, 6, 5, 3], · · · , [2, n, n− 1, 3]}

△163 = OrbG[1,2,3,4]
[3, 5, 6, 2] = {[3, 5, 6, 2],

[3, 5, 7, 2], · · · , [3, 5, n, 2], [3, 6, 5, 2], · · · , [3, n, n− 1, 2]}

△164 = OrbG[1,2,3,4]
[5, 2, 6, 3] = {[5, 2, 6, 3],

[5, 2, 7, 3], · · · , [5, 2, n, 3], [6, 2, 5, 3], · · · , [n, 2, n− 1, 3]}

△165 = OrbG[1,2,3,4]
[5, 3, 6, 2] = {[5, 3, 6, 2],

[5, 3, 7, 2], · · · , [5, 3, n, 2], [6, 3, 5, 2], · · · , [n, 3, n− 1, 2]}

△166 = OrbG[1,2,3,4]
[5, 6, 2, 3] = {[5, 6, 2, 3],

[5, 7, 2, 3], · · · , [5, n, 2, 3], [6, 5, 2, 3], · · · , [n, n− 1, 2, 3]}

△167 = OrbG[1,2,3,4]
[5, 6, 3, 2] = {[5, 6, 3, 2],

[5, 7, 3, 2], · · · , [5, n, 3, 2], [6, 5, 3, 2], · · · , [n, n− 1, 3, 2]}

△168 = OrbG[1,2,3,4]
[2, 4, 5, 6] = {[2, 4, 5, 6],

[2, 4, 5, 7], · · · , [2, 4, 5, n], [2, 4, 6, 5], · · · , [2, 4, n, n− 1]}

△169 = OrbG[1,2,3,4]
[4, 2, 5, 6] = {[4, 2, 5, 6],

[4, 2, 5, 7], · · · , [4, 2, 5, n], [4, 2, 6, 5], · · · , [4, 2, n, n− 1]}

△170 = OrbG[1,2,3,4]
[2, 5, 4, 6] = {[2, 5, 4, 6],

[2, 5, 4, 7], · · · , [2, 5, 4, n], [2, 6, 4, 5], · · · , [2, n, 4, n− 1]}

△171 = OrbG[1,2,3,4]
[4, 5, 2, 6] = {[4, 5, 2, 6],

[4, 5, 2, 7], · · · , [4, 5, 2, n], [4, 6, 2, 5], · · · , [4, n, 2, n− 1]}
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△172 = OrbG[1,2,3,4]
[2, 5, 6, 4] = {[2, 5, 6, 4],

[2, 5, 7, 4], · · · , [2, 5, n, 4], [2, 6, 5, 4], · · · , [2, n, n− 1, 4]}

△173 = OrbG[1,2,3,4]
[4, 5, 6, 2] = {[4, 5, 6, 2],

[4, 5, 7, 2], · · · , [4, 5, n, 2], [4, 6, 5, 2], · · · , [4, n, n− 1, 2]}

△174 = OrbG[1,2,3,4]
[5, 2, 4, 6] = {[5, 2, 4, 6],

[5, 2, 4, 7], · · · , [5, 2, 4, n], [6, 2, 4, 5], · · · , [n, 2, 4, n− 1]}

△175 = OrbG[1,2,3,4]
[5, 4, 2, 6] = {[5, 4, 2, 6],

[5, 4, 2, 7], · · · , [5, 4, 2, n], [6, 4, 2, 5], · · · , [n, 4, 2, n− 1]}

△176 = OrbG[1,2,3,4]
[5, 2, 6, 4] = {[5, 2, 6, 4],

[5, 2, 7, 4], · · · , [5, 2, n, 4], [6, 2, 5, 4], · · · , [n, 2, n− 1, 4]}

△177 = OrbG[1,2,3,4]
[5, 4, 6, 2] = {[5, 4, 6, 2],

[5, 4, 7, 2], · · · , [5, 4, n, 2], [6, 4, 5, 2], · · · , [n, 4, n− 1, 2]}

△178 = OrbG[1,2,3,4]
[5, 6, 2, 4] = {[5, 6, 2, 4],

[5, 7, 2, 4], · · · , [5, n, 2, 4], [6, 5, 2, 4], · · · , [n, n− 1, 2, 4]}

△179 = OrbG[1,2,3,4]
[5, 6, 4, 2] = {[5, 6, 4, 2],

[5, 7, 4, 2], · · · , [5, n, 4, 2], [6, 5, 4, 2], · · · , [n, n− 1, 4, 2]}

△180 = OrbG[1,2,3,4]
[3, 4, 5, 6] = {[3, 4, 5, 6],

[3, 4, 5, 7], · · · , [3, 4, 5, n], [3, 4, 6, 5], · · · , [3, 4, n, n− 1]}

△181 = OrbG[1,2,3,4]
[4, 3, 5, 6] = {[4, 3, 5, 6],

[4, 3, 5, 7], · · · , [4, 3, 5, n], [4, 3, 6, 5], · · · , [4, 3, n, n− 1]}

△182 = OrbG[1,2,3,4]
[3, 5, 4, 6] = {[3, 5, 4, 6],

[3, 5, 4, 7], · · · , [3, 5, 4, n], [3, 6, 4, 5], · · · , [3, n, 4, n− 1]}

△183 = OrbG[1,2,3,4]
[4, 5, 3, 6] = {[4, 5, 3, 6],

[4, 5, 3, 7], · · · , [4, 5, 3, n], [4, 6, 3, 5], · · · , [4, n, 3, n− 1]}

△184 = OrbG[1,2,3,4]
[3, 5, 6, 4] = {[3, 5, 6, 4],

[3, 5, 7, 4], · · · , [3, 5, n, 4], [3, 6, 5, 4], · · · , [3, n, n− 1, 4]}

△185 = OrbG[1,2,3,4]
[4, 5, 6, 3] = {[4, 5, 6, 3],

[4, 5, 7, 3], · · · , [4, 5, n, 3], [4, 6, 5, 3], · · · , [4, n, n− 1, 3]}

△186 = OrbG[1,2,3,4]
[5, 3, 4, 6] = {[5, 3, 4, 6],

[5, 3, 4, 7], · · · , [5, 3, 4, n], [6, 3, 4, 5], · · · , [n, 3, 4, n− 1]}

△187 = OrbG[1,2,3,4]
[5, 4, 3, 6] = {[5, 4, 3, 6],

[5, 4, 3, 7], · · · , [5, 4, 3, n], [6, 4, 3, 5], · · · , [n, 4, 3, n− 1]}

△188 = OrbG[1,2,3,4]
[5, 3, 6, 4] = {[5, 3, 6, 4],

[5, 3, 7, 4], · · · , [5, 3, n, 4], [6, 3, 5, 4], · · · , [n, 3, n− 1, 4]}

△189 = OrbG[1,2,3,4]
[5, 4, 6, 3] = {[5, 4, 6, 3],

[5, 4, 7, 3], · · · , [5, 4, n, 3], [6, 4, 5, 3], · · · , [n, 4, n− 1, 3]}

△190 = OrbG[1,2,3,4]
[5, 6, 3, 4] = {[5, 6, 3, 4],

[5, 7, 3, 4], · · · , [5, n, 3, 4], [6, 5, 3, 4], · · · , [n, n− 1, 3, 4]}
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△191 = OrbG[1,2,3,4]
[5, 6, 4, 3] = {[5, 6, 4, 3],

[5, 7, 4, 3], · · · , [5, n, 4, 3], [6, 5, 4, 3], · · · , [n, n− 1, 4, 3]}

△192 = OrbG[1,2,3,4]
[1, 5, 6, 7] = {[1, 5, 6, 7], [1, 5, 6, 8], · · · , [1, 5, 6, n],

[1, 5, 7, 6], · · · , [1, 5, n, n−1], [1, 6, 5, 7], · · · , [1, n, n−1, n−2]}

△193 = OrbG[1,2,3,4]
[5, 1, 6, 7] = {[5, 1, 6, 7], [5, 1, 6, 8], · · · , [5, 1, 6, n],

[5, 1, 7, 6], · · · , [5, 1, n, n−1], [6, 1, 5, 7], · · · , [n, 1, n−1, n−2]}

△194 = OrbG[1,2,3,4]
[5, 6, 1, 7] = {[5, 6, 1, 7], [5, 6, 1, 8], · · · , [5, 6, 1, n],

[5, 7, 1, 6], · · · , [5, n, 1, n−1], [6, 5, 1, 7], · · · , [n, n−1, 1, n−2]}

△195 = OrbG[1,2,3,4]
[5, 6, 7, 1] = {[5, 6, 7, 1], [5, 6, 8, 1], · · · , [5, 6, n, 1],

[5, 7, 6, 1], · · · , [5, n, n−1, 1], [6, 5, 7, 1], · · · , [n, n−1, n−2, 1]}

△196 = OrbG[1,2,3,4]
[2, 5, 6, 7] = {[2, 5, 6, 7], [2, 5, 6, 8], · · · , [2, 5, 6, n],

[2, 5, 7, 6], · · · , [2, 5, n, n−1], [2, 6, 5, 7], · · · , [2, n, n−1, n−2]}

△197 = OrbG[1,2,3,4]
[5, 2, 6, 7] = {[5, 2, 6, 7], [5, 2, 6, 8], · · · , [5, 2, 6, n],

[5, 2, 7, 6], · · · , [5, 2, n, n−1], [6, 2, 5, 7], · · · , [n, 2, n−1, n−2]}

△198 = OrbG[1,2,3,4]
[5, 6, 2, 7] = {[5, 6, 2, 7], [5, 6, 2, 8], · · · , [5, 6, 2, n],

[5, 7, 2, 6], · · · , [5, n, 2, n−1], [6, 5, 2, 7], · · · , [n, n−1, 2, n−2]}

△199 = OrbG[1,2,3,4]
[5, 6, 7, 2] = {[5, 6, 7, 2], [5, 6, 8, 2], · · · , [5, 6, n, 2],

[5, 7, 6, 2], · · · , [5, n, n−1, 2], [6, 5, 7, 2], · · · , [n, n−1, n−2, 2]}

△200 = OrbG[1,2,3,4]
[3, 5, 6, 7] = {[3, 5, 6, 7], [3, 5, 6, 8], · · · , [3, 5, 6, n],

[3, 5, 7, 6], · · · , [3, 5, n, n−1], [3, 6, 5, 7], · · · , [3, n, n−1, n−2]}

△201 = OrbG[1,2,3,4]
[5, 3, 6, 7] = {[5, 3, 6, 7], [5, 3, 6, 8], · · · , [5, 3, 6, n],

[5, 3, 7, 6], · · · , [5, 3, n, n−1], [6, 3, 5, 7], · · · , [n, 3, n−1, n−2]}

△202 = OrbG[1,2,3,4]
[5, 6, 3, 7] = {[5, 6, 3, 7], [5, 6, 3, 8], · · · , [5, 6, 3, n],

[5, 7, 3, 6], · · · , [5, n, 3, n−1], [6, 5, 3, 7], · · · , [n, n−1, 3, n−2]}

△203 = OrbG[1,2,3,4]
[5, 6, 7, 3] = {[5, 6, 7, 3], [5, 6, 8, 3], · · · , [5, 6, n, 3],

[5, 7, 6, 3], · · · , [5, n, n−1, 3], [6, 5, 7, 3], · · · , [n, n−1, n−2, 3]}

△204 = OrbG[1,2,3,4]
[4, 5, 6, 7] = {[4, 5, 6, 7], [4, 5, 6, 8], · · · , [4, 5, 6, n],

[4, 5, 7, 6], · · · , [4, 5, n, n−1], [4, 6, 5, 7], · · · , [4, n, n−1, n−2]}

△205 = OrbG[1,2,3,4]
[5, 4, 6, 7] = {[5, 4, 6, 7], [5, 4, 6, 8], · · · , [5, 4, 6, n],

[5, 4, 7, 6], · · · , [5, 4, n, n−1], [6, 4, 5, 7], · · · , [n, 4, n−1, n−2]}

△206 = OrbG[1,2,3,4]
[5, 6, 4, 7] = {[5, 6, 4, 7], [5, 6, 4, 8], · · · , [5, 6, 4, n],

[5, 7, 4, 6], · · · , [5, n, 4, n−1], [6, 5, 4, 7], · · · , [n, n−1, 4, n−2]}

△207 = OrbG[1,2,3,4]
[5, 6, 7, 4] = {[5, 6, 7, 4], [5, 6, 8, 4], · · · , [5, 6, n, 4],

[5, 7, 6, 4], · · · , [5, n, n−1, 4], [6, 5, 7, 4], · · · , [n, n−1, n−2, 4]}

△208 = OrbG[1,2,3,4]
[5, 6, 7, 8] = {[5, 6, 7, 8], · · · , [5, 6, 7, n], [5, 6, 8, 7], · · · , [5, 6, n, n− 1],

[5, 7, 6, 8], · · · , [5, n, n− 1, n− 2], · · · , [n, n− 1, n− 2, n− 3]}
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Appendix C: Computer Code
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