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Abstract

Population size and growth rate have great impact on the society and economy of every country.

Finding the determinants and growth rate of the population have become fundamental to pol-

icy makers in developing countries like Ghana, and its capital Accra in particular. Population

growth models like the Exponential and Logistic Growth Models are mostly used in population

dynamics. Most variables in this area are count variables. Count models are appropriate for

modeling count variables. However, count models are hardly used in this field. Most count

data have the problem of overdispersion, where data exhibits more variability than expected

under an assumed model. There are possible advantages of including overdispersion in the

modeling process. This study sought to investigate the effects of overdispersion in count data,

and compare the Negative Binomial Model which is able to account for overdispersion to the

Exponential and Logistic Growth Models which do not account for overdispersion. The results

were then applied to a real dataset of the Greater Accra Region of Ghana.

The results showed that avoiding overdispersion when it do exist has dire consequences. Partic-

ularly, standard errors of the estimates are understated and the significance of some covariates

are overstated. This was more evident when the data from the Greater Accra Region was

modeled. Unless overdispersion is treated, inferences on such results are misleading. The study

also revealed that the Negative Binomial Model actually performed better than the population

growth models in modeling the population growth. The study recommends that analysts con-

sider overdispersion when modeling count data and recommends the Negative Binomial Model

to be used in modeling population data as compared to the Exponential and Logistic Growth

Models.
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Chapter 1

INTRODUCTION

1.1 Background of Study

Population and census data have varied uses and benefits. In every country, information on

the size, distribution and characteristics of the population is essential for describing and as-

sessing its economic, social and demographic circumstances. Such information are also key in

developing sound policies and programs (in fields such as education and literacy, employment

and manpower, family planning, housing, maternal and child health, rural development, trans-

portation and highway planning, urbanization and welfare) aimed at fostering the welfare of a

country and its population (Fund, 1998).

The size of a population determines many factors such as its potential to supply skilled labor,

its market demand, its ability to consume and cause an increase in aggregate demand and the

growth of Gross Domestic Product (GDP), its geopolitical importance, its tax revenue potential

among others. It also has the potential to generate competition, efficiency and innovation.

However, irrespective of the potential gains that are associated with large population size, there

is the need to ensure that the rate of growth matches the pace of economic growth otherwise it

may create the problem of high youth unemployment rates, balance of payment problems as a

result of increased net imports, corruption, inflation, food insecurity, deforestation, pollution,

social vices and other environmental problems such as global warming and dwindling of natural
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resources, which hinder the well-being of the people.

Interestingly, one of the distinguishing features of low and high income countries is high

population growth and size. This is evident in Africa where most of its member states are

regarded as poor due to the fact that they cannot provide basic amenities like food, quality

healthcare and water to their ever increasing high population growth and size. In as much

as population growth provides a pool of labor force to be used in the production process

with the potential to promote economic growth, it however poses some challenges which may

equally impede the effort of countries in achieving desired economic growth and development.

Increase in population size put financial constraint on families, which could prevent more people

from getting access to quality food, education and good health care which retards human

development for socio-economic growth.

The population of every country like Ghana is the nation’s most valuable resource. The

protection of its growth rate and enhancement of its welfare is the government’s first respon-

sibility and when that welfare is threatened government must act (May, 2005). Ghana, like

most sub-Saharan countries, has been experiencing a rapid rise in its population since the early

1950’s. From a population of slightly over ten million in 1980, Ghana’s population rose to

25, 904, 598 as at 2013 (Group, 2013), indicating a steep increase in the size. The growth rate

of the population of Ghana stood at 2.7% in 2013 (Group, 2013). A slower rate of popula-

tion growth ensures that more people will have better access to healthcare, education, social

amenities and thus take advantage over the few job opportunities available to better their living

conditions. This is, however, not the case of Ghana as its population growth is high.

Overall, the characteristics of the population of Ghana, particularly the Greater Accra Re-
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gion (GAR) pose serious challenges for growth and development, and not until Ghana achieve

a considerable decline in fertility rate and success in economic development, the nation’s devel-

opment efforts will be frustrated with high population growth rate which is an open challenge

for management and policy makers. As the population continues to rise, there should be cor-

responding and appropriate methods and sources for calculating population size and growth,

which would give a total human population figure at any given time. Also, there should be a

mechanism to find the determinants of the population growth. Having such information about

the population can aid the authorities to ensure that the increasing demand of services arising

from the population growth is met.

Due to the ever increasing population growth naturally, it has become absolutely necessary

to introduce the most common quantitative approach to population dynamics, taking note

of the different theoretical foundations and assumptions to such population. Several authors,

including Pearl and Reed (1920) and Meyer et al. (1999) have demonstrated that mathematical

models can account for growth (increase or decline) in human population. The number of

people that the environment can support, called the carrying capacity, gives an interesting

background to the population research survey and evaluation of the data. Meyer and Ausubel

(1999) hinted that, new technologies affect how resources are consumed and that models that

employ dynamic carrying capacity are more reflective of the human condition.

At the base of population surveys and exercises, there are future projections and predictions,

involving some types of mathematical models (Islam, 2009). Population values falls within the

category of count variables. The Exponential and Logistic Growth Models are the most used

in modeling population dynamics. To model a count variable, the count models are most

appropriate for such course. However, these count models are hardly used in this area.
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Count data mostly exhibit overdispersion under a specified model. Overdispersion refers to

the scenario where data exhibits more variability than expected under an assumed model. This

normally happens in models that exhibit mean - variance relationships. Since overdispersion

is a major characteristic of count data, models that take into account overdispersion in the

modeling process should be applied.

Population growth models do not consider overdispersion. There could be adverse out-

comes and effects if overdispersion is ignored when it do exist. None of the current population

growth models consider overdispersion in model structure. This study will reveal the effects of

overdispersion and explore the importance of the count models in population dynamics.

1.2 Statement of the Problem

Most count data are faced with the issue of overdispersion. There are a number of causes

of overdispersion in data. Handling this issue when modeling such data remains vital to the

kind of information that can be retrieved from the data. None of the models popularly used

in population dynamics is capable of handling overdispersion. Therefore, information derived

from such models might be misleading.

There could be dire consequences of excluding overdispersion in modeling count data in

population dynamics. Probably, most analysts do not involve overdispersion in analysing count

data because they have no or little knowledge on the issues of overdispersion. This study seeks

to bridge this gap by investigating the effects of overdispersion in count data modeling.

Hardly do most analysts apply count models in such a prominent area as population dy-
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namics. Information in this area continuously have an effect on policy making. The current

population growth models only depend on one independent variable which is time. Even though,

humans live in such a complex environment that one would expect population values to be ex-

plained by more than one variable. Count models are capable of involving more than one

independent variable in the model, having the tendency of handling overdispersion. However,

such kind of models are hardly employed in population dynamics. This study therefore seeks

to apply the count models that account for overdispersion in modeling population data.

1.3 Objectives of the Study

The broad objective of this research is to analyse the effects of overdispersion in count data

modeling. The specific objectives are;

(i) To investigate the effects of overdispersion in count data modeling.

(ii) To compare the Exponential and Logistic Growth Models to the Negative Binomial Model

in terms of predicting population values.

(iii) To determine factors that influence the population growth of the Greater Accra Region

of Ghana.

1.4 Significance of the Study

Governments have viewed population data, especially, size and growth with serious concern,

though they differ in the method of curtailment. At the center of each method is the projection

and estimation. Islam (2009) justified the use of mathematical models for the estimation of

population projection and estimation. Mathematical models are essentially an endeavour to
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find the relationship and their dynamic behaviour among the various elements in demography.

The study is aimed at recommending mathematical models, which the government could use

for future population projection. Additionally, this study will make available information and

effects of overdispersion in modeling count data. This study will make available the demographic

variables that influence the population size of the GAR. This would help the government and

authorities in managing the population issues of the region. Particularly, this study provides

vital information to better understand population growth and the factors influencing population

size, which would inform the policy instruments on the population of the region in order to

achieve any set objectives. Policy makers of the region of study will have the knowledge on the

problems associated with the population.

Organizations relying solely on population and census information data to provide social

services can use the models herein to estimate. Population issues in the GAR and most parts

of Ghana have not received much attention. Many governments have failed to address the

population issues of the region. In order for Ghana to achieve its Millennium Development

Goals, a critical look at the country’s population, especially the GAR which has the largest

population density is necessary and this work would contribute to this area of concern.

1.5 Organization of the Study

The study will be organized under five (5) chapters. Chapter 1 covers the introductory aspect

of the study which highlights the statement of the research problem, objectives of the study

and the significance of the study. Chapter 2 reviews the relevant literature on the subject area.

Chapter 3 covers the methodology employed in this study while Chapter 4 provides the results
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and discussion of the study. Chapter 5 covers the summary, conclusion and recommendations

for policy makers.
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Chapter 2

LITERATURE REVIEW

2.1 Count Data Modeling

Count data regression modeling techniques have become important tools in empirical studies

of statistics and their applicability continues to grow in other areas. In the literature like that

of Winkelmann (2000), Cameron and Trivedi (2013) and Hilbe (2014), numerous examples

utilizing count data methodologies are mentioned and treated. Although count data modeling

techniques have a rather recent origin, the statistical analysis of counts has a long and rich

history.

In count data regression, the main focus is the effect of covariates on the frequency of an

event, measured by non-negative and integer-valued counts. The main motivation for using

count data models to handle counts is that the standard Gaussian linear regression model

ignores the restricted support (non-negativity and the integer-valued character) of the response

count data variable (Hilbe, 2014). Using the standard linear regression in such cases may lead

to significant deficiencies. Besides, most of the assumptions of the standard linear regression

model are violated if used on count response variables.

The starting point for most cross-sectional data analyses is the Poisson Model. Due to

common issues or problems like clustering in the data, repeated measurements of the response;

the existence of overdispersion and the occurrence of excess zeros beyond what a Poisson Model
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can incorporate, the extensions of the Poisson Model is usually necessary and considered (Hilbe,

2014). Such issues can effectively be accounted for through the use of random subject-specific

effects (Hens et al., 2005), through the use of an overdispersion model, such as the Negative

Binomial Model for count data (Breslow, 1984; Lawless, 1987) and through the use of the so

called Zero-Inflated Models (Lambert, 1992).

Poisson Regression Model is traditionally known to model count data. Unlike the familiar

Gaussian distribution which has two parameters N(µ, σ2), the Poisson distribution is described

by a single parameter (λ), as both the mean and the variance. Thus, a Poisson distribution

is characterized by two parameters having the same value, the expected value (mean) and the

variance (Hilbe, 2014). This can be a strong assumption. However, this does not always apply

to count data. A common deviation from the basic Poisson Model is the failure of the equal

conditional mean and variance restriction. When the observed variance exceeds that of the

expected (predicted) variance, we have the situation called overdispersion, which simply means

extra-variability. The most commonly used explanation for overdispersion is that unobserved

heterogeneity is present and this could be as a result of omitted significant explanatory variables,

clustering in the data, correlation, high relative frequency of zero observations (Lambert, 1992).

Another common deviation from the Poisson Model is truncation and censoring. The observed

counts are left truncated if small counts are excluded from the sample (zero truncation being

the most frequently encountered) and are right censored if counts exceeding some value are

aggregated (Hilbe, 2014).

When there is overdispersion, the data in question can be modeled using Negative Binomial

(NB) Model (Hilbe, 2014). Negative Binomial regression, like Poisson Model, examines the

relationship between predictors and count dependent variable through log link, which assumes
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a mixture distribution for count variable. For this model, it accommodates the variance been

greater than the mean. A characteristic feature of this distribution is that it accounts only for

overdispersion, not for underdispersion (i.e. the variance is smaller than the mean).

When the data are characterized by excess zero counts, the data can no longer be modeled

using ordinary Poisson Regression Model. There exists substantial literature on the modeling of

these Zero-Inflated count data using the Hurdel Model (Mullahy, 1986) and the Zero-Inflated

Poisson, Negative Binomial Models (Lambert, 1992). The Zero-Inflated Models address the

excess zero problem in count data. The high frequency of zeros is accounted for by allowing

extra probability mass at zero and reducing the probability mass for other frequencies. The

Zero-Inflated Poisson Model was first introduced by Lambert (1992) and it is assumed that

there are two processes that can generate the zeros.

The Hurdle Model is seen as a two-part model for count data. The first part is the model for

the binary variable which indicates whether the response outcome is zero or positive. Condi-

tional on a positive outcome, the second part of the model uses a truncated Poisson distribution

or a truncated Negative Binomial (NB) distribution to model the positive variable. The Hurdle

Model was developed by Mullahy (1986) and builds on ideas from Cragg (1971).

For the truncated count models, the distribution is truncated if the whole distribution is

not observable over the whole range of non-negative integers (Hilbe, 2014). Common among

these distributions are the ones truncated at zero. The zero truncation is usually referred to

as the left truncation or truncation from below. Right truncation or truncation from above do

exist too. These models are very suitable for count variables that do not expect certain values

to be predicted.
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Most empirical work in population dynamics have neglected the fact that the dependent

variable is a non-negative integer. Most authors use the standard linear regression to model

count response variables. In the work done by Bloom et al. (2000), which they used multiple

regression, they found fertility rate, immigration, population density and birth rate to have

positive relationship with population size while death rate, emigration and literacy rate to have

negative effect on population size.

A similar work done by Crenshaw et al. (1997), their results differed slightly with that

of Bloom et al. (2000). They found population density, birth rate, literacy rate and poverty

rate to have positive effect on population size while death rate and average household size to

negatively affect population size. The work also done by Otani and Villanueva (1990) resulted

in birth rate, life expectancy and household size to have a positive effect on population size

whereas death rate and unemployment rate have negative effect on population size.

2.1.1 Overdispersion

Overdispersion is an issue that commonly arises in Generalised Linear Model (GLM) fitting.

Key assumptions related to statistical models are that all relevant predictors are included,

irrelevant ones excluded and that the predictors are not correlated. Wilson and Hardy (2002)

defines overdispersion simply as the case where the residual deviance is greater than the residual

degrees of freedom. In other words, one speaks of overdispersion when data have larger variance

than expected under a fitted model.

Overdispersion is not uncommon in practice. In fact, some believe that overdispersion is the

norm in practice and nominal dispersion is the exception. The incidence and degree of overdis-
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persion encountered greatly depend upon the field of application. Lee et al. (2002) stated that

overdispersion should be accounted for in a GLM analysis. Failure to do so in the presence of

overdispersion results in type I error rates well above the nominal ones. When overdispersion

is not present, the test for treatment effects is not negatively affected by considering overdis-

persion. McCullagh and Nelder (1989) advised that unless there are good external reasons for

relying on model assumptions, it is wise to be cautious and to assume that overdispersion is

present unless and until it is shown to be absent.

According to Cox (1983), overdispersion in general has two effects. One is that summary

statistics have a larger variance than anticipated under the simple model. This has long been

recognized and is commonly allowed for by an empirical inflation factor, either assumed from

prior experience or estimated. The second effect is a possible loss of efficiency in using statistics

appropriate for the assumed distribution.

There are several typical techniques employed when overdispersion is present to account

for inflated deviance. It is important to note that these techniques do not remove the model

of overdispersion, but rather embrace and account for it in the model structure. The first

general technique is to take a quasi-likelihood approach (Hilbe, 2014). In this technique one

uses the same error distribution (i.e. Poisson, binomial) but adjusts the standard errors and test

statistics. Specifically, hypothesis testing with an F-test instead of Chi-squared is recommended.

In other words, model overdispersion by letting the actual variance equal the assumed variance

multiplied by an additional scale parameter that adjust for the discrepancy between assumed

and actual (Hilbe, 2014). Another way of thinking of this is that using the F-test vs. Chi-

squared (or any other) does not make overdispersion go away but simply takes it into account

in the hypothesis testing.
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In fact, studies of overdispersion in data have focused mainly on two regimes. One is

a detailed representation of overdispersion by a specific model. The main models include a

sampling density which is a mixture of the exponential families. Most of the time the log

likelihood ratio is used to determine the goodness-of-fit of the model. The other is to introduce

procedures which add a dispersion parameter to the exponential family (Albert and Pepple,

1989), and develop test statistics to detect the existence of the dispersion parameter. The test

statistic is derived under the null hypothesis that the overdispersion parameter is zero.

In one-parameter exponential families such as the binomial and Poisson, the variance is a

function of the mean. The existence of overdispersion, which is a common practical complica-

tion, leads to a failure of the variance-mean relation (Cox, 1983; Efron, 1989). Therefore, many

efforts have been made to develop models to represent overdispersed exponential families.

A classical approach to the problem of the overdispersed Poisson is to treat the Poisson

means associated with each observed count as latent variables that are sampled from a specific

parametric distribution (Breslow, 1984). Most authors have considered a gamma mixing dis-

tribution, which leads to a negative binomial distribution for the observed data (Collings and

Margolin, 1985). Paul and Plackett (1978) examined the effect of the Poisson mixtures, espe-

cially as represented by the negative binomial distribution, on statistical inference. They found

that probabilities of rejecting the null hypothesis of no overdispersion are increased, sometimes

considerably, confirmed by Collings and Margolin (1985).

Collings and Margolin (1985) proposed methods for detecting negative binomial departures

from a Poisson model. They dealt with three kinds of problems namely; where the mean

response is constant; where the mean response depends on a single covariate and the regression
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line is through the origin, or where it takes on a fixed number of values according to a one-way

layout.

Dean and Lawless (1989) developed tests for detecting extra-Poisson variation in Poisson

regression models. They obtained the tests as score tests against arbitrary mixed Poisson

alternatives, and provided approximations for computing the significance level and power of the

tests against the negative binomial alternatives. The mixed model they used was an extension

of that of Collings and Margolin (1985). The model assumed that the random effects had finite

first and second moments. If the random effects follow a gamma distribution, then the random

variable has a negative binomial distribution. Dean and Lawless (1989) findings were that for

detecting overdispersion, tests analogous to those based on their models were superior to tests

based on the Pearson statistic for more general regression situations, at least for moderate

amounts of overdispersion. But, as they pointed out, the test was designed to be particularly

effective against one type of extra-Poisson variation.

2.2 Modeling Population Growth

Malthus (1888) in his research on human population stated that prior to the transformational

stages of societies into well organized and developed ones, rapid population growth results in

worsened standard of living because of low level of technological advancement in agriculture,

and fixed supply of land. To him, rapid population growth may inevitably collide with the

scarce resources and if not checked would lead to famine, war, and other natural disasters like

diseases. Around the late 1960s, Neo-Malthusians analysts and commentators further expanded

the view of Malthus (1888) and asserted that societal institutions cannot adjust economies to

accommodate pressures from rapid population growth and high human density which may in
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turn cause havoc to the environment and social fabric.

The opposite view, that institutions can faultlessly handle these changes if allowed to occur

without restriction, was shared by two groups of scholars, Neo-liberals and Distributionists.

They opposed the Malthusian view where Simon (1972), a Neo-liberal argued that population

growth is not a problem and that discussion of it only distracts attention from real problems

since institutions can evolve, supported by technological progress with inventions which may

provide all the necessary tools for adjustment. Distributionists were also of the view that con-

cern about population growth is destruction from real problems and that state institutions may

implement poverty alleviation and equity programs which may serve as adjustment mechanism.

Both schools affirmed that the positive economic effects that may result from their own brand

of institutional mediation may cause a decline in demand for children.

In the midst of this debate, emerged the Revisionist view in the 1980s. They opined that to

adequately adjust for population growth, populous countries must have a broad array of func-

tional modern institutions whose smooth performance may help to curb any possible negative

effect of population growth. They cautioned that poor performance of these institutions would

precipitate dire economic consequences in such economy. This includes low levels of output per

worker and failure to meet societal goals for allocating goods and services. They concluded that

irrespective of the size of national output, population growth can degrade renewable natural

resources when property rights are nonexistent or inadequately assigned.

By the late 1980s, most of the population policy discussions went in favour of the Revi-

sionist view that the effects of population growth on the economy were insignificant (Birdsall

et al., 2001). This was revealed by the 1986 National Academy of Sciences report which stated
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that “On balance, we reach the qualitative conclusion that slower population growth would be

beneficial to the economic development of most developing countries” (Landau et al., 1986).

This is a very weak and qualified observation that led to a decline in the political and policy

priority on reducing population growth in order to boost economic growth in developing coun-

ties. Cairo Population and Development Conference in 1994 emphasized the need of women’s

reproductive health and gender equality as the most important policy goals, not lowering world

population growth (McIntosh and Finkle, 1995).

Thirlwall (1989) in his book “Growth and development with special reference to developing

economies” said the relationship between population and economic development is a complex

one, particularly concerning what is cause and what is effect. According to his book, many

people consider rapid population growth in the third world to be a major obstacle to devel-

opment, yet there are many ways in which population growth may be a stimulus to progress

and there are many rational reasons why families in developing countries choose to have many

children. The United Nations world population conference held in Bucharest in 1974 adopted

a world population plan of Action that asserted “population and development are interrelated,

population variables influence development and are also influenced by them” (Paul, 1994). The

plan recommended that “population measures and programs should be integrated into compre-

hensive social and economic plans and programs and this integration should be reflected in the

goals, instrumentality and organizations for planning within the countries.

Ausubel et al. (2001) in their work did indicate that decrease or growth comes from the

interplay of death and birth (and locally migration). To justify the use of mathematical mod-

els to analyse population, Islam (2009) said, “Mathematical model is very important for the

estimation of population projections. In fact, mathematical model is essentially an endeavour
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to find out structural relationships and their dynamic behaviour among the various elements

in demography.”

Ghana became the third country in Sub-Saharan Africa to adopt an explicit and a com-

prehensive population policy in 1969 after Mauritius (1958) and Kenya (1967) (NDPC, 2003).

The policy was meant to affect the growth, structure and distribution of the country’s popula-

tion. Although the 1969 policy was retained by successive governments, very little progress was

made during the next two decades in reducing the rate of population growth because political

commitment was absent. In 1994, the policy was revised to ensure that Ghana achieves and

maintains a level of population growth that is consistent with national development. Further-

more, the government’s long term vision (Ghana-vision 2020) for the country is to attain a

balanced economy that helps people attain a middle-income status and standard of living by

the year 2020 (NDPC, 2003). Again, the vision sets a goal to reduce population growth from

its present level of around 3% to 2% each year.

Population growth is the change in a population over time, and can be quantified as the

change in the number of individuals of any species in a population using “per unit time” for

measurement. In Biology, the term population growth is likely to refer to any known organism,

but in this study it is applicable only to human populations (demography). According to Islam

(2009), population growth is used informally for the more specific term population growth rate,

which refers specifically to the growth of the human population of the world.

Islam (2009) noted four outstanding changes of world growth rate: first, the agricultural

revolution which took place in Southwest Asia and China; second, the global agricultural revo-

lution; third, the fall in death rate which was in the decades after 1950; and finally, the change
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in fertility rates since the 1980s. It is noteworthy that while the first three changes concern

increases in the rate of population growth, the fourth is a decrease in population growth. He

further maintained that, “There are enormous concerns about the consequences of human popu-

lation growth for social, environmental and economic development. Intensifying these problems

is population growth.”

The United Nations collaborated the above observation, estimating world population to be

6.2 billion by 2000 (with the poorest areas of the world have the highest population growth rates.

For example, out of the about 90 million babies born in the world in 1995, about 85 million

were born in developing countries), which would increase to 9.8 billion by 2050 (Winkelmann,

2000). Globally, the growth rate of the human population has been declining since 1962 to 1963

at 2.20% per annum. In 2009 for example, the estimated annual growth rate was 1.1%. The

CIA Factbook (Factbook, 2017) gives the world annual birth rate, mortality rate, and growth

rate as 1.915%, 0.812%, and 1.092% respectively. The last one hundred years have seen a rapid

increase in population due to medical advances and massive increase in agricultural productivity

made possible by the Green Revolution. Some countries experience negative population growth,

especially in Eastern Europe mainly due to low fertility rates, high death rates and emigration.

In Southern Africa, growth is slowing due to the high number of HIV-related deaths.

Two mathematical models: Exponential Growth and Logistic Growth Models are popular in

research of the population growth. The Exponential Growth Model was proposed by Malthus

in 1798 (Malthus, 1888) , and it is sometimes called the Malthusian Growth Model. Verhulst

proposed the logistic growth model in 1845 (Verhulst, 1838). Both originated from observations

of biological reproduction process. However, when it comes to human population, the constant

growth rate can be observed in doubt. Human reproduce sexually and have consciousness. We
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cannot be sure under what condition will an individual be reproduced. Therefore, it is in doubt

whether models based on constant growth rate can explain human population growth. Taking

carrying capacity into regards, Logistic Growth Model improves the preceding Exponential

Growth Model.

The use of the Logistic Growth Model is widely established in many fields of modeling and

forecasting (Banks, 2013). Through mathematical modeling approach, much work has been

done to further develop these models so as to predict population growth accurately (Rasmussen

et al., 2016; Kulkarni et al., 2014). Population growth model is a pattern of a mathematical

model that is utilized to the study of population dynamics. Models allow the better perception

of how processes and complex interactions work. Population growth modeling can provide

a manageable way of understanding how numbers change over time or in relation to each

other. Edwards and Weizi (2011) indicated that the Logistic Model with explicit carrying

capacity is most convenient way to study population growth as the related equation contains

few parameters. Ghana’s population growth has been modeled by Ofori et al. (2013). In their

work, they predicted Ghana’s population to be 114.8207 million in 2050, with a growth rate of

3.15% per year using the Exponential Model. By the Logistic Growth Model, Ofori et al. (2013)

predicted Ghana’s population to be 341.2443 million in 2050, with a growth rate of 5.23% per

year.

2.3 Summary of Chapter

Relevant literature on count models, and the issue of overdispersion have been reviewed. The

Exponential and Logistic Growth Models are the two most used models in population dynamics.

Even though count variables occur frequently in this field, count models are hardly used. In the

19



next Chapter, the methodology employed in this study and the materials used will be looked

at.
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Chapter 3

METHODOLOGY

3.1 Effects of Overdispersion

Modeling count data, it is important to know what is meant by a count. In Statistics, a count

refers to observations that have only non-negative integer values. Example of a count is the

number of students that PAUSTI admits in a year. A count can be thought of as a verb which

means to enumerate units, items, or events (Hilbe, 2014). The Poisson model is the basic count

model. The nature of the count response variable determines which kind of the count models

to use.

Overdispersion is mostly encountered when modeling count data. It occurs in models that

have mean-variance relationship. It occurs when data exhibits more variability than expected

under an assumed model. Thus, mathematically, it can be given as V ar(y) > V ar(y|x). In

the Poisson Model, there is the assumption of equidispersion, where the mean is expected to

be equal to the variance, thus V ar(y|x) = E(y|x). When V ar(y|x) > E(y|x), then we have

overdispersion under the Poisson Model. Several sources can be attributed to overdispersion.

Common among these sources as given by Hilbe (2014), Mohammed and Laney (2006) and Ian-

nario (2014) are variability of experimental material - individual level variability, correlation

between individual responses, cluster sampling, aggregate level data, omitted significant vari-

ables, excess zero counts (structural and sampling zeros), misspecified link function, outliers.
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There are consequences of not treating overdispersion if it does exist. Some authors (Hilbe,

2014; Iannario, 2014) have hinted that unless overdispersion is properly handled, it can lead to

invalid inferences.

To investigate the effects of overdispersion, the study simulated data that exhibits overdis-

persion and fitted the Poisson Model, which does not account for overdispersion and the Neg-

ative Binomial Model, which takes into account the overdispersion in data. The simulations

were done with the R statistical software. The simulated data was generated as follows:

The model used for the data generating process was

ln(µ) = β1 + β2x2 + β3x3 + β4x4 + β5x5 + β6x6,

with parameter values β1 = 5, β2 = 1, β3 = 0, β4 = −1, β5 = 0, β6 = −1 and a sample size

of n = 200. The covariates x2, x4 and x6 were generated from the normal distribution whereas

x3 and x4 were generated from the uniform distribution. The response variable y was generated

from the Poisson distribution.

The models used on the simulated data are briefly discussed below:

3.1.1 The Poisson Model

In this model, the response variable Y follows the Poisson density given as

f(y;µ) =
e−µµy

y!
, y = 0, 1, 2, . . . (3.1)

where µ is the mean of Y . Figure 3.1 shows the distribution of the Poisson family with different

expected values. Note that, small mean values makes the distribution skewed to the right and
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as the mean increases, the distribution approaches normal. λ is usually used to represent the

expected value under the Poisson distribution but for purposes of modeling, we use µ.

Figure 3.1: The Poisson distribution

The Poisson distribution belongs to the 1-Parameter Exponential Family of Distributions,

whose density is generally given in the form:

f(y; θ) = exp
{
yiθi − b(θi) + c(yi)

}
, (3.2)

where θi is the canonical parameter or link function, b(θi) is the cumulant and c(yi) is the

normalization term. The first and second derivatives of b(θi) defines the mean and variance of

Y respectively. Now, we write the Poisson density in the form of Equation (3.2) as

f(y; θ) = exp
{
yi ln(µ)− µ− ln(y!)

}
. (3.3)
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So for the Poisson distribution, the link function is lnµ and has both the mean and variance

to be µ.

In the Poisson Model, µi is expressed as a function of some explanatory variables X through

its link function in the form

ln(µi) = X ′i β, (3.4)

where β are the regression parameters to be estimated. In expanded form, the Poisson model

is given as

ln(µi) = β0 + β1x1 + β2x2 + · · ·+ βkxk. (3.5)

The regression parameters β are estimated via the maximum likelihood method. The Pois-

son log-likelihood is given as

L(µ; y) =
n∑
i=1

[
yi ln(µi)− µi − ln(yi!)

]
(3.6)

Recall from Equation (3.4) that µi = exp(X ′i β). So the Poisson log-likelihood becomes

L(β; y) =
n∑
i=1

[
yi(X

′
i β)− exp(X ′i β)− ln(yi!)

]
(3.7)

The first derivative of the log-likelihood function with respect to β defines what we call the
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gradient or score function. Thus, the score function of the Poisson log-likelihood is

∂(L(β; y))

∂β
=

n∑
i=1

[
yi − exp(X ′i β)

]
X ′i (3.8)

Setting Equation (3.8) to zero and solving for β gives the estimates of β.

We find the second derivative of the log-likelihood function with respect to β as

∂2(L(β; y))

∂β ∂β′
= −

n∑
i=1

[
exp(X ′i β)

]
XiX

′
i (3.9)

The second derivative is a matrix called the Hessian matrix H. To find the maximum

likelihood variance-covariance matrix, the Hessian H is inverted and negated. This is often

represented as
∑

.

∑
= −H−1 =

{ n∑
i=1

[
exp(X ′i β)

]
XiX

′
i

}−1
(3.10)

The standard errors of the parameter estimates are found by finding the square root of the

respective terms of the diagonal of
∑

.

3.1.2 The Negative Binomial Model

This model is mostly used to correct or model an overdispersed Poisson Model. The Poisson

Model has the equidispersion assumption implying that the mean and variance must be same.

This equidispersion assumption is often not met when analyzing count data in practice. When

a data exhibit more variablity than was expected under a model, then the scenario is termed
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overdispersion. The Negative Binomial Model is nearly always used to model an overdispersed

Poisson data (Hilbe, 2014). This model helps to model a far wider range of variability than the

Poisson.

The Negative Binomial is a two-parameter model; the mean (µ) and a second parameter

called the dispersion parameter (α), which provides a wider distribution of counts than allowed

under the Poisson distribution. The Negative Binomial Model has the same modeling form as

the Poisson Model;

ln(µi) = X ′i β

or

ln(µi) = β0 + β1x1 + β2x2 + · · ·+ βkxk.

The Negative Binomial Model has two forms: the NB1 model which has a variance of µ+αµ and

the NB2 model which has a variance of µ+ αµ2. The NB2 is the traditional parameterization

of the Negative Binomial and it is the most widely used among the two forms. We used the

NB2 model in study.

The Negative Binomial distribution can be obtained mathematically from the Binomial or

Gamma or a mixture of the Poisson and Gamma distributions (Hilbe, 2014). For purposes of

statistical modeling, the Poisson-Gamma distribution is predominant. Its probability distribu-
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tion can be expressed in several ways, with the common parameterization of the form:

f(y;µ, α) =

(
yi + 1

α
− 1

1
α
− 1

)(
1

1 + αµi

) 1
α
(

αµi
1 + αµi

)yi
(3.11)

The Negative Binomial Model uses the maximum likelihood method in estimating the re-

gression parameters. The parameters can also be estimated using an Iteratively Re-weighted

Least Squares (IRLS) algorithm within the domain of Generalized Linear Models (GLM). Both

parameters µ and α are estimated when the Negative Binomial uses the full maximum likeli-

hood algorithm. On the other hand, when the GLM algorithm is used, only µ is estimated; α

is inserted into the algorithm as a constant.

The log-likelihood of the Negative Binomial is given as

L(µ; y, α) =
n∑
i=1

yi log

(
αµi

1 + αµi

)
− 1

α
log(1 + αµi) + log Γ

(
yi +

1

α

)
− log Γ(yi + 1)− log Γ

(
1

α

)
(3.12)

Since µi = exp(X ′i β), we can write the log-likelihood as

L(µ; y, α) =
n∑
i=1

yi log

(
α exp(X ′i β)

1 + α exp(X ′i β)

)
− 1

α
log (1 + α exp(X ′i β)) + log Γ

(
yi +

1

α

)

− log Γ(yi + 1)− log Γ

(
1

α

)
(3.13)

The Poisson distribution has just one parameter (the mean). In the quest to treat overdis-

persion which almost always occur in count data, a second parameter, called the dispersion

parameter (α) is introduced to solve the overdispersion issue. In the case of the Poisson Model,

we expect this relation V ar(y) = µ. If α is introduced, then we would expect V ar(y) = αµ.
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This α is mostly assumed to be 1 in the modeling process so the equidispersion assumption can

be met. When overdispersion is ignored when it does exist, results from the model would be

biased. Overdispersion is supposed to be treated and the necessary adjustments made to the

standard errors of the estimates. This is well catered for by the Negative Binomial Model.

Detecting Overdispersion and Model Assessment

Several methods exist on how to determine overdispersion after a model is fitted. Common

among them is the Pearson dispersion statistic. This statistic is based on the Pearson Chi-

squared( χ2) statistic, which is the sum of squared residuals divided by the variance. Thus

χ2 =
n∑
i=1

(yi − µi)2

V ar(yi)
(3.14)

The Pearson dispersion statistic (d) is derived by dividing χ2 by the residual degrees of freedom.

The residual degree of freedom is simply the number of observations in the model less the

number of predictors.

d =
χ2

n− p
, (3.15)

where p is the number of predictors. The dispersion statistic should have a value of 1 if there

is no unaccounted variability in the model other than what is expected based on the variance

function. Values greater 1 indicate an overdispersed model.

The models were assessed based on their deviances and AIC values. The deviance (D) is
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defined as the difference between a saturated log-likelihood and full model log-likelihood.

D = 2
n∑
i=1

{
L(yi; yi)− L(µi; yi)

}
(3.16)

AIC = −2(L−K), (3.17)

where L is the model likelihood and K is the number of predictors.

3.2 Comparison of the Models

In determining population growth and predicting population values in demography, two models

are mostly used. These two are the Exponential and Logistic Growth Models. These two,

however, do not account for overdispersion if it exist. To this effect, we sought to compare these

models with the Negative Binomial Model, which has the tendency of correcting overdispersion.

These models were compared to see which one predicts population values correctly. The two

population growth models are discussed below:

3.2.1 The Exponential Growth Model

The first growth model we considered was the Exponential Growth Model, also known as the

Malthus Model or the Natural Growth Model. The model is based on the assumption that

the population grows at a rate proportional to the size of the population. This assumption

seems only realistic to a population with ideal conditions (eg. unlimited environment and

space, adequate nutrition, absence of predators, immunity from disease and absence of natural
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disasters). In simple terms, this simple model is appropriate in the initial stages of growth when

there are no restrictions or constraints on the population. But in more realistic situations, there

are limits to growth such as finite space or food supply.

Let the population at a given time t = t0 be P0 and the population at a future time t = t1

be P . Our interest was in finding a population function P (t) for t0 ≤ t ≤ t1 with the initial

condition P (t0) = P0. The Exponential Growth Model has the form:

dP

dt
= rP (t), t0 ≤ t ≤ t1, P (t0) = P0, (3.18)

where r is a constant called the Malthus factor, which represents the growth rate. If we

assume that P 6= 0, then P (t) > 0 for all t. This shows that, for r > 0, then dP
dt
> 0. This

implies that the population is always growing and as P (t) increases, dP
dt

increases.

Equation (3.18) is a first order differential equation. We find the solution to this Initial Value

Problem (IVP) as follows:

Using separation of variables and integrating both sides of Equation (3.18), we have

dP

P
= r dt∫

dP

P
= r

∫
dt

ln P = rt+ c0

P = e(rt+c0)

P = c ert, where c = ec0
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Now, applying the initial condition P (t) = P0 at t = 0, we find c as

P0 = c e0

⇒ c = P0

Hence, the general solution to the IVP is

P (t) = P0 e
rt (3.19)

3.2.2 The Logistic Growth Model

A slightly more realistic and largely used population growth model is the Logistic Growth

Model proposed by Belgian scientist, Pierre Francois Verhulst in 1838 (Verhulst, 1838). In an

environment that will support a limited population, it is assumed that the rate of growth of

population decreases as the limiting population is approached. An appropriate model is the

Logistic Model which has the form:

dP

dt
= rP

(
1− P

K

)
, P (0) = P0, (3.20)

where K > 0 is the carrying capacity; the size of population that the environment can long

term sustain and r is the constant growth rate. The right hand side of Equation (3.20) can be

written as

rP − rP 2

K
(3.21)
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From Equation (3.21) that the first term is responsible for growth of the population while the

second term limits this growth due to lack of available resources or other reasons. The size of

the population exerts negative feedback on its growth rate and as the population size increases,

the rate of increase declines, leading eventually to an equilibrium population size known as the

carrying capacity.

It is important to realize in Equation (3.20) that when the population size is very small (close

to zero), the term in parentheses is approximately one and population growth is approximately

exponential (similar to the Exponential Growth Model). When the population size is close

to the carrying capacity (P ≈ K), the term in parentheses approaches zero, and population

growth ceases.

Equation (3.20) is also a first order differential equation. We solve this equation as follows:

Separating the variables and integrating, we have

dP

P
(
1− P

K

) = r dt∫
dP

P
(
1− P

K

) = r

∫
dt∫

dP

P
(
1− P

K

) = rt+ c (3.22)

Now, we resolve 1

P(1− PK )
into partial fractions so we can easily do the integration.
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1

P
(
1− P

K

) =
A

P
+

B(
1− P

K

)
=
A
(
1− P

K

)
+BP

P
(
1− P

K

)
⇒ 1 = A

(
1− P

K

)
+BP

= A− PA

K
+BP

= A+ P

(
B − A

K

)

Now, comparing coefficients, we have

A = 1

and

B − A

K
= 0

⇒ B =
1

K
.

Thus, we have

1

P
(
1− P

K

) =
1

P
+

1

K
(
1− P

K

)
=

1

P
+

1

K − P
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Now, putting the partial fractions into Equation (3.22), we get

∫ (
1

P
+

1

K − P

)
dP = rt+ c

ln(P )− ln(K − P ) = rt+ c

ln(K − P )− ln(P ) = −rt− c

ln

(
K − P
P

)
= −rt− c

K − P
P

= e−rt−c

K − P
P

= Qe−rt, where Q = e−c

K − P = PQe−rt

K = P + PQe−rt

K = P
(
1 +Qe−rt

)
P =

K

1 +Qe−rt

We now apply the initial condition P (0) = P0 to find Q

P0 =
K

1 +Qe0

P0 =
K

1 +Q

⇒ Q =
K

P0

− 1

So now, the solution to the differential equation is

P (t) =
K

1 +
(
K
P0
− 1
)
e−rt

(3.23)
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Now, taking limit as t→∞ of Equation (3.23) gives

lim
t→∞

P (t) = lim
t→∞

 K

1 +
(
K
P0
− 1
)
e−rt


=

K

1 +
(
K
P0
− 1
)
e−∞

= K,

which clearly shows that the maximum value that P (t) can take is K, the carrying capacity.

Figure 3.2 shows the difference between the two growth models.

Figure 3.2: The difference between the Exponential and Logistic Growth Models

Mean Absolute Percentage Error (MAPE)

Both population growth models were assessed via the MAPE, to assess the performance of

forecasting models. It is usualy used as a tool to assess the Goodness of Fit of forecasting

models. It is expressed in percentages and lower values indicate better models. Lewis (1982)
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reports that MAPE values less than 10%, from 10% to 20%, from 21% to 50%, and above 50%

represent a highly accurate, good, reasonable and inaccurate forecasting respectively. MAPE

is given mathematically as

MAPE =
1

N

N∑
i=1

|Yi − Ŷi|
Yi

× 100, (3.24)

where Y and Ŷ are the actual and predicted values respectively, and N is the number of ob-

servations.

Now, observe the differences between these three models. The Negative Binomial Model is

capable of correcting overdispersion and accommodating more covariates. However, it cannot

determine the growth rate of the population. On the other hand, the two growth models are

able to determine growth rates. These two are, however, only time dependent. This implies

they only depend on the time variable and not on any other covariates.

For the comparison, we again simulated a dataset for this purpose. The response vari-

able, which is the Population, was generated using a combination of both growth models. In

particular, we used Equation (3.25) in generating the response values.

P (t) = P0e
rt

 K

1 +
(
K
P0
− 1
)
e−rt

 (3.25)

We used these parameter values: r = 0.01, P0 = 500 and K = 20000. The variable t was

generated as a sequence of natural numbers. A sample size of 250 was used in the generation
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process. Note that the Negative Binomial Model was not involved in the generation process.

This was to ascertain how well this model can predict the response values even though it was

not used in generating them. All three models were fitted on the simulated data and their

predictive prowess observed graphically.

3.3 Finding the determinants of population size

Our last objective in this study was to apply count models on a secondary data for the Greater

Accra Region (GAR) of Ghana. This was to help determine variables that have influence on

the population size. The data was obtained from the Ghana National Population Council and

the Ghana Statistical Service. The data contained 13 variables in total and had 56 observations

with no missing values.

These variables included: Year which spans from 1960 to 2015, Population which represents

the population size of the GAR. The Population was the response variable in the models. The

following variables were considered the covariates in the models: Fertility Rate which represents

the average number of births per woman, Literacy Rate which indicates the percentage of the

population that are educated (can read and write), Unemployed which is the percentage of the

population that do not work, Population Density which is the number of persons per square

kilometer, Poverty Level which is the percentage of the populates that fall below the poverty

line, Birth Rate which is the number of births per 1000 individuals, Death Rate which is the

number of deaths per 1000 individuals, Immigrants which represents the number of persons

that move to settle in the region, Emigrants which represents the number of persons that move

out of the region to settle elsewhere, Life Expectancy which represents the average number of

years a person can live in the region and Household Size which represents the average number
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of persons per household.

Since the response variable (Population) is a count, we first fitted the Poisson Model. We

observed overdispersion under this model and therefore went ahead to fit the Negative Binomial

Model. We additionally fitted the Logistic Growth Model to this data.

3.4 Chapter Summary

In this Chapter, we have looked at the theoretical framework of the various models used in this

study. Specifically, we presented the Exponential and Logistic Growth Models, the Poisson and

the Negative Binomial Models. In the next Chapter, we present the results of applying these

studied models on simulated and real dataset.
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Chapter 4

RESULTS AND DISCUSSION

4.1 Effects of Overdispersion

We sought to find out the effects of overdispersion in count data. A dataset was simulated

and two count models were fitted. In the simulation, two parameter values β3 and β5 were

set to zero. This implied that covariates x3 and x5 were insignificant. This was allowed

to check if both models could effectively produce those covariates insignificant. The results

from the fitted models are presented in Tables 4.1 and 4.2. With a significance level of 5%,

the Poisson Model fitted all the covariates to be significant whereas the Negative Binomial

Model was able to reveal the insignificant covariates correctly. P-values less than 0.05 indicate

statistical significance. This shows that when overdispersion is present, Poisson Models can

lead to erroneous conclusions.

Table 4.1: Fitted Poisson and Negative Binomial Models

Parameter

Poisson Model NB Model

Estimate Standard error P - Value Estimate Standard error P - Value

(Intercept) 5 6.542180 0.004963 0.0000 6.47987 0.17783 0.0000

x2 1 1.004240 0.001475 0.0000 1.05371 0.06800 0.0000

x3 0 -0.294190 0.005322 0.0000 -0.22038 0.22790 0.3340

x4 -1 -1.200497 0.002146 0.0000 -1.03900 0.07534 0.0000

x5 0 -0.156240 0.006510 0.0000 0.16158 0.23485 0.4910

x6 -1 -1.018769 0.001813 0.0000 -0.87627 0.06240 0.0000
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From Table 4.2, we observe the overdispersion under the Poisson Model is far greater than

1, which indicates serious overdispersion. In Table 4.1, we can see that all the standard error

values under the Poisson Model as smaller than that of the Negative Binomial. This confirms

that, as a result of overdispersion, standard errors are underestimated, which in effect overstates

the significance of some covariates. The overdispersion in the data was almost corrected by

the Negative Binomial Model, as it can be observed in Table 4.2 that its dispersion statistic is

almost 1.

In Table 4.2, we observe the word Deviance twice in the model output. Deviance is a

measure of goodness of fit of a fitted model or rather, it is a measure of badness of fit; higher

numbers indicate worse fit. The null deviance shows how well the response variable is predicted

by a model that includes only the intercept (grand mean). Both the null and residual deviance

under the Negative Binomial Model are smaller than that of the Poisson Model, which indicates

a better fit.

Table 4.2: The fitted Poisson and Negative Binomial Models assessment

Poisson Model NB Model

AIC 318570 2953.1

Null deviance 1545386 on 199 degrees of freedom 841.93 on 199 degrees of freedom

Residual deviance 317026 on 194 degrees of freedom 227.78 on 194 degrees of freedom

Dispersion statistic 1775.136 1.276
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4.2 Comparison of the Models

To compare the growth models and the Negative Binomial Model, all three models were fitted

to the simulated data. The results are shown in Figure 4.1. Observe that, even though the

Negative Binomial was not involved in generating the data, it performed better than the two

growth models. It almost fitted the data perfectly as manifested in the figure. The Logistic

Growth Model, in turn, performed better than the Exponential Growth Model.

Table 4.3: MAPE values of the growth models

Model MAPE

Exponential Growth 18.06%

Logistic Growth 14.01%

The Exponential Growth Model predicted a constant growth rate of 0.035, while that of

the Logistic Growth Model was 0.048, and the MAPE values for both models were 18.06% and

14.01% respectively, which both exhibit a fairly good fit.

To ensure a fair comparison, only one covariate, which is the time variable was fitted in the

Negative Binomial since the other two models depend only on time. After the fit, the Negative

Binomial reported a dispersion statistic of 1, which meant that all the overdispersion in the

data was perfectly corrected by this model.
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Figure 4.1: Comparison of the fitted models

4.3 Finding the determinants of population size

4.3.1 Poisson Model

The response variable Population was regressed on the other variables to ascertain those

that have influence on this variable. The study first observed how the response variable is

distributed. Figure 4.2 shows its distribution. It can be observed from the figure that the

distribution is skewed to the right (positive skewness) as it is generally the case of most count

variables.
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Figure 4.2: Histogram of the Population

The Poisson Model was fitted to the data in R and the results are shown in Table 4.4 . All the

covariates we considered were highly significant in this model, as portrayed by their respective

P-values. Out of the 11 covariates, 5 of them have negative influence on the Population. Those

variables are the Fertility Rate, Literacy Rate, Unemployed, Poverty Level and Household Size.

The rest of the covariates, however have positive influence on the response variable (Population).

This indicates that all the covariates have an effect on the population size of the GAR under

this model.
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Table 4.4: Table of results for the fitted Poisson Model

Estimate Standard error P-value

(Intercept) 9.414× 1000 3.806× 10−02 2.000× 10−16

FertilityRate −1.165× 10−02 3.301× 10−04 2.000× 10−16

LiteracyRate −3.182× 10−02 3.558× 10−04 2.000× 10−16

Unemployed −3.452× 10−02 4.991× 10−04 2.000× 10−16

PopDensity 1.574× 10−03 8.073× 10−06 2.000× 10−16

PovertyLevel −5.623× 10−03 2.203× 10−04 2.000× 10−16

BirthRate 8.833× 10−02 3.115× 10−04 2.000× 10−16

DeathRate 4.393× 10−03 1.473× 10−04 2.000× 10−16

Immigrants 3.398× 10−07 1.673× 10−09 2.000× 10−16

Emigrants 4.470× 10−07 4.241× 10−09 2.000× 10−16

LifeExpectancy 4.959× 10−02 3.390× 10−04 2.000× 10−16

HouseholdSize −5.330× 10−03 7.587× 10−04 2.130× 10−12

Table 4.5: The fitted Poisson Model assessment

AIC 167401

Null deviance 52148620 on 55 degrees of freedom

Residual deviance 166477 on 44 degrees of freedom

Dispersion statistic 3742.795
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4.3.2 Negative Binomial Model

Before this model was fitted, the study had to be sure of overdispersion based on the Poisson

Model fitted. The Pearson dispersion statistic obtained for the Poisson Model was 3742.795,

which is far greater than 1. This indicated that the Poisson Model we fitted was highly overdis-

persed and hence, care must be taking in using the results for inferences. The dispersion statistic

was expected to be 1.0 or very close to it. Looking at how surprisingly all the covariates con-

sidered under the Poisson Model came out significant, was just a confirmation from the results

from our first objective on the effects of overdispersion. This is obvious that the overdispersion

in the data under the Poisson Model overstated the significance of the covariates.

We therefore moved ahead to fit the Negative Binomial Model to the data and the results are

presented in Table 4.6. This model saw a drastic improvement over the Poisson Model. Among

the covariates considered, only 4 of them were significant in this model. Among the 4 variables,

only the variable Unemployed has a negative relationship with the response variable; the rest

have a positive influence. Therefore, based on this model, only 4 out of the 11 covariates are

most important and require attention.

In Table 4.7, the model assessment values are presented. We observe a great reduction in

the null deviance by just the addition of 4 covariates. The dispersion statistic for this model is

1.082208, which is almost 1.0 and indicates that the overdispersion in the data is adequately

catered for. Mean while, in correcting the overdispersion in the data, this model saw only

4 of the covariates significant. This is an indication that, the Poisson Model which failed to

correct the overdispersion in the data, underestimated the standard errors and overstated the

significance of 7 covariates. Adverse consequences can arise in using such results for inferences.
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Table 4.6: Table of results for the fitted Negative Binomial Model

Estimate Standard error P-value

(Intercept) 1.202× 1001 1.989× 10−01 2.00× 10−16

Unemployed −1.469× 10−01 2.543× 10−02 7.58× 10−09

PopDensity 1.626× 10−03 4.073× 10−04 6.57× 10−05

BirthRate 5.978× 10−02 1.452× 10−02 3.84× 10−05

Immigrants 5.502× 10−07 7.881× 10−08 2.94× 10−12

Table 4.7: The fitted Negative Binomial Model assessment

AIC 1439.4

Null deviance 10259.397 on 55 degrees of freedom

Residual deviance 56.025 on 51 degrees of freedom

Dispersion statistic 1.082208

The Logistic Growth Model was additionally fitted on the GAR data and compared its fit

to the two count models already fitted. Figure 4.3 shows the comparison of the three models on

the data. The Negative Binomial Model fitted the data better than the rest as can be visualised

in the figure.
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Figure 4.3: Comparison of the Logistic Growth, Poisson the and Negative Binomial on the
GAR data

Table 4.8 presents the Mean Absolute Percentage Error (MAPE) values of the three models.

Lower MAPE values indicate a better fit. The Negative Binomial Model has the least value

among the three models.

Table 4.8: MAPE values for the fitted models

Model MAPE

Poisson 18.02%

Logistic Growth 13.07%

Negative Binomial 12.25%
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4.4 Chapter Summary

The results from the models been applied to both simulated and real dataset have been pre-

sented in this Chapter and the results discussed. We have seen the importance of treating

overdispersion in modeling. In the next Chapter, we summarize the results and findings of this

study and make recommendations.

48



Chapter 5

SUMMARY, CONCLUSION AND

RECOMMENDATIONS

5.1 Summary of the Results and Findings

Vital and accurate information about the human population go a long way in assisting policy

makers in coming up with sound policies to make the lives of humans comfortable. In the

absence of such information about the population, conditions necessary to meet the ever in-

creasing demand associated with population growth might not be met. The Exponential and

Logistic Growth Models are almost always used in demographic analysis to determine growth

rate and predict population vales. However, these models do not account for overdispersion

and they depend on just the time variable. In a complex ecosystem like the human environ-

ment, one would expect several variables to have influence on the population. To this effect,

we investigated the effects of overdispersion in count data, compared the growth models to

the Negative Binomial Model and determined variables that have influence on the population

values.

To investigate the effects of overdispersion, the study simulated a dataset that exhibits

overdispersion and fitted the Poisson and Negative Binomial Models to the data. The sim-

ulation results revealed that the Poisson Model, which does not account for overdispersion

understated the standard errors and overstated the significance of some covariates. Two vari-

ables were made insignificant in the simulation process. However, the Poisson Model fitted these
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variables to be significance. Meanwhile, the Negative Binomial Model, which takes into account

overdispersion, fitted correctly the variables to be statistically insignificant. This showed that

when overdispersion is present and overlooked, inferences made from such results might be

misleading.

Since the Negative Binomial Model can correct overdispersion in a data and have the ten-

dency of incorporating more than one covariate in the model, we compared this model to the

two population growth models. We simulated dataset using both growth models without the

Negative Binomial Model. Then all three models were fitted to the simulated dataset. Inter-

estingly, even though the Negative Binomial Model was not involved in the data generating

process, it fitted the data better than the growth models. This implies that the Negative Bi-

nomial Model can be used in predicting population values better compared to the Exponential

Growth Model performed worst in fitting the data.

In our quest to find the factors that affect the population size, we first regressed the pop-

ulation size on the covariates of the Greater Accra Region (GAR) real data using the Poisson

Model. 11 covariates were considered and each one of them was statistically significant. Thus,

based on this model, all the covariates have an influence on the population size. However, as

with most count data, the data exhibited overdispersion, where the variability in the data was

higher than was expected under the Poisson Model. The Pearson dispersion statistic was used

to assess the extra variability under this model. In the absence of overdispersion, we expect

the dispersion statistic to be 1 or close to 1. This statistic for the Poisson Model was 3742.795,

which was extremely greater than 1.

To account for the overdispersion in the data, this study employed the Negative Binomial

Model, which is almost always used to model an overdispersed Poisson Model. Under the

50



second model, which reported a dispersion statistic of 1.082208, the overdispersion was well

catered for. Meanwhile, only 4 out of the 11 covariates were statistically significant under this

model. This meant that the Poisson Model overstated the significance of 7 variables, which

is a confirmation that when overdispersion is overlooked, then erroneous conclusion from such

results might be inevitable.

5.2 Conclusion

The study has revealed that overdispersion is very key when modeling count data. Most of the

variables involved in demographic analysis are count variables. There is almost always the issue

of overdispersion when modeling count data. In fact, it would be wise to assume the presence of

overdispersion than its absence when modeling count data. This study has revealed that when

overdispersion does exist, some variables might appear statistically significant, which would

have appeared not significant in the absence of overdispersion. Therefore, it is very important

to consider and treat overdispersion when modeling count data.

This study has also revealed the importance of the Negative Binomial Model in predicting

population values. The model must be considered in modeling human populations. It has the

capability of involving any possible relevant variable in the modeling process, aside correcting

overdispersion in data. Applying this model on the GAR dataset revealed the variables Unem-

ployed, Population Density, Birth Rate and Immigrants to have an effect on the population size

of the region. The other variables were not significant under this model. This model performed

better on the GAR than the rest.
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5.3 Recommendation

Based on the study’s results and findings, this study recommend the following;

It is important to consider overdispersion in demography and therefore models that are

capable of addressing overdispersion must be employed. All information about human popula-

tion, in one way or the other influence policy making. It is therefore paramount to ensure that

the right tools and models are used to extract such information.

The study recommends the Negative Binomial Model to all stakeholders to be used when

modeling population growth. As seen in this study, the Poisson Model is weak when dealing

with overdispersion. Extra care must be taking when using such a model in analysis.

Important variables have been revealed in this study to have an effect on the population

values of GAR. Authorities of the region can pay more attention to those variables so as to be

able to have more control of the population of the region.
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Appendix I: Map of Ghana
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Appendix II: Map of the Greater
Accra Region

59



Appendix III: R code for simulating
data and fitting the Poisson and NB
models

library(COUNT)
library(lmtest)
library(rcompanion)

# Generating data

set.seed(444)
n=200

#The covariates
x2 <- rnorm(n)
x3 <- runif(n)
x4 <- rnorm(n)
x5 <- runif(n)
x6 <- rnorm(n)

# Setting Parameter values

b1=5
b2=1
b3=0
b4=-1
b5=0
b6=-1

#Getting mu
mu <- exp(b1+b2*x2+b3*x3+b4*x4+b5*x5+b6*x6)

#Generating the response values y
y <- rpois(n, mu)

#Putting all together in data form
Cdata <- as.data.frame(cbind(y, x2, x3, x4, x5, x6))
names(Cdata) <- c("y", "x2", "x3", "x4", "x5", "x6")

#Fitting the Poisson model
fm_pois <- glm(y ~ x2 + x3 + x4 + x5 + x6, data = Cdata, family = poisson)
summary(fm_pois)
P__disp(fm_pois)

#Fitting the NB model
nb_glm <- glm.nb(y ~ x2 + x3 + x4 + x5 + x6, data = Cdata)
summary(nb_glm)
P__disp
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Appendix IV: The GAR data
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