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ABSTRACT 

This research developed epidemiological models for the susceptible infected 

recovered for tuberculosis epidemic in Kenya using stochastic and deterministic 

models as well as spatial temporal models. Tuberculosis disease is transmitted within 

and between communities when infected and susceptible individuals interact. Interest 

in the epidemiology of TB was triggered by the re-emergence of tuberculosis in the 

early 1990's with the advent of HIV and falling economic status of many people 

which subjected them to poverty. In this study, we focused on the period 2000-2013 

and all the notified data in Kenya was included. Data on estimates of TB incidence, 

prevalence and mortality was extracted from the WHO global tuberculosis database. 

The study was guided by the following objectives: to develop epidemic models for 

TB progression; to estimate the expected number of individuals with the disease at 

any given time t; to formulate small area estimation models for TB progression; and 

to develop spatial-temporal models for the TB progression. The results showed that 

there was an average decline of 5% over the last 8 years with the highest decline 

being reported in the year 2012/13. TB continues to disproportionately affect the 

male gender with 58% being male and 42% being female. Kenya has made 

significant efforts to address the burden of HIV among TB patients with 

cotrimoxazole preventive therapy (CPT) uptake reaching 98% with and ART at 74% 

by the end of 2013. The gains in the decline of TB could be attributed in part to in 

the outcomes of integrating TB and HIV services and these gains should be 

sustained. What is equally notable is the clear epidemiologic shift in age indicating 

reduced transmission in the younger age groups. The spatial reference regions 

considered were the 47 Kenyan counties. The covariates considered were gender, 
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HIV positive proportion, directly observed Treatment (DOTs), average weight, 

average Body Mass Index (BMI) and average age. From the results of all notified TB 

cases, only average BMI was excluded from the spatial temporal model since it was 

not statistically significant (p-value > 0.05). The estimated risk of case notification 

rates per 100,000 were found to be highest in the following counties Marsabit, Isiolo, 

Nairobi, Lamu, Mombasa, Machakos, Kajiado, Makueni, Kisumu, Siaya and 

Homabay. The study recommends that efforts must be made in addressing the risk 

factors for TB which is geographically differentiated. 
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*&" $*(.$, .! "#3#$!1 * /#$%*)$# 4!"#$ *&" '#&#/*.# (!-&" *&" (#&(%.%3# 1/#"%+.%!&(9

D! %. %( %41!/.*&. .! 3*$%"*.# 4!"#$( ), +0#+E%&' 20#.0#/ .0#, 8. .0# !)(#/3#" "*.*9

F& "#.#/4%&%(.%+ 4!"#$(; 1!1-$*.%!& (%=# !< .0# +!41*/.4#&.( */# *((-4#" .! )#

<-&+.%!&( !< "%(+/#.# .%4#( t = 0, 1, 2, ... !/ "%G#/#&.%*)$# <-&+.%!&( !< +!&.%&-!-( .%4#

t ≥ 09 >0%( #&*)$#( "#/%3*.%!& !< * (#. !< "%G#/#&+#@"%G#/#&.%*$ #C-*.%!&( '!3#/&%&'

.0# 1/!+#((9 >0# #3!$-.%!& !< .0%( 1/!+#(( %( "#.#/4%&%(.%+ %& .0# (#&(# .0*. &!

/*&"!4&#(( %( *$$!2#"9 F& !/"#/ .! 4*E# * 4!"#$ <!/ * "%(#*(# %& * 1!1-$*.%!&; .0#

1!1-$*.%!& %( "%3%"#" %& .! <#2 +$*((#( *&" 2# (.-", .0# +0*&'# !< .0#%/ &-4)#/(

HI



 ! " #$% &'$ (') ($ )* +' (' ()#,-."#$!"/ ") 0/$  ! "'$ #)1$2 1$,$!1/ )! "'$

('-.-("$. /" (/ )* - ,-." (02-. 1 /$-/$ -!1 "'$ ,0.,)/$ )* "'$ #)1$2%

&'$ "'.$/')21 *). #-!3 $, 1$# )2)4 (-2 #)1$2/  / "'$ 5-/ ( .$,.)10(" )! !0#5$.

R0 % 6" .$7$("/ "'$ -8$.-4$ !0#5$. )*  !*$("$1 ,$),2$ +'$! )!$  !*$("$1  !1 8 10-2

 /  !".)10($1  !") - ,),02-" )! +'$.$ $8$.3)!$  / /0/($," 52$% 6"  / - "'.$/')21

90-!" "3 +' (' 1$"$.# !$/ +'$"'$. "'$ $, 1$# ( + 22 )((0. ). !)"% :)  * "'$ !0#5$.

)*  !*$("$1  !1 8 10-2/  / ' 4'$. "'-! "' / 8-20$; "'$! "'$ $, 1$# ( /,.$-1/ -(.)// "'$

,),02-" )!%

 !" #$%&'($%)*$+ ,-.(/+$%)-0 -1 %&' 23)4'()-+-5)*$+ #-4'+6

6! "' / /$(" )!; +$ ,.$/$!" /"-!1-.1 $, 1$# )2)4 (-2 #)1$2/ +' (' -.$ 0/$1 ") /"013

"'$ /,.$-1 )* 1 /$-/$  ! ')/" ,),02-" )!/ 0!1$. 1 <$.$!" /"-!1-.1 ()!1 " )!/% =$

0" 2 >$ /)#$ /"-!1-.1 !)"-" )!/ -/ 0/$1 53; ?$"'()"$ @ABBBC% 6* S(t) 1$!)"$/ "'$

!0#5$. )* /0/($," 52$/ -" " #$ t; I(t) 1$!)"$/ "'$ !0#5$. )*  !*$(" 8$/ -" " #$

t; N 1$!)"$/ "'$ ,),02-" )! / >$; "'$! +$ (-! +. "$D s(t) = S(t)
N

-!1 i(t) = I(t)
N

+'$.$ s(t) -!1 i(t) -.$ "'$ *.-(" )!/ )* .$/,$(" 8$ ,),02-" )!/% 6* β  / "'$ -8$.-4$

!0#5$. )* ()!"-("/ @/0E( $!" *). ".-!/# // )!C )* - ,$./)! ,$. 0! " " #$; "'$!

βi = βI
N

 / -8$.-4$ !0#5$. )* ()!"-("/ + "'  !*$(" 8$/ ,$. 0! " " #$ )* )!$ /0/($," 52$%

&'$.$*).$;

βN =
βI

N
S @F%A%GC

 / "'$ !0#5$. )* !$+ (-/$/ ,$. 0! " " #$ @5$(-0/$ S = NsC% 6! "' / (-/$ "'$

'). >)!"-2  !( 1$!($  / (-22$1 /"-!1-.1  !( 1$!($% &'$ : #,2$ H-// I(" )! J. !( ,2$

ηIS = η(Ni)(Ns) @F%A%AC

FA



 !"# η $% $ &$%% $'"!() '(*+*)", !% $ %"$)-$.- /(. #(.!0()"$1 !)'!-*)'*2 3(&4$.!)5

"#* 62728 (/ 9:;$"!() <2=2> "( "#* ?2728 (/ 9:;$"!() <2=2=  * 5*" ηN = β. 8(

'()"$'" .$"* β !)'.*$%*% 1!)*$.1@  !"# 4(4;1$"!() %!0*2 A#*.*/(.*  * '$)  .!"*B ηvNSI

N

!% "#* %"$)-$.- !)'!-*)'* !/ v = 0 $)- !" !% $ &$%% $'"!() !)'!-*)'* !/ v = 12

C) "#* -*D*1(4&*)" (/ "#* &(-*1%  * '()%!-*.*- " ( 4.(E$E!1!"@ &(-*1%B "#* F.%" !%

"#* 4.(E$E!1!"@ "#$" "#* *4!-*&!' #$% -!*- (;" $" "!&* t 5!D*) "#$" )( '$%*% #$D* E**)

(E%*.D*- !) "#* !)"*.D$1 (s, t)2 A#!% !% '$1';1$"*- /(. " ( &(-*1%B $ %&$11 4(4;1$"!()

*4!-*&!' &(-*1 $)- !"% 1$.5* 4(4;1$"!() E.$)'#!)5 4.('*%% $44.(G!&$"!()2 A#*

%*'()- !% "#* 4.(E$E!1!"@ "#$" "#* *4!-*&!' !% (D*. $" "#* *)- (/ "#* F.%" "!&* 4*.!(-

(/ 1*)5"# t !)  #!'# )( '$%*% $.* (E%*.D*-2

 !"!# $%&'()*+,-( ./0('*+1( 234(-

H!5;.* <2=2>B 8;%'*4"!E1* C)/*'"!D* I(-*1

A#* 8C &(-*1 !% "#* %!&41*%" ()* $&()5 "#* *4!-*&!' &(-*1%2 A#!% &(-*1  $% (.!J

5!)$11@ /(.&;1$"*- E@ I'K*)-.!'L M>N=OP2 A#$" !%  #@ !" !% $1%( '$11*- "#* 8!&41*

I(-*12 C) "#!% &(-*1, "#* 4(4;1$"!() !% -!D!-*- !)"( Q;%" " ( '(&4$."&*)"% )$&*1@R

"#* %;%'*4"!E1* '(&4$."&*)" S(t) $)- "#* !)/*'"!(;% '(&4$."&*)" I(t)2 S* -( $%J

%;&* "#* -!%*$%* "( E* #!5#1@ !)/*'"!(;% E;" )(" %*.!(;%,  #!'# &*$)% "#$" "#*

!)/*'"!D*% .*&$!) !) '()"$'"  !"# %;%'*4"!E1*% /(. $11 "!&* t ≥ 0. C" !% $%%;&*- "#$"

"#* !)/*'"!D*% '()"!);* "( %4.*$- "#* -!%*$%* "!11 "#* *)- (/ "#* *4!-*&!', "#* 4(4;J

1$"!() %!0* "( E* '()%"$)" MS(t) + I(t) = NP $)- #(&(5*)*(;% &!G!)5 (/ 4(4;1$"!()2

C)/*'"!() .$"* !% 4.(4(."!()$1 "( "#* );&E*. (/ !)/*'"!D*%, !2*2

<<



β = rλI

 !"#" r =$#%&'()* )$ '!)+" #"&),"#"-  ('! %&./(#"- (00/*('12 %*- λ =$)#&" )$ (*$"&3

'()*4

5!" 6%(# )$ )#-(*%#1 -(7"#"*'(%8 "./%'()*+ $)# '!(+ 0)-"8 %#"

dS(t)

dt
= −rλI(t)S(t) 9:4;4:<

dI(t)

dt
= rλI(t)S(t) 9:4;4=<

 !"#"

N = S(t) + I(t)

S(t) = N − I(t)

%*- '!"#"$)#"  " >"'

dI(t)

dt
= rλI(t) [N − I(t)] , 9:4;4?<

 !(&! (+ @*) * %+ '!"  !"#$%#& "'!(%) *+,-%#!.4

5!" '#%*+8%'()* A"' ""* '!" +/+&"6'(A8"+ %*- (*$"&'(,"+ S → T -"*)'"- A1 '!"

./%*'('1 rλIS  !(&! (+ % +"6%#%A8" 8(*"%# )#-(*%#1 -(7"#"*'(%8 "./%'()* >(,"* A1B

1

I (t) (N − I (t))

dI

dt
= rλ 9:4;4C<

D*'">#%'(*> A)'! +(-"+ )$ E./%'()* :4;4C  ('! #"+6"&' ') t  " )A'%(*B

:=



t∫

0

1

I (t) (N − I (t))

dI

dt
dt =

t∫

0

rλdt

I(t)∫

I(0)

1

u (N − u)
du =

t∫

0

rλdt

1

N

I(t)∫

I(0)

[
1

u
+

1

N − u

]

du =

t∫

0

rλdt

ln (u)− ln (N − u)|I(t)u=I(0) = rλNt

[ln I (t)− ln (N − I (t))]− [ln I (0)− ln (N − I (0))] = rλNt

ln
I (t)

(N − I (t))
· (N − I (0))

I (0)
= rλNt

erλNt =
I (t) (N − I (0))

I (0) (N − I (t))
=

NI (t)− I (t) I (0)

NI (0)− I (t) I (0)

erλNt [NI (0)− I (t) I (0)] = NI (t)− I (t) I (0)

NerλNtI (0)− erλNtI (t) I (0) = NI (t)− I (t) I (0)

I (t)
[
I (0)−N − I (0) erλNt

]
= NerλNtI (0)

I (t) =
NerλNtI (0)

[I (0)−N − I (0) erλNt]

I (t) =
I (0)N

I (0) + (N − I (0)) e−rλNt
.

 ! "# $%& !## I %''()%$*#! N %!+,'-)-.$%//+ ".-* t → ∞0 1*#(#2)(#3 #4#(+ !5!6

$#'-.7/# 8).&! -*# .&2#$-.)5! $),'%(-,#&- .& -*.! ,)9#/3 #4#(+7)9+ 7#$),#! .&2#$-#9

"*.$* .!3 .& 2%$-3 -*# :#&9; )2 -*# #'.9#,.$ .& ,%-*#,%-.$%/ !#&!#0 1*.! ,)9#/ *%!

-*# $*%//#&<# -*%- .- .&2#(! -*%- .& #4#(+ #'.9#,.$ %// -*# .&9.4.95%/! "*) %(# !5!6

$#'-.7/# ".// #4#&-5%//+ 7#$),# .&2#$-.)5! "*.$* .! &)- -(5# .& 4.(-5%//+ %/,)!- %//

#'.9#,.$! !.&$# 9%-% )7-%.&#9 2(), ,)!- !5(4#+! 9) &)- %/"%+! =- -*.! ,)9#/0

>?



 !"!" #$%&'()*+,' -./'&)*0' 1'&20'34 526',%

 !"#$% &'('() *#+,%-.!/0% 123%,.!4% 5%,64%$%7 867%0

9:%$% ;$% .<6 *15 =67%0+ <:!,: <%$% 36$=#0;.%7 />? 8,@%27$!,A BCD(EF' 9:% .<6

=67%0+ ;$% 7%+,$!/%7 ;+ .:% 36#27;.!62+ 36$ .:% =6$7%$2 =;.:%=;.!,;0 %-!7%=!606">

;27 ;$% ,#$$%2.0> +.!00 <!7%0> #+%7 !2 -$;,.!,%' 9:% =67%0+ 7%+,$!/% %!.:%$ ;2 %-!G

7%=!,B.:;. !+ ; $;-!7 6#./$%;A 63 ;2 !23%,.!6#+ 7!+%;+%F 6$ ;2 %27%=!, B; 7!+%;+%

-$%+%2. !2 .:% -6-#0;.!62 36$ ; 062" -%$!67 63 .!=% <:%$% .:% ,0;++ 63 +#+,%-.!/0%+ !+

/%!2" 26#$!+:%7 /> 2%< !2,6=% 3$6= /!$.:+ 6$ $%,64%$%7 !27!4!7#;0+ <:6 06+. .:%!$

.%=-6$;0 !==#2!.>F'

12 .:%+% =67%0+ .:% ;++#=-.!62 !+ .:;. .:% -6-#0;.!62 +!H% !+ 0;$"% ;27 ,62+.;2.

B%I,%-. 36$ 7%;.: 3$6= .:% 7!+%;+%F ;27 :6=6"%2%6#+0> =!I!2" 36$ ,62.!2#6#+ .!=%

t ≥ 0 ' J2> -%$+62 <:6 :;+ ,6=-0%.%0> $%,64%$%7 3$6= .:% 7!+%;+% ;,K#!$%7 -%$=;2G

%2. !==#2!.> ;27 .:% 7!+%;+% :;+ ; 4%$> +:6$. !2,#/;.!62 -%$!67 B+6 ;2 !27!4!7#;0

<:6 ,62.$;,.+ .:% 7!+%;+% /%,6=%+ !23%,.!4% !==%7!;.%0> ;3.%$<;$7+F' 9:!+ %2;/0%+

.:% 7!4!+!62 63 .:% -6-#0;.!62 !2.6 .:$%% ,6=-;$.=%2.+) S(t) G +#+,%-.!/0%+? I(t) G

!23%,.!4%+? R(t) G $%,64%$%7' 123%,.!62 $;.% !+ -$6-6$.!62;0 .6 .:% 2#=/%$ 63 !23%,.!4%+?

9:!+ ,;2 /% !00#+.$;.%7 !2 .:% %K#;.!62 /%06<)

β = rλI

<:%$% r =3$;,.!62 63 .:6+% $%,64%$%7 <!.: ;,K#!$%7 !==#2!.>? ;27 λ =36$,% 63 !23%,G

.!62'

&E



 !" #$#%"& '( ")*+%,'-# .'/"0-,-. %!,# &'1"2 34567 +88'01,-. %' 98:"-10,8; 3<=>?7

+0" .,/"- @$A

dS(t)

dt
= −rλS(t)I(t) 3BC>CD7

dI(t)

dt
= rλS(t)I(t)− γI(t) 3BC>CE7

dR(t)

dt
= γI(t) 3BC>C=7







S (0) = S0 > 0

I (0) = I0 > 0

R (0) = R0 = 0

3BC>C<F7

5% 8+- @" 1"1*8"1 %!+% %!" 1"0,/+%,/" (*-8%,'-

d
dt
[S(t) + I(t) +R(t)] = 0 G ,% 8+-

%!"0"('0" @" #""- %!+% %!" #,H" '( %!" I'I*2+%,'- 0"&+,-# 8'-#%+-% +# #!'J- ,- %!"

")*+%,'- BC>C<<

S(t) + I(t) +R(t) = N 3BC>C<<7

K0'& %!" 2,-"+0 #$#%"& '( ")*+%,'-#3BC>CD L BC>C<F7G J" 8+- '@%+,-A

BD



dI

dS
=

γ − rλS

rλS
=

γ

rλS
− 1

dI =
[ γ

rλS
− 1

]

dS

t∫

0

1dI =

t∫

0

[ γ

rλS
− 1

]

dS

I|tt=0
=

[ γ

rλ
lnS − S

]t

t=0

I (t)− I (0) =
γ

rλ
lnS (t)− γ

rλ
lnS0 − S (t) + S0

I (t) + S (t)− γ

rλ
lnS (t) = S0 + I0 −

γ

rλ
lnS0 = constant

 !"#"$#%

&'() *'+ ,-./ +0(.*12- 3.- 4+ 24*.1-+5 .) )'26- 1- *'+ +0(.*12- !"#"$!7

I(t) = S0 + I0 − S(t) + ρ ln
S(t)

S0

 !"#"$!%

6'+8+ ρ ≡ γ
β
≡ γ

rλ
. &'+ 9.8.:+*+8 ρ 1) 3.//+5 *'+ 8+/.*1;+ 8+:2;./ 8.*+"

 !"! #$%&' #$%()*+,($- ./ +- 0-,&12&-,($-

&'+ 5+)3819*12- 2< :25+/) *'.* '.;+ 4++- 1-*825(3+5 1- )+3*12-) !"#"$ .-5 !"#"#

'.;+ -2* *.=+- 1-*2 .332(-* <.3*28) *'.* 62(/5 .>+3* 28 1:9+5+ *'+ 982?8+)) 2<

*'+ 51)+.)+@ /1=+ 9(4/13 +5(3.*12-@ -(*81*12-./@ 32:284151*A 61*' 2*'+8 51)+.)+) )(3'

.) BCD@ 51.4+*+)@ ;.331-.*12- +*3" E+ -26 32-)15+8 . 3/2)+5@ '2:2?+-+2() .-5

'2:2?+-+2()/A :1F1-? 929(/.*12- 2< 1-51;15(./) 9.8*1*12-+5 .* .-A *1:+ t ≥ 0 1-*2

*'8++ 3.*+?281+)7 )()3+9*14/+@ 1-<+3*1;+ .-5 8+:2;+5 .) ,8)* 5+)3814+5 1- G-5+8)2-

.-5 &2:  #HHH%" I()3+9*14/+ 1-51;15(./) 4+32:+ 1-<+3*1;+) 6'+- *'+A 32:+ 1-*2

!J



 !"#$ # %&#' $" &"() #&*) &"+&*&+,$-. /" #') 0#,+1 #')1 $00,2)+ #'$# #') ")%-1

&"() #)+ &"+&*&+,$- ,"+)34!)0 $ -$#)"# 5)3&!+ 6+,3&"4 %'& ' #')1 $3) &"() #)+ 7,#

"!# &"() #&!,08 7,# &"0#)$+9 #')1 7) !2) &"() #&*) %')" #')1 +)*)-!5 #') +&0)$0)

$"+ &"0#$"#-1 7)4&" #')&3 &"() #&!,0 5)3&!+. :')" #')&3 &"() #&!,0 5)3&!+ &0 !*)39

$" &"+&*&+,$- &"() #&*) 2!*)0 &"#! #') 3)2!*)+  $#)4!31 ; #')1 )&#')3 +&)9 5,# !"

#3)$#2)"# !3 7) !2) &22,") #! #') &"() #&!" ; $"+  $" 5-$1 "! (,3#')3 5$3# &" #')

)5&+)2& . /" #'&0 0) #&!"  !"0&+)3 2$#')2$#& $- 2!+)--&"4 71 #'3)) ($2&-&)0 !( "!";

")4$#&*)9 &"#)4)3 *$-,)+ 3$"+!2 *$3&$7-)0 &"+)<)+ 71 $  !"#&",!,0 #&2) 5$3$2)#)3.

=') ",27)3 !( #') 0,0 )5#&7-) &0 2!+)--)+ 71 #') 53! )00 S(t) : t ≥ 09 %&#' S(0)

+)"!#)+ 71 n. /# &0 $00,2)+ #'$# "! &"+&*&+,$-0  $" )"#)3 #') 0,0 )5#&7-)  $#)4!31

+,3&"4 $" )5&+)2& 9 #') ",27)3 !( 0,0 )5#&7-)0 &0 "!";&" 3)$0&"4. ='&0 &0 0! 7) $,0)

#'!0) %'! $3) 0,0 )5#&7-) !" ) #')1 4)# &"() #)+ $3) 3)2!*)+ (3!2 #') 0,0 )5#&7-)

 $#)4!31. =') ",27)3 !( &"() #&*)0 &0 3)53)0)"#)+ 71 #') 53! )00 I(t) : t ≥ 09 $"+

I(0) = i. >&"$--19 #') ",27)3 !( 3)2!*)+ &"+&*&+,$-0 &0 2!+)--)+ 71 #') 53! )00

R(t) : t ≥ 0 $"+ %&#'!,# -!00 !( 4)")3$-&#19 R(0) = 0. ?&" ) "! &"+&*&+,$-0 2$1 -)$*)

#') 3)2!*)+  $#)4!31 !" ) #')1 '$*) )"#)3)+ &#9 R(t) &0 "!";+) 3)$0&"4. ?&" ) #')

5!5,-$#&!" &0 @<)+9 (!3 $-- t ≥ 0, S(t) + I(t) + R(t) = n+ i. A"1 5$&3 !( &"+&*&+,$-0

2$B)  !"#$ # $# #') 5!&"#0 !( $ C!&00!" 53! )00 %&#' 3$#)

β
n
9 $"+ $-- !( #') (n+ i/2)

C!&00!" 53! )00)0 $3) $00,2)+ #! 7) &"+)5)"+)"#. ='&0 &25-&)0 #'$# $# #&2) t9

&"() #&!"0 !  ,3 $# $ 3$#) !(

β
n
S(t)I(t). =') "!";")4$#&*)  !"0#$"# 7)#$ )" $50,-$#)0

7!#' #') &"() #&!,0")00 !( #') +&0)$0) $"+ #') 0,0 )5#&7&-&#1 !( #') 5!5,-$#&!"9 $0 $

D !"#$ #D &0 +)@")+ #! 7) $ 2))#&"4 7)#%))" #%! &"+&*&+,$-0 0,E &)"# #! #3$"0()3 #')

+&0)$0) (3!2 $" &"() #&*) #! $ 0,0 )5#&7-). A-#)3"$#&*)-19  !"#$ #0  !,-+ 7) +)@")+

#! !  ,3 $# $ 3$#)

β
n

1

(n + i)S(t)I(t). /" #'&0 (!32,-$#&!" %')" $" &"() #&*) 2$B)0 $

 !"#$ #9 #')1  '!!0) $" &"+&*&+,$- $# 3$"+!2 (3!2 #') %'!-) 5!5,-$#&!" #!  !"#$ #9

FG



 !"#"$% &' ()# *(#+),$-&(' .('-$.-% (..)# $-

n
n+i

-&+"% -!" #$-"/ 0)- .('-$.-% $#"

.!(%"' *#(+ (',1 -!" &'&-&$, %)%."2-&0,"%3 4!&% *(#+),$-&(' &% )%"5 $% &- !&6!,&6!-%

-!" .(''".-&('  &-! -!" 0#$'.!&'6 2#(."%% $22#(7&+$-&('8  !"' S(t) ≈ S(0) = n

-!"' &'*".-&('% (..)# $- #$-" βI(t), $% &' -!" 0#$'.!&'6 2#(."%%3 9- -!" &'%-$'-

(* &'*".-&('/ -!" '" &'*".-&:" &% $,,(.$-"5 $' &'*".-&()% 2"#&(5 $..(#5&'6 -( $ '(';

'"6$-&:" #$'5(+ :$#&$0," TI3 9,, &'%-$'."% (* -!" #$'5(+ :$#&$0," TI $#" $%%)+"5 -(

0" &'5"2"'5"'- (* "$.! (-!"#/ $'5 (* -!" <(&%%(' 2#(."%%"% 6(:"#'&'6 -!" &'*".-&('%3

=!"' -!" &'*".-&()% 2"#&(5 5&%-#&0)-&(' TI !$% $' "72('"'-&$, 5&%-#&0)-&('/ -!" >?@

"2&5"+&. +(5", !$% 0""' #"*"##"5 -( $% -!" A"'"#$, >-(.!$%-&. B2&5"+&. +(5",/ $'5

&' -!&% .$%" -!" 2#(."%% {S(t); I(t) : t ≥ 0} !$% -!" C$#D(: 2#(2"#-13

?*  " $%%)+" -!$- -!" %)%."%2-&0,"% !$:" %()'5 D'( ,"56" (' !( -( 2#(-".- -!"+;

%",:"% $- $ 2$#-&.),$# #$-" v  !&.! .(),5 0" -!#()6! $'1 &'-"#:"'-&(' "363 :$..&'$-&('/

2#(2(#-&('$, -( -!"&# ')+0"#/ -!"'  " !$:" $ +(5&E"5 %1%-"+ (* "F)$-&('% $%8

dS

dt
= −rλSI − vS

dI

dt
= rλSI − γI. GH3I3JKL

=" -!"' .$' (0-$&' -!" %1%-"+ (* "F)$-&('% $%8

KM



dI

dS
=

rλSI − γI

−rλSI − vS
=

γI − rλSI

rλSI + vS
=

I (γ − rλS)

S (rλI + v)
I∫

0

[

rλ+
v

I

]

dI =

I∫

0

[γ

S
− rλ

]

dS

[rλI + v ln I]I
0

= [γ lnS − rλS]
S(I)
S(I0)

rλI (S) + v ln
I (S)

I0
= γ ln

S

S0

− rλS + constant  !"#"$%&

'()*) +() ,-./+0.+ 1/ )2304 +- rλS0 + rλI0"

56 ') +07) 1.+- 0,,-3.+ +() *),-8)*)9 :*-3; 1. +() );19)<1-4-:1,04 <-9)4= 1+ ,0. >)

/(-'. +(0+ S(t) +).9/ +- ?)*- 0/ t +).9/ +- 1.@.1+A 6-* )8)*A /-43+1-. -6 (S(t), I(t))

-6 +() )230+1-./= +(0+ 1/=

dS

dR
=

−rλSI − vS

γI
=

S (−rλI − v)

γI

1

S
dS =

− (rλI + v)

γI
dR

t∫

0

1

S
dS =

t∫

0

− (rλI + v)

γI
dR

lnS|tt=0
=

− (rλI + v)

γI
R

∣
∣
∣
∣

t

t=0

ln
S(t)

S0

= −rλI − v

γI
(R (t)−R0)

S (t) = S0e
− rλI−v

γI
(R(t)−R0),  !"#"$B&

/- ') (08) C230+1-. !"#"$B 0/ '(0+ 0;;*-0,()/ ?)*- '(). ') :)+ +- 1.@.1+A '1+(

+1<)"

D$



 !" #$%"&'"$%#($) *"#$+ ,-% #$ ,./0" %( 1"0"."&/%" %!" ,&(+&"))#($ (2 %!" 1#)"/)" 2(&

"3/4,." / 4/))#'" 56 ,&(+&/4 %( "$)-&" %!/% /.. %!()" 7!( /&" 89: ,()#%#'" /$1 #$

$""1 (2 56:) /00")) %!"4 0(-.1 1&/4/%#0/..; /.%"& %!" $-4*"& (2 %!()" 7!( *"0(4"

#$2"0%#'" 7#%! %-*"&0-.()#)< 92 7" /))-4" %!/% %!" &/%" (2 56: -,%/=" #) v /$1 #% #)

,&(,(&%#($/. %( %!" ,&(1-0% (2 %!"#& $-4*"&) /$1 %!" )>-/&" (2 %!" #$2"0%#'") I(t)

dS

dt
= −rλSI − vSI2 ?@<A<BCD

dI

dt
= I (rλS − γ) ?@<A<BED

F#'#1#$+ G>-/%#($ @<A<BC *; @<A<BE 7" (*%/#$ %!" );)%"4 (2 ">-/%#($) /)H

dI

dS
=

I (rλS − γ)

−rλSI − vSI2
=

rλS − γ

−rλS − vSI
=

γ − rλS

S (rλ+ vI)

(vI + rλ) dI =
γ − rλS

S
dS

[
vI2

2
+ rλI

]I(S)

I(S0)

= [γ lnS − rλS]SS0
?@<A<BID

vI2 (S)

2
+ rλI (S)− vI2

0

2
− rλI0 = γ lnS − rλS − γ lnS0 + rλS0

vI2 (S)

2
+ rλI (S) = γ lnS − rλS +

vI2
0

2
+ rλI0 − γ lnS0 + rλS0

︸ ︷︷ ︸

=const

92 7" /,,.; %!" )/4" ,&(0"1-&" 7" (*%/#$ %!" ">-/%#($) #$1#0/%"1 *".(7< 9% )!(7)

%!/% /% %!" "$1 (2 %!" ",#1"4#0 (-%*&"/= %!"&" 7#.. *" )(4" #$1#'#1-/.) 7!( 7#.. )%#..

JA



 ! "#"$!%&' (! ') &*! %+%#(,&'+)-

dS

dR
=
−rλSI − vSI2

γI
=
−rλS − vSI

γ
=

S (−rλ− vI)

γ

1

S
dS =

−rλ− vI

γ
dR

[lnS]
S(t)
S0

=
[

e
−rλ−vI

γ
R
]t

t0

.*!/!0+/!1

S (t) = S0e

−rλ−vI
γ

[R (t)−R0]
︸ ︷︷ ︸

<N−vS0 > S0e
−rλ−vI

γ
[N−vS0] > 0.

2! )+3 %/+$!!4 &+ '4!)&'05 ,) '6%+/&,)& &++( 0+/ $+6%,/')7 &*! !%'4!6'$ "&/'8!"

,)4 '&" 4!9)!4 ," ,) intensity i: 2! &*#" 4!9)! &*! 0/,$&'+) +0 &*! &+&,( )#6 !/ +0

&*! "#"$!%&' (!" &*,& !;!)&#,((5 $+)&/,$& &*! 4'"!,"!: <!)$!1

i =
I0 + (S0 − S∞)

S0

3*!/! S∞ '" &*! /++& +0 &*! !=#,&'+) S = S0e
S−S0−I0

ρ . 2! *,;! ,(/!,45 "*+3!4 &*,&

S(R) = S0e
−R(t)

ρ
,)4 3! 8)+3 &*,& R(∞) '" !=#,( &+ &*! &+&,( %+%#(,&'+) 3'&*+#&

&*! (!0& "#"$!%&' (!" ,)4 ')0!$&';!" >&*'" &!/6 '" ?!/+@1 "+ 3! *,;! R∞ = S0+I0−S−0

3*!/! S0 + I0 = N : A!$,(( &*,& S∞ = S0e
(S−S0−I0)/ρ.

BC



 !"!# $%& '&(&)*+ ,(-&./0 12-&+

 !"#$%"& &$'($( )* $+"() #,$ )* #$!-$)"*. */ (,(&$!)"0-$( 0$-*1 )2$ )23$(2*-# 4'-,$

ρ = N
R0
5 62$3$/*3$7 ". &'($ */ '. $.#$%"& !3$($.&$7 )2$ (,(&$!)"0-$( 2'4$ )* 0$ 8$!)

*4$3 )2"( 4'-,$5 62$3$ '3$ )1* 1'9( */ '&2"$4".: )2"(; )2$ <3() *.$ "( )2$ &'($ */

.*.="%%,.">".: #"($'($(7 )2$ *)2$3 "( )'8".: ".)* &*.("#$3')"*. )2$ 4")'- #9.'%"&(

*/ )2$ (9()$% ?0"3)2( '.# #$')2(@5

62$ /*3%$3 "( (* &'--$# ABA %*#$- 1")2 )2$ (9()$% */ $C,')"*.(;

dS

dt
= −rλSI + γI ?D5E5EF@

dI

dt
= rλSI − γI ?D5E5EG@

1")2 ".")"'- &*.#")"*.(;

S(0) = S0

I(0) = I0

 !" #$%&'()*+'",+ -. '-..-,/ 0"%)1." ), -,2"%+-3" -,4-3-41)5 /&". 0)%6 +& +!" %5)..

&2 .1.%"(+-05". )2+"* *"%&3"*78 9+ -. .& 41" +& +!" 2)%+: +!)+ +!-. -,4-3-41)5 %), ,&+

)%;1-*" -''1,-+7 2&* +!" 4-.")."8  !-. -. &," (&..-0-5-+7 +& /"+ ), ",4"'-% '&4"5

01+ -+ -. ,&+ +!" <9# '&4"58

 !" /","*)5 ",4"'-% =&4"5 -. +!" <9# '&4"5 >-+! 3-+)5 47,)'-%. /-3", 07 +!" .7.+"'

&2 ";1)+-&,.?

@@



dS

dt
= µN − µS − βIS  !"#"##$

dI

dt
= βIS − γI − µI  !"#"#!$

dR

dt
= γI − µR  !"#"#%$

S(0) = S0 ≥ 0, I(0) = I0 ≥ 0, R0 ≥ 0  !"#"#&$

'()*+, *- *. )../012 -3)- 456 -31 757/8)-*5+ .*91 N 3582. -31 618)-*5+: N = S(t)+I(t)+R(t).

;3*. 05218 *. )805.- -31 .)01 ). (1+16)8 17*210*< 05218, 1=<17- -3)- *- 3). )+ *+>

?5@ 54 +1@A56+. *+-5 -31 ./.<17-*A81 <507)6-01+- )+2 @1 )8.5 )../01 21)-3.  B*-)8

2C+)0*<.$" ;31 7)6)01-16 µ 21+5-1. -31 716 <)7*-) 21)-3 6)-1  *+ <).1 54 µN A*6-3

6)-1$ )+2 -31614561 -31 8*41 1=71<-)+<C *. µ−1" D/- ). *- <)+ A1 .11+ 4650 -31 E6.- -@5

FG/)-*5+. !"#"#H )+2 !"#"#I, -3)- -3*. *. ) <85.12 .C.-10  J *. +5- 5+ -31 6*(3->3)+2

.*21 54 -35.1 1G/)-*5+.$ )+2 -31614561 @1 <)+ 2*.61()62 J 4650 5/6 )+)8C.*."

K1- /. +5@ .-/2C -31 L*+41<-*5+ 6)-1M .-)-1 (N, 0)" N1 <)+ 5A.16B1, *+ FG/)-*5+ !"#"#H

)+2 FG/)-*5+ !"#"#I, -3)- -31 6*(3->3)+2 .*21 54 -31.1 2*O161+-*)8 1G/)-*5+. 456 I 3).

) 4)<-56 I, )+2 ) 4)<-56 βS − µ− γ. DC -31 765<1.. 54 8*+1)6*9)-*5+ -3*. )05/+-. -5

6178)<*+( S AC N *+ -31 .1<5+2 4)<-56, )+2 81)2. -5 -31 45885@*+( 1G/)-*5+.:

dI

dt
= (βN − µ− αγ) I.

P1+<1 *+ -31 )A5B1 1G/)-*5+ -3161 <)+ 5+8C A1 .-)A*8*-C *4 βN − µ − αγ < 0 )+2

%&



 !"#$% & #' ())*+"  , βN − µ− αγ > 0.

-./ %$" ) +/0+(1*)# (! !*2%/+ R0  " (%#$ !/1 $"  !1 )$#/1 %/&(3

R0 =
βN

γ + µ
.

-. "  20& /" #.$# 3/ .$4/ "#$% & #' ,(+ R0 < 0 5#.$#  "6 3./!/4/+ γ + µ > βN7 $!1

 !"#$% & #' ,(+ R0 > 0. 5#.$#  "6 3./!/4/+ γ + µ < βN 7

8(+ I 6= 0, dI
dt

= 0 +/9* +/" βS − µ − γ = 0 ⇒ S̄ = µ+γ
β

: ;/ )$! +/3+ #/ #. "  ! #./

,(&&(3 !< ,(+2=

S̄
N

= µ+γ
βN

= 1

R0
. -./ "$2/ (%"/+4$# (! $&"( ".(3" #.$# S = µ+γ

β
= N

R0

 " $!  "()& !/6 "( &(!< (+% #" #./ 4$+ $%&/ I #$>/"  #" 2$? 2$ $!1 2 ! 2$ (! #. "

& !/: @! 0$+# )*&$+6 #./ "#/$1'A"#$#/ .$" #( & / (! #. " & !/: -./ "#/$1' "#$#/  " $ )$"/

3. ). .$" #( 0+(1*)/6 (! $4/+$</6 (!/ "/)(!1$+' )$"/ $!1 #./ /?0/)#/1 !*2%/+ (,

"/)(!1$+' )$"/"  " R0 2*&# 0& /1 %' #./ +/1*)# (! ,+$)# (!

S̄/N: B(  ! $! /!1/2 )

"#/$1' "#$#/ (S, I) =
(
S̄,Ī

)
3 #. Ī > 0 !/)/""$+ &'

S̄

N
=

1

R0

.

C(#/6 #.$#  , 3/ )$! /"# 2$#/ S̄/N 5,+(2 %&((1 "$20&/" #$>/! $# +$!1(276 3/ )$!

/"# 2$#/ R0 = N/S̄:

@, 3/ 0*#

dS
dt

= 0  ! D9*$# (! E:F:FF6 3/ G!1

Ī =
µN − µS̄

βS̄
=

µ

β

(
µN

µS
− 1

)

=
µ

β
(R0 − 1) .

@! #. " "*%"/)# (! #./ "$2/ $+<*2/!# $00& /" #( #./ 2 ! 2$ (, I $# 3. ). S  "

 !)+/$" !<: @! (#./+ 3(+1"6 S = N
R0

 " $!  "()& !/:

B(  ! /!1/2 ) "#/$1' "#$#/

HI



Ī =
µ

β
(R0 − 1)  !"#"#$%

&'( )*+,-.'/ !"#"#$ ,/0 -12 3,4- -1,- R0 =
βN
γ+µ

52 4,/ 1,62

Ī =
µ

β

(
βN

γ + µ
− 1

)

=
µ

β

(
βN − γ + µ

γ + µ

)

=
µ

γ + µ

(
βN − γ + µ

β

)

, but S̄ =
µ+ γ

β

=
µ

γ + µ

(
N − S̄

)

7.6.0./8 -1('+81 9: N 52 '9-,./ )*+,-.'/ !"#"#;<

Ī

N
=

(γ + µ)−1

µ−1

(

1− S̄

N

)

.  !"#"#;%

)*+,-.'/ !"#"#; 2=>(2??2? -12 (2@,-.62 ?-2,0:A?-,-2 ./4.02/42 ./ -2(B? '3 -12 @.32

2=>24-,/4: µ−1C -12 2=>24-20 @2/8-1 '3 -12 ./324-.'+? >2(.'0 (γ + µ)−1 ,/0 -12

?-2,0:A?-,-2 3(,4-.'/ '3 ?+?42>-.9@2? S̄/N.

&('B -12 ?+BC S̄ + Ī + R̄ = N -12 ?:?-2B ,0B.-? -12 3'@@'5./8 ?-2,0: ?-,-2?D

E" F12/ S̄ = N C -12/ Ī = 0, R̄ = 0

#" F12/ S̄ = N
R0

C -12/ Ī = µN
γ+µ

(1−R0) ,R̄ = γN
γ+µ

(

1− 1

R0

)

,/0 51.@2 -12 0.?2,?2 3(22 2*+.@.9(.+B ,@5,:? 2=.?-?C -12 2/02B.4 '/2 ?-,/0? '/@: 3'(

R0 > 1

&('B 4'/0.-.'/?  E% ,/0  #% -12 ?-2,0:A?-,-2 .? '9-,./20C 1'5262( -1.? ?-2,0:A?-,-2

0'2? /'- 8+,(,/-22 -1,- -12 9,@,/42 92-522/ 4'/?-,/- ./G'5 '3 /25 ?+?42>-.9@2? ,/0

H;



 !" #"$%&'() *#%$ +"' !) ',+-%# .,*"/ .%, .) "0'/ ' "&"#1 .,) ', 2 3!"#" !')  % 4"

' 4'(',/" 45 . $'1 4" %&"# ' (%,6"# 7"#.%+ %*  .$" ., "#&'(2 8% 95/ 5' .%,) '#%5,+

 !" ) "'+1:) ' " '#" ,% ,"/"))'#.(1 +'$7"+2 ;, %#+"#  % <,+ %5 =!' !'77",) .,

 !.) $%+"(> =" (.,"'#.)" '#%5,+  !" ) "'+1:) ' "2

3!" (.,"'#.)"+ )1) "$ !') )%(5 .%,) =!./! +"7",+ ?41 *'/ %# eλt@ *%# )%$" &'(5") %* λ2

A!",  !.) &'(5" .) #"'(> . +",% ")  !" 6#%= !-+"/'1 #' "2 A!", . .) ' /%$7("0 ,5$:

4"#>  !", Re {λ} +",% ")  !" 6#%= !-+"/'1 #' " ',+ Im {λ} +",% ")  !" *#"B5",/1

%*  !" %)/.((' .%,) =!./! '//%$7',1  !" 6#%= !-+"/'12 3!" 7#.,/.7(" %*  !" (.,"'#

) '4.(. 1 65'#', "")  !' > 7#%&.+"+  !' Re {λ} '#" ,%,:C"#% >  !" .,*%#$' .%, '4%5 

)%(5 .%,) %*  !" ,%,:(.,"'# )1) "$ ?') (%,6 ')  !")" ) '1 ., ' /(%)" ,".6!4%5#!%%+ %*

 !" ) "'+1:) ' "@2

3!" (.,"'#.)"+ )1) "$ .) *5((1 /!'#'/ "#.)"+ 41 D'/%4. $' #.0 J ',+  !" λs '#"  !"

".6",&'(5") %*  !.) $' #.02 3!"1 '#" *%5,+ 41 )%(&.,6  !" /!'#'/ "#.) ./ "B5' .%,

det(λI − J) = 0, =!./! .) ' 7%(1,%$.'( %* +"6#"" n, =!"#" n .)  !" +.$",).%, %*  !"

)1) "$2 E%# 5) n = 2, )%  !" /!'#'/ "#.) ./ "B5' .%, .) %*  !" *%#$

λ2 − Tλ+D = 0. ?F2G2GH@

=!"#" T .)  !"  #'/" %*  !" D'/%4.', $' #.0 J = (ji,j)1≤i,j≤2 ?.2"2  !" )5$ %*  !"

+.'6%,'( "("$", )@ ',+ D, .) +" "#$.,', %* J. 3!", =" 6" I

λ =
T ±

√
T 2 − 4D

2
?F2G2GJ@

8% =" !'&"  !' T < 0 ',+ D > 0 .)  !" /%,+. .%, *%# (.,"'#.)"+ ) '4.(. 1 ?%# )% /'(("+

+"/'1.,6 "07%,", .'(@ ',+ T 2 < 4D .)  !" /%,+. .%, *%#  !" %)/.((' .%,) '77"'#.,6

'#%5,+  !" ) "'+1 ) ' "2

KH



 ! "# $%%& '( %)* +,+(#- %! #.)'(/%0+ %)($/0#1 /0 2.)'(/%0+ 345455 '01 3454536 7,

8'$8)$'(/09 (:# ;'8%7/'0 -'(*/< '01 #='$)'(# /(+ #$#-#0( !%* S = S̄ '01 I = Ī>

∂

∂S
(µN − βSI − µS) = −βI − µ = −βĪ − µ ?34543@A

∂

∂I
(µN − βSI − µS) = −βS = −βS̄ ?34543BA

∂

∂S
((βS − µ− γ)I) = βI = βĪ ?345435A

∂

∂I
((βS − µ− γ)I) = βS − µ− γ = 0 ?345433A

+% (:# 8%**#+C%01/09 ;'8%7/'0 -'(*/< /+ %7('/0#1 '+>






−βĪ − µ −βS̄

βĪ 0






D:# (*'8# %! (:# -'(*/< /+

T = −βĪ − µ < 0 ?34543EA

'01 (:'( /(+ 1#(#*-/0'0( /+

D = β2S̄Ī > 0 ?34543FA

'01 (:#*#!%*# (:# *%%(+ %! (:# 8:'*'8(#*/+(/8+ #.)'(/%0 :'=# 0#9'(/=# *#'$ C'*(+4 G8H

8%*1/09 (% (:# C*/08/C$# %! $/0#'*/+#1 +('7/$/(, (:# #01#-/8 +(#'1, +('(# /+ $%8'$$,

'+,-C(%(/8'$$, +('7$#4

 0 !'8(6 (:# #01#-/8 +(#'1, +('(# /+ 9$%7'$$, '+,-C(%(/8'$$, +('7$#4 I+/09 J,'C)0%=

!)08(/%0 "# +:%" (:'( (:# #01#-/8 +(#'1, +('(# /+ 9$%7'$$, '+,-C(%(/8 '01 +('7$#4

EK



 !"# $%& '$&()* '$($&' $%($ (!& ()#+$$&) ,* $%& -*(./0"1 2/03$+"0 45&1&!" 4678799:

;& 3"0'+)&!<

V (S, I) = S − S̄ lnS + I − Ī ln I 4=>?>=89

@%& )&!+1($+1&' "2 AB/($+"0 =>?>=8 (!& C+1&0 ,*<

dV

dt
=

∂V

∂S

dS

dt
+

∂V

∂I

dI

dt

=

(

1− S̄

S

)

(µN − βSI − µS) +

(

1− Ī

I

)

I(βS − γ − µ)

=
(
S − S̄

)
(
µN

S
− µN

S̄

)

=
µN

SS̄
(S − S̄)2 = −µR0

S

(

S − N

R0

)2

;%&!& S̄ = α+µ
β

(0) µN − βSI − µS̄ = 0. D&03&: ;& 3(0 '&& $%($ dV
dt

< 0 &E3&.$

"0 $%& F+0& S = N
R0
, ;%&!& +$ &B/(F' G&!"> H$ $%& F+0& ;& %(1&

dI
dt

= 0 (0) dS
dt

=

µN − (µ+ βI) N
R0
. 5" dS

dt
> 0 2"! I < Ī (0)

dS
dt

< 0 2"! I > Ī. I!,+$' 3(00"$

'$(* "0 $%& JF+0&K: /0F&'' ;& 3"0'+)&! $%& '$&()*L'$($&> H33"!)+0C $" $%& -(5(FF&M'

N01(!+(03& .!+03+.F& (FF";' /' $" 3"03F/)&: $%($ (FF "!,+$' ;%+3% '$(* ,"/0)&) )"

3"01&!C& $" $%& '$&()* '$($&> I0 $%& "$%&! %(0): $%& ,"/0)&)0&'' "2 $%& "!,+$' +' (

)+!&3$ 3"0'&B/&03& "2 "/! (''/#.$+"0' 4( 3"0'$(0$ ."./F($+"0 ,+!$% !($&: ;%+F& $%&

.&! 3(.+$( )&($% !($& +' 3"0'$(0$9> O($%&#($+3(FF*: $%+' +' !&P&3$&) +0 $%& +01(!+(03&

"2 $%& !&C+"0 {(S, I) : S ≥ 0, I ≥ 0, S + I ≤ N} 40"$& $%($ d
dt
(S + I) = µN − (µ(S +

I)− γI ≤ µN + µ(S + I)).

Note  > ω−F+#+$ "2 ( ."+0$ x̄ : ω(x) = {ȳ ∈ Rn : ȳ(tk) → ȳ 2"! '"#& '&B/&03&

tk → −∞}

QR



Note  ! α− !"!# $% & '$!(# x̄ : α(x̄) = {ȳ ∈ Rn : ȳ(tk) → ȳ %$) *$"+ *+,-+(.+

tk → −∞}

Note "! /01&'-($2 3+.$(4 56+$)+" $( *#&7! !#18

9% f = (f1, f2, ..., fn) : Rn → Rn
!* & .$(#!(-$-* 4!:+)+(#!&7 + %-(.#!$(; f(0) = 0

&(4 #6+)+ +<!*#* .$(#!(-$-* 4!:+)+(#!&7 + %-(.#!$( V (x) : R → R, *-.6 #6&# !# !*

#)-+=56+( #6+ %$  $>!(? &)+ & *$ &4@-4?+4 & *$ #$ 6$ 4 #)-+

/!8 V (x) ≥ 0 &(4 V (x) = 0⇐⇒ x = 0

/!!8 ∃ .$(#!(-$-* %-(.#!$( W (x) : R → R *-.6 #6&# W (x) ≥ 0 ∀x∈R &(4 W (x) =

0⇔ x = 0

/!!!8 V (x) = Σn
j=1

∂V (x)
∂xj

fj(x) ≤ −cW (x) ∀x∈R >6+)+ c ≥ 0 !* & .$(*#&(#

&(4 #6+ *1*#+" !* *&!4 #$ 7+ &*1"'#$#!.&  1 *#&7 + !( #6+ *+(*+ $% 01&'-($2 &(4 #6+

%-(.#!$( V (x) !* .&  +4 #6+ 01&'-($2 %-(.#!$( %$) #6!* *1*#+"A

Note #! /0&3&  +B* 9(2&)!&(.+ C)!(.!' +8

3-''$*+ #6+)+ !* & (+!?67$-)6$$4 D $% 0 &(4 & .$(#!(-$-* 4!:+)+(#!&7 + /#!"+D

!(4+'+(4+(#8 '$*!#!2+ 4+E(!#+ %-(.#!$( V : D → R, >6$*+ $)7!#& 4+)!2&#!2+ V >!#6

#6+ )+*'+.# #$ #6+ &-#$($"$-* *1*#+" x = f(x) !* (+?&#!2+ *+"!D4+E(!#+A 0+# I 7+

#6+ -(!$( $% &  .$"' +#+ $)7!#* .$(#&!(+4 !(

{x ∈ D : V (x) = 0}

⇒#6+)+ !* & (+!?67$-)6$$4 U $% 0; *-.6 #6&# ∀x0 ∈ U w(x0) ⊆ IA

9( & )+&  !%+; *+##!(? #6+  !%+ +<'+.#&(.1 µ−1!* -*-&  1 "-.6 7!??+) #6&( #6+ 4-)&#!$(

$% #6+ !(%+.#!$-* '+)!$4 γ−1. F+<# >+ *6&  ')$.++4 #$ !  -*#)&#+ #6&# #6+ "$4+ 

')+4!.#* 4&"'+4 $*.!  &#!$(* &)$-(4 #6+ *#+&41 *#&#+A G-)#6+) >+ >!  4+#+)"!(+ #6+

)+ &#!$(* 7+#>++( #!"+ &(4 %)+,-+(.1A

HI



 !"#$ %&'()"*# +,-,+. (#/ %&'()"*# +,-,+0 "# )12 31(4(3)24"!)"3 %&'()"*# +,-,-5 62

3(# 4264")2 ") (!7

λ2 + (βĪ + µ)λ+ β2SI = 0

8")1 429()"*#! R0 = βN
γ+µ

(#/ %&'()"*# +,-,-0: (#/ /";"/"#$ )12 2&'()"*# <= µ2
62

*<)("#7

(
λ
µ

)2

+ (R0 − 1 + 1)λ
µ
+ (R0 − 1)β

µ
N
R0

=
(

λ
µ

)2

+R0
λ
µ
+ γ+µ

µ
(R0 − 1) = 0.

812#

1

µ
≥ 1

γ
,62 1(;2 γ

µ
≥ 1, (#/ 3*#!2&'2#)9= 62 3(# (>>4*?"@()2 )12 9(!) )24@ <=

γ
µ
(R0 − 1). A12 2&'()"*#

y2 +R0y +
γ

µ
(R0 − 1) = 0

1(! 4**)!7

y =
−R0 ±

√

R2

0
− 4 γ

µ
(R0 − 1)

2

BC 62 '!2 )12 (!!'@>)"*#

γ
µ
≥ 1 ($("#: 62 #*)"32 )1() )12 2?>42!!"*# '#/24 )12 !&'(42

4**) "! #2$()";2 (R0 > 1 "# 2#/2@"3 !)2(/= !)()2D (#/ )1() )12 4**)! (42: "# )12 E4!)

(>>4*?"@()"*#:

γ
µ
= y = −R0

2
± i

√
γ
µ
(R0 − 1).

F* 62 1(;27

G, 429(?()"*# )"@2

1

|Re{λ}| 2&'(9! )*
2

µR0

-, C42&'2#3= 2&'(9! )*

√

γµ(R0 − 1) 6")1 42!>23) )* )12 !@(99 >(4(@2)24 µ
γ
.

0-



 !"

γ
µ
≥ 1 #$% "%&'('#)!* #)+% ), !- #$% !".%" 1

µ
/0# #$% 1%")!.

2π√
µγ(R0−1)

), !- #$%

!".%" !-

1√
µ
2 ,! #$% "'#)! /%#3%%* #$% #3! .!%, #! )*4*)#5 -!" µ ↓ 0.6$%"%-!"%2 3%

,$!0&. ,%% +'*5 !,7)&&'#)!*, /%-!"% #$% ,#%'.5 ,#'#% ), "%'7$%.8

 !"!# $%&' ()*+,

6$% 9:;< +!.%& 7!*#')*, !*% +!"% 7!+1'"#+%*#2 ', )# ), '11'"%*# -"!+ )#, *'+%8

6$% *%3 7!+1'"#+%*# ), 7'&&%. exposed compartment E. 6$%,% '"% #$% 1%!1&% 3$!

'"% )*-%7#%. /0# #$% ,5+1#!+, !- #$% .),%',% '"% *!# 5%# =),)/&%8 6$%5 7'**!#

7!++0*)7'#% #$% .),%',% %)#$%"8 6$%,% 1%!1&% '"% )* ' 1$',% 7'&&%. #$% latent period.

 !" ,!+% .),%',%,2 )# #'>%, 7%"#')* #)+% -!" '* )*-%7#)=% '?%*# #! +0&#)1&5 )*,).% #$%

$!,# 01 #! #$% 7")#)7'& &%=%& ,! #$'# #$% .),%',% '7#0'&&5 +'*)-%,#, )#,%&- )* #$% /!.5 !-

#$% $!,#8 6$), ), 7'&&%. '* incubation period !" )* #$% 7',% !- #0/%"70&!,), "%-%""%. #!

', ' &'#%*# 1%")!.8 @% $'=% #$% ,'+% ',,0+1#)!*, ', )* #$% 1"%=)!0, +!.%&,2 #$'# ),

$!+!?%*%!0, +)()*? A+',, '7#)!* 1")*7)1&%B2 7!*,#'*# 1!10&'#)!* ,)C% '*. #$% "'#%,

!- 7$'*?% -"!+ !*% 7!+1'"#+%*# #! #$% !#$%" -!&&!3 #$% ,5,#%+ /%&!3D

dS

dt
= µN − βSI − µS AE8F8EGB

dE

dt
= βSI − µE − θE AE8F8EHB

dI

dt
= −µI − θE − γI AE8F8EIB

dR

dt
= −µR + γI AE8F8JKB

LE



 ! "#$% &'()* +) %#,** ,%%-&) "#," "#) ./'0,0$*$"1 "' %-/2$2) "#) *,")!31 .)/$'(

,!( "' )!")/ "#) $!4)3"$'-% .)/$'( )5-,*% "'

θ
θ+µ

6 7#)/)4'/) "#) 0,%$3 /)./'(-3"$2)

!-&0)/ $! "#$% 3,%) +$** 0) R0 =
θ

θ+µ
βN
γ+µ

6

8)9" +) ./'3))( "' /)2$)+ "#) %"),(1 %",")%6 :-""$!;

dI
dt

= 0 +) ;)" Ē = γ+µ
θ
Ī ,

+#$*)

dE
dt

= 0 *),(% "' βS̄I = (µ+ θ) Ē. <'&0$!$!; "#)%) /)*,"$'!%= +) '0",$!= ,4")/

($2$($!; '-" '4 , 4,3"'/ Ī >+) ,/) ()")/&$!$!; "#) )!()&$3 %"),(1 %",") %' +) ,/)

!'" $!")/)%")( $! I = 0?= "#," βS̄ = 1

θ
(µ + θ)(γ + µ) '/= )5-$2,*)!"= S̄ = N

R0
6 @/'&

dS
dt

= 0 +) ;)" "#," Ī = µN−µS̄
βS

= µ
β
(R0 − 1).

A!,*';'-%*1 "' "#) ()/$2,"$'! $! B5-,"$'!% C6D6CE "' C6D6CC +) ()/$2) "#) F,3'0$,!

&,"/$9 ,!( "#) 3#,/,3")/$%"$3 )5-,"$'!6 7#) *$!),/$%)( %1%")& $% !'+ ()%3/$0)( 01

"#) 3× 3 &,"/$9









−
(
βĪ + µ

)
0 −βS̄

βĪ − (µ+ θ) βS̄

0 θ − (µ+ γ)









>C6D6GH?

,!( "#) )$;)!2,*-)% ,/) "#) /''"% '4 "#) 3#,/,3")/$%"$3 )5-,"$'!

λ3 + (µR0 + 2µ+ γ + θ)λ2 + µR0(γ + µ+ θ)λ+ µ(R0 − 1)(γ + µ)(θ + µ) = 0.

I#)! γ ,!( θ ,/) /)*,"$2)*1 3*'%) "' µ ,!( µR0 "#)! +) 3,! ,../'9$&,") "#) /''"%

'4 "#) 3#,/,3")/$%"$3 )5-,"$'! 01 "#) )5-,"$'!

λ3 + (γ + θ)λ2 + µR0(γ + θ)λµ(R0 − 1)γθ = 0 >C6D6GD?

7#$% 3,! 0) 4-/"#)/ /)J+/$"")! $! "#) 4'/& ,% %#'+! 0)*'+

λ3 + (γ + θ)

(

λ2 + µR0λ+ µ(R0 − 1)
γθ

γ + θ

)

. >C6D6GC?

KG



 ! "#$ !%&' () "*$"+&,), !%#! !%-' "&(-" ).&#!-*$ %#' *$) /**! λ ≈ −(γ+ θ) 0"*//)'1

2*$,-$3 !* 2)/!&/(#!-*$' !%#! ,)"#4 /#2-,+45 #$, !6* *!%)/ /**!' 3-7)$ #22/*8-91

#!)+4 (4 !%) /**!' *: !%) .&#,/#!-" ).&#!-*$ -$ !%) (/#")'; <)$")= !%) 2)/-*, *: !%)

*'"-++#!-*$' -' 3-7)$ (4 π
√

āγ+θ
γθ

= -$ *!%)/ 6*/,'

1

γ
n %#' !* () /)2+#"), (4

γ+θ
γθ

= 1

γ
+ 1

θ
=

6%-"% -' '!-++ -$ !%) )82)"!), ,&/#!-*$ *: !%) >-$:)"!-*$? = -$ !%) ')$') *: !%) 2)/-*,

()!6))$ ()-$3 -$:)"!-7) #$, ()"*9-$3 -99&$);

 !"!# $%&'()&* +&,( -. -/0 1&2(/ 3&)(

@%)$ '!&,4-$3 !%) '2/)#,-$3 *: !%) )2-,)9-"' #$, -!' 9#!%)9#!-"#+ 9*,)+'= *$) #'A'

.&)'!-*$' "*$")/$-$3 %*6 +*$3 6-++ -! !#A) :*/ !%) )2-,)9-" !* ,-9-$-'%;  ! '))9'

!%#! !%)/) -' #$ *(')/7#!-*$ 6%-"% '&33)'!'= !%#! 6) "#$ B$, N :*/ 6%-"% -$:)"!-*$

!)$,' !* 9#-$!#-$ -$ !%) 2*2&+#!-*$= 6%)/)#' :*/ '9#++)/ N -! 6*&+, ,-) *&! #$,

/)-$!/*,&"-$3 *: !%) -$:)"!-*&' #3)$! 6*&+, () $)")''#/4 -$ */,)/ !* !%) '2/)#, *: !%)

-$:)"!-*$; C%) -,)# *: !%) "/-!-"#+ "*99&$-!4 '-D) #22)#/),; C%-' ')"!-*$ -' -$"+&,),

-$ !%-' !%)'-' !* 3-7) 9*/) -$'-3%! *$ !%) '2/)#,-$3 *: #$ -$:)"!-*&' #3)$! -$ !-9) #$,

-! '%*6' /)+#!-*$ ()!6))$ !%) )$,)9-"1)2-,)9-" *""&//)$");

@-!%-$ !%) '!*"%#'!-" 9*,)+' !%) #3)$! 6-++ 3* )8!-$"! 6-!% ")/!#-$!4; E* 6) "#$$*!

,)B$) !%) "/-!-"#+ "*99&$-!4 '-D) F&'! *$ !%) (#'-' *: !%) )8!-$"!-*$ "/-!)/-*$ #+*$)=

!%) )82)"!), !-9) &$!-+ )8!-$"!-*$ %#' !* () !#A)$ -$!* "*$'-,)/#!-*$ #' 6)++; C%-'

6-++ () #$ -$"/)#'-$3 :&$"!-*$ *: !%) 2*2&+#!-*$ '-D) N ;

 : :*/ -++&'!/#!-*$ 2&/2*')' 6) "%*') #$ #/(-!/#/4 "*$'!#$!' T > 0 #$, p ∈ (0, 1) #$,

,)"+#/) !%#! !%) 2*2&+#!-*$ '-D) -' #(*7) "/-!-"#+-!4 -: !%) 2/*(#(-+-!4 *: )8!-$"!-*$

():*/) !-9) T -' +)'' !%#$ p 0p -' ,)2)$,)$! *$ !%) -$-!-#+ "*$,-!-*$5; C%) $&9()/

*: "*$'!#$!' "#$ () /),&"), !* *$) (4 !#A-$3 -$!* "*$'-,)/#!-*$ !%) +-9-!'; C%#! -'=

"*$")$!/#!-$3 *$ !%) +-9-! N →∞ 6) "#$ *$+4 ')) !%#! )82)"!), !-9) !* )8!-$"!-*$

GG



 !"#$  % &"'"& ()  *+&", *$ -%"%.&/*0 1*02!$ %3  4! %-#!- %3 ecN 3%- N 0*-,!5 64!-!3%-!)

7! 4*1!  % /%"$&#!- .%-! *$$2.8 &%"$5

94* 7! #%) &$  4* 7! /%"$&#!- *88-%*/4&",  4! &"'"& ( &" *  7%:8*-*.! !- 80*"!)

$8*""!# ;(  4! N *<&$ *"#  4!

γ/µ *<&$ =-* &% %3  4!  7%  &.! $/*0!$>5 ?% 7! 4*1!

/%"/02#!#)  4* *0%",  4! N *<&$  4! !<8!/ !#  &.!  &00 !< &"/ &%" ,%!$ &"'"& (5 @0%",

 4!

γ/µ) 3%-

γ/µ → ∞) 7! '"# %88%$& ! ;!4*1&%2- 74&/4 &$ &"$ *" *"!%2$ !< &"/ &%"

*3 !-  4! '-$ %2 ;-!*+5

9! *-! &" !-!$ !# &" $% /*00!# A84*$!  -*"$& &%"B) &5!5  4! 7*( %3 *88-%*/4&", &"'":

& ( &"  4&$ 80*"! $2/4  4*  4! !<8!/ !#  &.!  &00 !< &"/ &%" "!& 4!- ;0%7$ 28 "%-

#&.&"&$4!$  % C!-%D &"$ !*#) & $ *($ ;%2"#!# *7*( 3-%. C!-%5 9!  -(  % #! !-.&"!

 4! 8* 4$ &"  4! 80*"! 74&/4 8-%1&#!  4!  -*"$& &%"E

γ
µ

1√
N

$4%20# ;! ;%2"#!#5 9!

/*""% -!*00(  *+!  4! 0&.& ;!/*2$! 7! #% "% !<*/ 0( +"%7 4%7 !< &"/ &%"  &.!

A;%2"#!#5 ?% 7! 4*1!  % .*+! *" *-;& -*-( /4%&/! 3%- * /%"$ *" 5 64!-!3%-! 7!

A#!'"!B

γ
µ

1√
N

= C *$  4! /-& &/*0 -!0* &%"$4&8) #! !-.&"!

γ/µ ) /4%%$! C = 1 *"#

/%.82 ! Ccrt.

9! /%"$&#!-  4! $($ !. FG2* &%"$ H5I5IJ *"# H5I5IK 74&0! 82  &", β = δ
N

 % $4%7

 4! #!8!"#!"/! %"  4! 8%820* &%" $&C!5 @$ 7! 4*1! *0-!*#( $!!")  4! $ !*#( $ * !

1*02! 3%- I &$ ,&1!" ;(

Ī =
µ(N − S̄)N

βNS
=

µN

µ+ γ

(

1− S̄

N

)

=
µ

µ+ γ
N

(

1− 1

R0

)

, =H5I5LL>

$&"/! S̄ = µ+γ
βN

= N
R0

5

M%- ;&- 4$ 8-%/!$$!$) & &$ 7!00 +"%7"  4* #!.%,-*84&/ $ %/4*$ &/& ( 0!*#$  % N2/:

 2* &%"$ %3  4! %-#!- %3

√
N ) 7& 4 N  4! 8%820* &%" $&C! O&$;! *"# P2-"!( =KQRI>)

P%!0 *"# S&/4 !-:T(" =KQUL> *"# 6*(0%- *"# V*-0&" =KQRL>5 @$$2.! R0 = O(0)

WX



 !"# $%"&' #!"# (!"&)%' *& N +, &,# '-.'#"&#*"//0 *&1-%&(% R0. 2/', "''-$% #!"#

µ
µ+γ

= O( 1√
N
).3!%'% "''-$4#*,&'  %5% $"+% '-(! #!"# #!%0 *$4/0 Ī = O

(√
N
)

6#!% "7%5")% /%7%/ ,8 *&8%(#%+ *&+*7*+-"/' *& #!% 4,4-/"#*,& /*%'  *#!*& #!% 5"&)% ,8

&"#-5"/ 1-(#-"#*,&'9: 3!% ")%&#  *// %;#*&(#< ',,&%5 ,5 /"#%5: =!%& µ ≥ γ  % !"7%

#!"#

µ
µ+γ

= µ
γ
< #!*' *' "' " 5%'-/# ,8 #!% "''-$4#*,& #!"#

µ
µ+γ

= O( 1√
N
)  !*(! *$4/*%'

#!"#

µ
γ
= O( 1√

N
) "&+ #!%5%8,5% γ

µ
= O

(√
N
)

.>*&(% R0 =
βN
µ+γ

= O(1), #!*' 5%?-*5%'

"/',

βN
µ

= O
(√

N
)

.

>, #!%5% *' &,# " (5*#*("//0 +*5%(#/0 *& #!% (,$$-&*#0 '*@%< .-# 5"#!%5 " (5*#*("/

5%/"#*,&'!*4 .%# %%& 4,4-/"#*,& '*@% "&+ #!% 5"#*, ,8 #!% # , #*$% '("/%' *&7,/7%+

6#!"# ,8 +%$,)5"4!0 "&+ #!"# ,8 #5"&'$*''*,&9: =!%& .,#!

1√
N

γ
µ
"&+

1√
N

βN
µ
"5%

5%"//0 '$"//<  % %;4%(# " '*&)/% ,-#.5%"A ,8 "& %4*+%$*( "&+  !%& #!%0 "5% /"5)%  %

%;4%(# "& %&+%$*( '*#-"#*,&B %7%50#!*&) *& .%# %%& *' (,&'*+%5%+ #, .% (5*#*("/: 3!%

"445,;*$"#% 8,5$-/" 8,5 %;4%(#%+ %;#*&(#*,& #*$% -&+%5 (5*#*("/ (,&+*#*,&' "((,5+*&)

#, C2>DEE 6FGGG9 *'

t̄extinction =
(R0 − 1)N

2
(

γ
µ

)2

1

µ
6H:I:JK9

C,#% #!"# #!% 5*)!# !"&+ '*+% *' O
(

1

µ

)

 !%&

γ
µ
*' O

(√
N
)

,  !"# *' (,$4/%#%/0 *&

/*&%  *#! #!% #%;# ".,7%:

 ! "#$%&'#$()#* "+,&* +- $%& ./#0)%(01 2/+)&33

3!% $,+%/ 45,4,'%+ .0 ="#',& "&+ L"/#,& 6FMNK9  "' ,8 #!% 8,//, *&) 8,5$O

F: 2 4,4-/"#*,& '#"5#'  *#! ,&% *&+*7*+-"/ "# #*$% n = 0 OZ0 = 1

I: 28#%5 ,&% -&*# ,8 #*$% 6"# #*$% n = 19 #!% ',/% *&+*7*+-"/ 45,+-(%' Z1 *+%&#*("/

(/,&%' ,8 *#'%/8 "&+ +*%': Z1 *' "& N0 7"/-%+ 5"&+,$ 7"5*"./%:

KN



 ! "#$ %& Z1 '#(()*+ ,- .) )/0#1 ,- 2 ,') (-(01#,3-* 3+ 4)#4 #*4 *-,'3*5 '#(()*+

#, #*6 &0,07) ,38) n ≥ 2

".$ %& Z1 > 2, # 0*3, -& ,38) 1#,)79 )#:' -& Z1 3*43;340#1+ 53;)+ .37,' ,- #

7#*4-8 *08.)7 -& :'3147)* #*4 43)+! <') =7+, -*) '#+ Z1,1 :'3147)*9

,') +):-*4 -*) Z1,2 :'3147)*9 ),:! <') 1#+,9 Zth
1

-*)9 53;)+ .37,' ,- Z1,Z1

:'3147)*! %, 3+ #++08)4 ,'#, ,') 43+,73.0,3-* -& ,') *08.)7 -& :'3147)*

3+ ,') +#8) &-7 )#:' 3*43;340#1 3* );)76 5)*)7#,3-* #*4 3*4)()*4)*, -&

)3,')7 ,') *08.)7 -& 3*43;340#1+ 3* ,') 5)*)7#,3-* #*4 -& ,') *08.)7 -&

:'3147)* ,') -,')7+ '#;)! <'3+ 43+,73.0,3-*9 +'#7)4 .6 #11 Zn,i #*4 Z19 3+

:#11)4 ,') - !"#$%& '$!(#$)*($+%! <') ,-,#1 *08.)7 -& 3*43;340#1+ 3* ,')

+):-*4 5)*)7#,3-* 3+ *-> Z2 =
Z1∑

k=1

Z1,k

?! <') ,'3749 &-07,'9 ),:! 5)*)7#,3-*+ #7) (7-40:)4 3* ,') +#8) >#6! %& 3, );)7

'#(()*+ ,'#, Z0 = 0 &-7 +-8) n9 ,')* Zm = 0 &-7 #11 m ≥ n @,') (-(01#,3-*

3+ )A,3*:, -,')7>3+) Zn+1 =
Zn∑

k=1

Zn,k

B,-:'#+,3: (7-:)+)+ >3,' ,') (7-()7,3)+ 4)+:73.)4 3* "C$9 "D$9" $ #*4 "?$ #.-;) #7)

7)&)77)4 ,- #+ .7#*:'3*5 (7-:)++!

 ! !" #$%&'()&* +$,'-.. /00$,1)2%3),&

<'3+ +):,3-* 4)+:73.)+ #* #((7-A38#,3-* ,- ,') B%E )(34)83: 8-4)1 ;#134 &-7 1#75)

(-(01#,3-* +3F)+ #*4G-7 4073*5 ,') )#716 +,#5)+ -& ,') )(34)83:! H37+, ,') #((7-A38@

#,3*5 .7#*:'3*5 (7-:)++ 3+ 4)=*)4 #*4 ,')* # :-0(13*5 #7508)*, 3+ +), -0, ,- 8#I)

:1)#7 ,') 7)1#,3-*+'3( .),>))* ,') ,>- (7-:)++)+! <') ,)78 J.7#*:'3*5 (7-:)++K 3+

0+)4 3* +);)7#1 43L)7)*, >#6+ 3* ,') 13,)7#,07)9 '->);)7 3* ,'3+ ,')+3+ 3, 3+ 0+)4 )A@

:10+3;)16 ,- 4)+:73.) ,') :-*,3*0-0+ ,38) .7#*:'3*5 (7-:)++ 4)=*)4 3* +):,3-*  ! !
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 !" I(t) #!$%"! "&! $'()!* %+ ,$#,-,#'./0 ./,-! ,$ "&! )*.$1&,$2 3*%1!00 ." ",(! t4

0% "&." %-!*.//4 ),*"&0 %11'* ." . *."! βI(t)5 6&,0 )*.$1&,$2 3*%1!00 ,0 .$ .33*%78

,(.",%$ "% "&! !3,#!(,1 3*%1!00 ,$ "&! !.*/9 0".2!0 %* :&!$ n ,0 /.*2! .0 ,$ "&!0!

1,*1'(0".$1!0

S (t) ≈ S (0) = n .$# 0% ,$+!1",%$0 :,// %11'* ,$ "&! !3,#!(,1 3*%1!00 ." . *."!

.33*%7,(."!/9 !;'./ "% βI(t) :&,/! "&! ,$+!1",%'0 3!*,%#0 ,$ "&! !3,#!(,1 3*%1!00

&.-! "&! 0.(! #,0"*,)'",%$ .0 "&! /,+!",(! #,0"*,)'",%$ ,$ "&! )*.$1&,$2 3*%1!005 6&!

*!/.",%$0&,3 )!":!!$ "&! 3*%1!00!0 1.$ )! (.#! ('1& (%*! 3*!1,0! )9 1%$0"*'1",$2

"&!( %$ "&! 0.(! 3*%).),/,"9 03.1!4 0% "&." "&!*! ,0 . 1%'3/,$2 )!":!!$ "&!(5 6&,0

:,// .//%: %)".,$,$2 3*!1,0! ,$0".$" ." :&,1& "&! ":% 3*%1!00!0 <*0" #,-!*2!4 .$#

"% %)0!*-! "&." .+"!* "&,0 ,$0".$" "&! $'()!* %+ ,$#,-,#'./0 ./,-! ,$ "&! )*.$1&,$2

3*%1!00 ,0 .$ '33!* )%'$# +%* "&! $'()!* %+ ,$+!1",-!0 ,$ "&! !3,#!(,1 3*%1!005

 ! !" #$%&'()* +,- ./0)1,()* 2/$1-33 0)4 +,- 5&(4-6(1

= 1%'3/,$2 )!":!!$ "&! !3,#!(,1 3*%1!00 .$# "&! )*.$1&,$2 3*%1!00 ,0 1%$0"*'18

"!# +*%( "&! ./2%*,"&( )9 =$#!*0%$ .$# 6%( >?@@@A5 B,*0"4 :! :,// 1%$0"*'1" "&!

)*.$1&,$2 3*%1!00 .$# "&!$ !$/.*2! ,"0 3*%).),/,"9 03.1! (δ;F ;P ) "% ,$1/'#! .$ ,$8

<$,"! 0!;'!$1! {Uj} , j > 1 %+ ,$#!3!$#!$" '$,+%*( *.$#%( -.*,.)/!0 %$ (0, 1)5 C!7"4

:! 1%$0"*'1" "&! !3,#!(,1 3*%1!00 +*%( "&! )*.$1&,$2 3*%1!00 .0 +%//%:05  .)!//,$2

"&! n 0'01!3",)/!0 ,$ "&! !3,#!(,1 3*%1!00 +*%( 1, ..., n .$# .00%1,."! !.1& ,$,",./

,$+!1",-! :,"& .$ ,$,",./ .$1!0"%* ,$ "&! )*.$1&,$2 3*%1!005 D! /!" . 1%$".1" %11'*

,$ "&! !3,#!(,1 3*%1!00 :&!$ . ),*"& %11'*0 ,$ "&! )*.$1&,$2 3*%1!005 6&! j − th

,$#,-,#'./ "% )! 1%$".1"!# ,0 #!<$!# "% )! "&! ,$,",.//9 0'01!3",)/! ,$#,-,#'./ :,"&

/.)!/ {nUj}4 .$# ,+ "&,0 ,$#,-,#'./ ,0 0",// 0'01!3",)/! "&!$ "&!9 )!1%(! .$ ,$+!1",-!5

E%:!-!*4 ,+ "&!9 &.-! ./*!.#9 )!!$ 1%$".1"!# "&!$ "&! 1%$".1" &.0 )!!$ '$0'11!00+'/

FG



 !" #$% %&'"%(') &*+)%,, "+%, !+# )$ !-%. /$% '!"'0'"1 2 3+*! '! #$% 3* !)$'!-

&*+)%,,  # #$', '!,# !#  !"  22 +4 #$%'* +5,&*'!-  *% ,13,%61%!#27 '-!+*%" '! #$% )+!8

,#*1)#'+! +4 #$% %&'"%(') &*+)%,,  !"  *% ) 22%" 9-$+,#,:. ;$%!  "% #$ +))1*, +*

 ! '!"'0'"1 2 $ , 3%%! &1# +! #*% #(%!#  !" !+< !+ 2+!-%* '!4%)#'0% '.%. -+# )1*%"

'! #$% 3* !)$'!- &*+)%,,= #$% )+**%,&+!"'!- '!4%)#'0% '! #$% %&'"%(') ', *%(+0%".

>7 )+!,#*1)#'!- #$% %&'"%(') &*+)%,, 4*+( #$% 3* !)$'!- &*+)%,, '! #$', & *#')12 *

( !!%* '# <'22 3% )2% * #$ # #$% !1(3%* +4 '!4%)#'0%, '! #$% %&'"%(')  !" #$% !1(8

3%* +4 '!"'0'"1 2, '! #$% 3* !)$'!- &*+)%,, (1,# )+'!)'"% 1!#'2 #$% #'(% +4 #$% ?*,#

9-$+,#:=  4#%* <$')$ #$%*% (1,# 3% (+*% '!"'0'"1 2, @37 #$% !1(3%* +4 -$+,#,A '! #$%

3* !)$'!- &*+)%,,. B2,+ !+#% #$ # '!  !7 #'(% '!#%*0 2 (0, t) 4+* t ∈ R, #$%*% ) !

3% +!27 ?!'#%27 ( !7 3'*#$,  !" ,+ #$% &*+3 3'2'#7 #$ # #$% #<+ &*+)%,,%, )+'!)'"%

#$*+1-$+1# (0, t) #%!", #+ C  , n #%!", #+ '!?!'#7.

 !" #$%&'($%)*$+ ,++-.%/$%)01 02 3($++ 4/'$ 5.%)($%)01

D'#%* #1*% +! E( 22 B*% F,#'( #'+! $ , *%)%'0%" ,'-!'?) !#  ##%!#'+! '! #$% 2 ,#

"%) "%. G + @HIIJA &132',$%"  )+(&*%$%!,'0% 3++K +! EBF #$ # )+0%*,  22 #$% ( '!

"%0%2+&(%!#, '! #$', #+&') 1& #+ #$ # #'(%. /$% 3++K < , <*'##%!  3+1# #%! 7% *,

 4#%* #$% *%0'%< & &%* +4 L$+,$  !" G + @CMMNA= &132',$%" '! E# #',#') 2 E)'%!)%=

<$')$ ,#'(12 #%" (1)$ +4 #$% % *27 *%,% *)$ '! EBF. E'!)% HIIJ=  4%< +#$%* *%0'%<

& &%*, $ 0% 3%%! &132',$%"O 4+* %P (&2%= G + @HIIQA= R' !-  !" D $'*' @HIISA= T ## 

@HIIMA  !" D%$#+!%!  !" U%'V !%! @HIIMA. W! #$', #$%,', <% '221,#* #% EBF 3 ,%" +!

#$% 4* (%<+*K #$ # $ , 3%%! "%0%2+&%" 37 X4%5%*( !! @HICJA. /$% ,#1"7 '221,#* #%"

#$ # '4 <% )+!,'"%*  &+&12 #'+! U +4 ,'Y% N "',#'!)# %2%(%!#, '"%!#'?%" #$*+1-$ #$%

2 3%2, j = 1, ..., N . W4 #$%!  , (&2% , ', ,%2%)#%" 4*+( U <'#$ &*+3 3'2'#7 p(s)=

 !" #$% &*+3 3'2'#7 +4 '!)21"'!- #$% j − th %2%(%!# '! #$% , (&2% ', πj. /$% "%,'-!

SI



 !"#$% &'( !)*$ +!,!*%!- ./"% j ∈ s "+ -!0/!- )+ wj = 1/πj
1 2& %$!/ %$! 3'3.,)%"'/ U

"+ -"4"-!- "/%' M !5*,.+"4! )/- !5$).+%"4! )(!)+ U1 ∪ ...∪UM  "%$ Ni ./"%+ "/ )(!)

i6
M∑

i=1

Ni = N 1 7.33'+! %$)% +)83,!+ )(! )4)",)9,! &'( m ≤ M '& %$! )(!)+6 )/- ,!%

s = s1∪...∪sm -!0/! %$! '4!(),, +)83,!6  $!(! si '& +":! ni "+ %$! +)83,! '9+!(4!- &'(

+)83,!- )(!) i6
m∑

i=1

ni = n. ;'%! %$)% ni "+ ()/-'8 ./,!++ ) 3,)//!- +)83,! '& 05!-

+":! "+ %)<!/ "/ %$)% )(!)1 =!% y -!0/! %$! *$)()*%!("+%"* '& "/%!(!+%6 )/- -!/'%!-

9> yij %$! (!+3'/+! 4),.! &'( ./"% j 9!,'/#"/# %' )(!) i, i = 1, ...,M 6 j = 1, ..., Ni

 "%$ +)83,! 8!)/+ ȳi =
ni∑

j=1

yij/ni
6 "% "+ )++.8!-  "%$'.% ,'++ '& #!/!(),"%> %$)% %$!

+)83,! *'/+"+%+ '& %$! 0(+% ni ./"%+1 =!% xij = (x1ij,...,xpij)
′
-!/'%! %$! *'4)(")%! 4),.!+

)++'*")%!-  "%$ ./"% (i, j) )/- 9> x̄i =
ni∑

j=1

xij

ni
%$! *',.8/ 4!*%'( '& +)83,! 8!)/+1?$!

*'((!+3'/-"/# 4!*%'( '& %(.! )(!) 8!)/+ "+ X̄i =
Ni∑

j=1

xij

Ni
1 ?$! )(!) %)(#!% @.)/%"%>

"+ -!/'%!- 9> θiA  $!(!6 θi = Ȳi =
Ni∑

j=1

yij
Ni
6 %$! (!+3'/+! )(!) 8!)/1 B+%"8)%"/# )

3('3'(%"'/ "+ ) +3!*"), *)+!  $!(! yij "+ 9"/)(>1

 !" #$%$&'()*$+ ,)%$'& -).$+ -/+$(0

?$! 8)"/ )++.83%"'/ '& C=DD+ "+ %$)% %$! -"+%("9.%"'/ '& %$! (!+3'/+! 4)(")9,! Yi

9!,'/#+ %' )/ !53'/!/%"), &)8",> '& %$! &'(8 Yi/θi  φ1 p (·)

!"#$# p (·) %& ' (#()#$ *+ ,"# #-.*/#/,%'0 +'(%01 2#3/#2 '& 

p (yi/θi, φ1) = exp

(
yiθi − b (θi)

a (φ1)
+ c (yi, φ1)

)

4567689

+*$ i = 1, ..., n *)&#$:',%*/& '/2 θi %& ,"# &;'0'$ ;'/*/%;'0 .'$'(#,#$6 <"# (#'/

µi = E
(
yi
/
β, f i (·) , φ1

)
;'/ )# 0%/=#2 ,* ,"# &,$>;,>$#2 '22%,%:# .$#2%;,*$ !"%;"

?8



 !!"#$%& '"( ) (*"#& !") (* %+& ηi ,-  ."$"%"$*! /*$0 '#$!%*"$ g (·) &#!1 %1 %

g (µi) = ηi = β0 +
n∑

i=1

fi (µi) +
m∑

k=1

βkxki + εi 2345467

81+(+ fi (·)  (+ #$0$"8$ '#$!%*"$& "' %1+ !") (* %+& #&+9 %" ."9+/ %+.:"( /  $9

&: %* / 9+:+$9+$!*+&  $9  /&" #&+9 %" (+/ ; %1+ /*$+ ( (+/ %*"$&1*:& "' %1+ !") (*<

 %+&4 =1+ β′
k
s (+:(+&+$%& %1+ /*$+ ( +>+!%& "' %1+ !") (* %+& x′s  $9 ε′

i
s  (+ #$&%(#!<

%#(+9 %+(.&4 ? %+$% @ #&&* $ ."9+/  A+;*,/+  $9 / (B+ !/ && "' &% %*&%*! / ."9+/&

",% *$+9 ,-  &&*B$*$B  @ #&&* $ :(*"( %" β0C fi (·)C βk  $9 εi4 =1*& ! $ ,+ (+:<

(+&+$%+9  & Θ = (β′
k
s, f ′is,) 81+(+ Θ *& #$",&+()+9 .#/%*) (* %+ @ #&&* $ ( $9".

) (* ,/+C 81"&+ 9+$&*%- π (Θ/φ) *& !"$%("//+9 ,-  )+!%"( "' 1-:+(: ( .+%+(& Φ 2D#+

 $9 E (%*$" 26FFG 774 =1+ / %+$% @ #&&* $ H+/9 Θ *&  &&#.+9 %" 1 )+  @ #&&* $

9*&%(*,#%*"$ 8*%1 I+(" .+ $  $9 ) (* $!+ !") (* $!+ . %(*; Q (φ2)J 8*%1 )+!%"( "'

1-:+(<: ( .+%+(& 9+H$+9  & Φ = (φ1, φ2) 81*!1  (+ $"% $+!+&& (*/- @ #&&* $ 2E (<

%*$& +%  /4 26FK37C D#+ +%  /4 26FFL7  $9 M"$B +%  /4 26FFL774 ? %+$% @ #&&* $ ."9+/ *&

!".:"&+9 "' %1(++ +/+.+$%& $ .+/-J %1+ /*0+/*1""9 "' %1+ 9 % π (y/Θ)C %1+ @ #&&* $

9+$&*%- "' %1+ ( $9". )+!%"( ΘC π (Θ/Φ)  $9 %1+ :(*"( 9*&%(*,#%*"$ "' %1+ : ( .+%+(

)+!%"( π (Φ)4 =1+ :"&%+(*"( *& %1+(+'"(+ 9+H$+9  &

π (Θ,Φ/y) ∝ π (Φ) π (Θ/Φ)
∏

i=1

π (yi/xi,Φ) 2345437

=1+ . *$ *$'+(+$%* / *$%+(+&% *$)"/)+& !".:#%*$B %1+ :"&%+(*"( . (B*$ /& '"( xi  $9

:"&%+(*"( . (B*$ /& '"( Φ "( &".+ Φj 4 =1+  ::(" !1+& '"( N -+&* $ *$'+(+$!+ "$

/ %+$% @ #&&* $ ."9+/&  (+ EOEO & .:/*$B  $9 PQ?R4 =1+ 1*B1 9*.+$&*"$ /*%- "'

%1+ / %+$% H+/9 Θ  $9 %1+ &%("$B !"((+/ %*"$ 8*%1*$ Θ  $9 ,+%8++$ Θ  $9 Φ +&:+!* //-

81+$ %1+ $#.,+( "' ",&+() %*"$&  (+ . $- /+ 9& %" :(",/+.& *$ !"$)+(B+$!+  $9

S6



 !"#$%&%'!( %'")* +,-. /)0)1!#)/ 23 4$) )% &1* 567789 23#&::): ;<;< )(%'=)13 23

2&:'(> '(?)=)( ): !(  1!:)/ ?!=" &##=!@'"&%'!(: "&A'(> '%  !"#$%&%'!(&113 )B ')(%

 !"#&=)/ %! ;<;<* +( %C) ()@% :) %'!( D) /): ='2) +,-. ")%C!/!1!>3*

 !" #$%& '()*+,+-+./

EC': ': &( &##=!@'"&%) '(?)=)( ) 2&:)/ ")%C!/ ?!= &##=!@'"&%'(> %C) #!:%)='!= "&=F

>'(&1: !? %C) 1&%)(% G&$::'&( H)1/ π (xi/y) , i = 1....n '( %C=)) :%)#:* EC) #!:%)='!=

"&=>'(&1: !? %C) 1&%)(% )I) %: Θ &(/ C3#)=F#&=&")%)=: Φ &=) D='%%)( &:

π (xi/y) =

∫

π (xi/Φ, y)π (Φ/y) dΦ 5J*K*L9

π (Φi/y) =

∫

π (Φ/y)dΦ−j 5J*K*69

EC) #!:%)='!= "&=>'(&1: π̃ (xi/y) &(/ π̃ (Φj/y)  &( 2) &##=!@'"&%)/ $:'(> %C) -&#1& )

&##=!@'"&%'!(* EC) H=:% &##=!@'"&%'!(π (Φ/y) %! $:'(> G&$::'&( /':%='2$%'!(: ':

 !(:%=$ %)/ &: ?!11!D:

π̃ (Φ/y) ∝ π (Θ,Φ, y)

π̃G (Θ/Φ, y)

∣
∣
∣
∣
Θ=Θ∗(Φ)

5J*K*J9

DC)=) π̃G (Θ/Φ, y)': & G&$::'&( &##=!@'"&%'!( %! %C) ?$11  !(/'%'!(&1 !? Θ &(/ Θ∗ (Φ)

': %C) "!/) !? %C) ?$11  !(/'%'!(&1 ?!= ΘM ?!= & >'0)( 0&1$) !? Φ 54$) )% &1* 5677899* +%

'(0!10): 1! &%'(> %C) "!/) !? π̃ (Φ/y) DC' C ': $:)/ %! '(%)>=&%) !$% %C) $( )=%&'(%3

D'%C =):#) % %! Φ DC)( &##=!@'"&%'(> %C) #!:%)='!= "&=>'(&1 !? xi* EC) #!:%)='!=

"&=>'(&1: !? %C) 1&%)(% H)1/ &=) :$##!:)/ %! :%&=% ?=!" π̃G (xi/Φ, y) &(/ &##=!@'"&%)

KJ



 !" #"$%& ' () xi/Φ, y *& !  !" +,-%%&,$ .,/0&$,1 #"/&2"# )/(. π̃G (Θ/Φ, y)3 &4"4

π (xi/Φ, y) = N
(
xi;µi (Φ) , σ

2

ii (Φ)
)

5647489

:!" .,/0&$,1% ()  !" &$ "/"% ;,$ <" ;(.=- "# -%&$0 $-."/&;,1 &$ "0/, &($ (2"/ ,

.-1 &#&."$%&($,1 0/&# () 2,1-"% () Φ

π (xi/Φ, y) = N
(
xi;µi (Φ) , σ

2

ii (Φ)
)

56474>9

*!"/"  !" %-. &% (2"/  !" 2,1-"% () Φ *& ! ,/", *"&0! % ∆k 5?-" ,$# @,/ &$(

5ABBC<994 :!" D/% % "= &$ EFGH ;(.=- , &($ &$2(12"% ,==/(I&., &$0  !" =(% "/&(/

.,/0&$,1 () <' -%&$0 G,=1,;" ,==/(I&., &($ &$ JK-, &($ 64746 :!" %";($# % "= &$L

2(12"% ;(.=- &$0  !" G,=1,;" ,==/(I&., &($ ()π̃ (xi/Φ, y) )(/ %"1"; "# 2,1-"% () Φ

*!&;! &.=/(2"%  !" +,-%%&,$ ,==/(I&., &($ &$ JK-, &($ 647484

π̃LA (xi/Φ, y) ∝
π (Θ,Φ, y)

π̃GG (Θ−i/xi,Φ, y)

∣
∣
∣
∣
Θ−i=Θ

∗

−i(xi,Φ)

5647479

*!"/" π̃GG (Θ−i/xi,Φ, y) &% , +,-%%&,$ ,==/(I&., &($  ( Θ−i/xi,Φ, y,/(-$# & % .(#"

Θ−i (xi,Φ)4 H$ &.=/(2"# 2"/%&($ () π̃LA (xi/Φ, y) M$(*$ ,% N&.=1&D"# G,=1,;" ,=L

=/(I&., &($ *,% #"2"1(="# <' ?-" " ,14 5ABBO94 E &$2(12"% , %"/&"% () "I=,$%&($

() π̃LA (xi/Φ, y),/(-$# xi = µi (Φ) *!&;! ;(//"; % )(/ %M"*$"%% ,$# 1(;, &($ ,$# & 

&% ,1%( 1"%% ;(.=- , &($,11' "I="$%&2" 5?-" " ,14 5ABBO994 :!"  !&/# % "= &$2(12"%

;(.<&$&$0 % "=% P ,$# A -%&$0 $-."/&;,1 &$ "0/, &($ &$ JK-, &($ 6474> 5Q(/ .(/"

#" ,&1%3 ?-" " ,14 5ABBO994
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 !" #$%&'%( )*+,&-

 !""#$% &'(& &'% )*+%, s ∈ (1, ..., S) -%"-%$%*&$ &'% .%#.-("')/(001 /#**%/&%+ -%2

.)#*$3 4'% $"(&)(001 /#--%0(&%+ %5%/&$ )* 6789 (-% )*&-#+!/%+ :1 ($$!;)*. &'(&

*%).':#!-)*. -%.)#*$ (-% ;#-% (0)<% &'(* &=# (-:)&-(-1 -%.)#*$3 4=# -%.)#*$ (*+ (-%

*%).':#!-$ )> &'%1 $'(-% ( /#;;#* :#!*+(-13 4'% $"(&)(0 $;##&'*%$$ "-)#- >#- &'%

>!*/&)#* %?(0!(&)#* f (s) )$ .)?%* :1

f (s)

f (s′)
for s 6= s′ and τ 2 ∼ N

(

1

Ns

∑

s∼s′
f (s′) ,

τ 2

N2

)

@A3B3CD

='%-% Ns &'% *!;:%- #> *%).':#!-$ #> -%.)#* )$E)*+)/(&%$ &'(& &=# -%.)#*$ (*+ (-%

*%).':#!-$ (*+ )$ &'% ?(-)(*/% "(-(;%&%- @F(-&)*# (*+ G!% @HIIJDK L-%M.%- %& (03

@HIINDD3

 !. /0 1'-&2'34&'56 '6 7+68%

6* &')$ $&!+1 ( .%*%-(0)M%+ 0)*%(- ;),%+ ;#+%0 ($$!;)*. ( O#)$$#* +)$&-):!&)#*

=)&' $"(&)(0 (*+ &%;"#-(0 -(*+#; %5%/&$ =($ !$%+ &# /'(-(/&%-)M% &'% -%0(&)#*$')"$

:%&=%%* 4L /($%$ (*+ /#?(-)(&%$3 O#)$$#* -%.-%$$)#* =($ !$%+ "-);(-)01 :%/(!$%

)& '($ ( $&-%*&' )* ;#+%00)*. /#!*& +(&( )& ($$!;%$ &'(& &'% -(&% "(-(;%&%- µ )$

/#*$&(*& #?%- (00 )*&%-?(0$3 6* &')$ ;#+%0 &'% -%$"#*$% ?(-)(:0% )$ .%*%-(&%+ :1 (

O#)$$#* "-#/%$$P 4'% O#)$$#* -%.-%$$)#* ;#+%0 )$ E(yi) = µi = exp (Xiβ + offseti)

='%-% yi )$ &'% #:$%-?%+ 4L /($%$E Xi (-% &'% /#?(-)(&%$ >#- &'% #:$%-?(&)#* (*+ #5$%&

&%-; -%"-%$%*&%+ &'% "#"!0(&)#* @#&%&%952$: ;<= D3 4'% .%*%-(0)M%+ 0)*%(- ;),%+

QN



 !"#$ %&#" '! "#&()*+# ',# -. (/&#& yi *& !0 ',# 0!) 1

g (µi) = β0 +
∑

j

βjXij + ftrend (time) + fstr (Si) + funstr (Si) 2345467

8,#)# g (.) *& /  !9!'!9*( $*9: 0%9('*!9; βj )#<)#&#9'& ',# </)/ #'#) =#('!) !0 ',#

(!=/)*/'#& Xij; ftrend *& ')#9" (! <!9#9'; fstr /9" funstr /)# &')%('%)#" /9" %9>

&')%('%)#" &</'*/$ #?#('& !0 ',# (!%9'@4 -,# fstr /9" funstr 8#)# /&&*A9#" / B/):!=

)/9"! C#$" <)*!) /9" D/%&&*/9 *4*4" )#&<#('*=#$@4 -,# &</'*/$ #?#('& 8#)# #&'* /'#"
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APPENDICES

We now present selected R programs used for simulations and real data analyses in

this thesis.

A.1 Simulation of Deterministic Compartmental Model Codes

##########################################################################

# Deterministic Compartmental Models (DCM) SIR R code

##########################################################################

rm(list=ls()) #remove all the variables from the workspace

#Packages Required

require(EpiModel)

##########################################################################

# Specifying epidemic parameters for Deterministic Compartmental Models.

##########################################################################

# Average number of transmissible acts per person per unit time

act_rate1<-1

act_rate2<-3

act_rate3<-5

act_rate4<-10

act_rate5<-15

##########################################################################

#di.rate

#Death or exit rate for infected

di.rate=0.03

##########################################################################

#ds.rate

#Death or exit rate for suspectible

#Population infected with TB=10

#Population susceptible to TB infection= (1/3*3000)

ds_rate<-(10)/(1/3*1000)

##########################################################################

#dr.rate

#Death or exit rate for recovered

#Population infected with TB=10

#Population susceptible to TB infection= (1/3*3000)=1000

dr_rate<-(10)/(1/3*3000)
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##########################################################################

#bi_rate

#Birth and entry rate

#New infections per year=2.6

#Population suspectible to TB infection=(1/3*3000)

bi_rate<-(2.6)/(1/3*3000)

##########################################################################

# Setting the epidemic parameters for deterministic compartmental models

param<-param.dcm(inf.prob=0.26,act.rate=10,rec.rate=0.8,

b.rate=bi_rate,ds.rate=ds_rate,di.rate=0.03,

dr.rate=dr_rate)

#Setting the intial conditions for deterministic compartmental models

init<-init.dcm(s.num=1000,i.num=3,r.num=0)

#Setting the controls for deterministic compartmental models simulated

with dcm

control<-control.dcm(type="SIR",nsteps=63)

#Solving the determinstic compartmental epidemic models

sim<-dcm(param,init,control)

#Saving the simulated stochastic individual contact models results as

an R object

save(sim,file="dcm_85_05.RData")

#Reload R saved bject

load("dcm_85_10.RData")

#Returning sim as a data frame

data<-as.data.frame(sim)

#Prints the data as a csv file

write.csv(data,file="sim model output.csv",row.names=F)

128



A.2 Stochastic Individual Contact Models SIR R Code

##########################################################################

# Stochastic Individual Contact Models (ICM) SIR R Code

##########################################################################

rm(list=ls()) #remove all the variables from the workspace

#Packages Required

require(EpiModel)

##########################################################################

# Specifying epidemic parameters for stochastic individual contact models.

##########################################################################

# Average number of transmissible acts per person per unit time

act_rate1<-1

act_rate2<-3

act_rate3<-5

act_rate4<-10

act_rate5<-15

##########################################################################

#di.rate

#Death or exit rate for infected

di.rate=0.03

##########################################################################

#ds.rate

#Death or exit rate for suspectible

#Population infected with TB=10

#Population susceptible to TB infection= (1/3*3000)

ds_rate<-(10)/(1/3*1000)

##########################################################################

#dr.rate

#Death or exit rate for recovered

#Population infected with TB=10

#Population susceptible to TB infection= (1/3*3000)=1000

dr_rate<-(10)/(1/3*3000)

##########################################################################

#bi_rate

#Birth and entry rate

#New infections per year=2.6

#Population suspectible to TB infection=(1/3*3000)

129



bi_rate<-(2.6)/(1/3*3000)

##########################################################################

# Setting the epidemic paramters for stochastic individual contact models

param<-param.icm(inf.prob=0.26,act.rate=10,rec.rate=0.8,

b.rate=bi_rate,ds.rate=ds_rate,di.rate=0.03,

dr.rate=dr_rate)

#Setting the intial conditions for stochastic

individual contact models simulated with icm

init<-init.icm(s.num=1000,i.num=3,r.num=0)

#Setting the controls for stochastic

individual contact models simulated with ICM

control<-control.icm(type="SIR",nsteps=63,nsims=5000)

#Simulating stochastic individual contact models

sim<-icm(param,init,control)

#Saving the simulated stochastic

individual contact models results as an R object

save(sim,file="ICM_85_05.RData")

#Reload R saved bject

load("ICM_85_10.RData")

#Returning sim as a data frame

data<-as.data.frame(sim)

#Prints the data as a csv file

write.csv(data,file="sim model output.csv",row.names=F)
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A.3 Observed Deterministic Compartmental Models SIR R Code

##########################################################################

# Observed Deterministic Compartmental Models (DCM) SIR R code

###########################################################################

rm(list=ls()) #remove all the variables from the workspace

#Packages Required

require(EpiModel)

##########################################################################

# Specifying epidemic parameters for Deterministic Compartmental Models.

##########################################################################

# Average number of transmissible acts per person per unit time

act_rate1<-1

act_rate2<-3

act_rate3<-5

act_rate4<-10

act_rate5<-15

##########################################################################

#di.rate #Death or exit rate for infected

di.rate=0.03

##########################################################################

#ds.rate #Death or exit rate for suspectible #Population infected with

TB=142026

#Population susceptible to TB infection= (1/3*44350000)

ds_rate<-(142026)/(1/3*44350000)

##########################################################################

#dr.rate #Death or exit rate for recovered

#Population infected with TB=142046

#Population susceptible to TB infection= (1/3*44350000)

dr_rate<-(142026)/(1/3*44350000)

##########################################################################

#bi_rate #Birth and entry rate #New infections per year=38000

#Population suspectible to TB infection=(1/3*4435000)

bi_rate<-(38000)/(1/3*44350000)

##########################################################################

# Setting the epidemic parameters for deterministic compartmental models

param<-param.dcm(inf.prob=0.26,act.rate=10,rec.rate=0.8, b.rate=bi_rate,ds.rate=ds_rate,di.rate=0.03,dr.rate=dr_rate)

#Setting the intial conditions for deterministic compartmental models
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init<-init.dcm(s.num=1000,i.num=3,r.num=0)

#Setting the controls for deterministic compartmental

models simulated with dcm

control<-control.dcm(type="SIR",nsteps=63)

#Solving the determinstic compartmental epidemic models

dcm<-dcm(param,init,control)

#Saving the simulated stochastic individual contact

models results as an R object

save(dcm,file="dcm_85_05.RData")

#Reload R saved bject

load("dcm_85_10.RData")

#Returning sim as a data frame

data<-as.data.frame(dcm)

#Prints the data as a csv file

write.csv(data,file="dcm model output.csv",row.names=F)
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A.4 Observed Stochastic Individual Contact Models SIR R Code

##########################################################################

# Observed Stochastic Individual Contact Models (ICM) SIR R code

##########################################################################

rm(list=ls()) #remove all the variables from the workspace

#Packages Required

require(EpiModel)

##########################################################################

# Specifying epidemic parameters for stochastic individual contact models.

##########################################################################

# Average number of transmissible acts per person per unit time

act_rate1<-1

act_rate2<-3

act_rate3<-5

act_rate4<-10

act_rate5<-15

##########################################################################

#di.rate #Death or exit rate for infected

di.rate=0.03

##########################################################################

#ds.rate #Death or exit rate for suspectible

#Population infected with TB=142026

#Population susceptible to TB infection= (1/3*44350000)

#ds_rate<-(142026)/(1/3*44350000)

##########################################################################

#dr.rate #Death or exit rate for recovered

#Population infected with TB=142026

#Population susceptible to TB infection= (1/3*44350000)

dr_rate<-(142026)/(1/3*44350000)

##########################################################################

#bi_rate

#Birth and entry rate

#New infections per year=38000

#Population suspectible to TB infection=(1/3*44350000)

bi_rate<-(38000)/(1/3*44350000)

##########################################################################

# Setting the epidemic paramters for stochastic individual contact models
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param<-param.icm(inf.prob=0.26,act.rate=10,rec.rate=0.8,

#b.rate=bi_rate,ds.rate=ds_rate,di.rate=0.03, dr.rate=dr_rate)

#Setting the intial conditions for stochastic

individual contact models simulated with icm

init<-init.icm(s.num=14766667,i.num=38000,r.num=0)

#Setting the controls for stochastic

individual contact models simulated with ICM

control<-control.icm(type="SIR",nsteps=63,nsims=20)

#Simulating stochastic individual contact models

sim<-icm(param,init,control)

#Saving the simulated stochastic

individual contact models results as an R object

save(sim,file="ICM_85_05.RData")

#Reload R saved bject

load("ICM_85_10.RData")

#Returning sim as a data frame

data<-as.data.frame(sim)

#Prints the data as a csv file

write.csv(data,file="sim model output.csv",row.names=F)
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A.5 SAE INLA R Code for TB Treatment Outcomes in Kenya

# SAE INLA R CODE For TB Treatment outcomes in Kenya

rm(list=ls())

# Packages required

library("ctv")

library("sp")

library(maptools)

library(rgdal)

library(spdep)

require(INLA)

setwd("F:/DCM_140415/DCM and ICM plots_040515 and SAE/SAE RESULTS_040515")

ken_data<-read.csv("F:/DCM_140415/DCM and ICM plots_040515

and SAE/SAE RESULTS_040515/Kenya Treatment Outcome_1005.csv")

head(ken_data) names(ken_data)

#GLM CODE ~ Helps in choosing the

covariates to include in the spatial model

#Only include significant covariates

glm_model<-glm(X.Favourable_outcome~malesprop+HIVpos+malesprop+

Avg_Weight+Avg_BMI+Avg_Age+nutprops,

family=poisson(link="log"),offset=log(pop),data=ken_data) summary(glm_model)

# we need to add a new column as an index cannot be

# used twice, i.e the index "SLID" cannot be used

# for two f-function, the structured and unstructured

# random effect. ken_data<-cbind(ken_data, CID.unstruc= ken_data$CID)

ken_data<-cbind(ken_data, poptb= (ken_data$Population)/3) head(ken_data)

ken<- readShapePoly("kenCounty.shp") plot(ken)

adj_ken<-poly2nb(ken)

#Creates adjacency for ken adj_ken

#### plot the neighbourood structure plot(ken, border=gray(.5))

plot(adj_ken, coordinates(ken), add=TRUE)

nb2INLA("ken.graph",adj_ken) #INLA graph file #spdep command

#spatially unstructured

and spatially unstructured and correlated time as random effects

formula<-X.Favourable_outcome~f(CID,model="besag",

graph="ken.graph",adjust.for.con.comp = FALSE)+

f(CID.unstruc,model="iid")+f(Time,model="rw1")

model<-inla(formula,family="poisson",E=pop,
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data=ken_data,control.compute=list(dic=TRUE,cpo=TRUE)

,verbose=TRUE)

save(model, file="model_Favourable1005.RData")

load("model_Favourable1005.RData")

summary(model)

exp(model$summary.fixed)

#calculating and mapping the risk

fitted<-model$summary.linear.predictor$mean

RR<-exp(fitted)

std_dev<-model$summary.fitted.values$sd

ken_data$RR<-RR

ken_data$std_dev<-std_dev

write.table(ken_data,

file="Kenya Treatment Outcome_1305.csv.csv",row.names=F,sep=",")

plot(model)
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A.6 SAE INLA R Code for All Smear Positive TB Cases in Kenya

# SAE INLA R Code for All Smear Positive TB Cases in Kenya

rm(list=ls())

# Packages required

library("ctv")

library("sp")

library(maptools)

library(rgdal)

library(spdep)

require(INLA)

setwd("F:/DCM_140415/DCM and ICM plots_040515 and SAE/SAE RESULTS_040515")

ken_data<- read.csv("F:/DCM_140415/DCM and ICM plots_040515

and SAE/SAE RESULTS_040515/

Kenya TB Positive cases only_1005.csv") head(ken_data) names(ken_data)

#GLM CODE ~ Helps in choosing the covariates to include in the spatial model

#Only include significant covariates

glm_model<-glm(CNRPTB.~Malesprops+HIVprops+dot_byProps+

Avg_Weight+Avg_BMI+Avg_Age,

family=poisson(link="log"),

offset=log(pop),data=ken_data) summary(glm_model)

# we need to add a new column as an index cannot be

# used twice, i.e the index "SLID" cannot be used

# for two f-function, the structured and unstructured

# random effect. ken_data<-cbind(ken_data, CID.unstruc= ken_data$CID)

ken_data<-cbind(ken_data, poptb= (ken_data$Population)/3) head(ken_data)

ken<- readShapePoly("kenCounty.shp") plot(ken)

adj_ken<-poly2nb(ken) #Creates adjacency for ken adj_ken

#### plot the neighbourood structure plot(ken, border=gray(.5))

plot(adj_ken, coordinates(ken), add=TRUE)

nb2INLA("ken.graph",adj_ken) #INLA graph file #spdep command

#spatially unstructured and spatially unstructured

and correlated time as random effects

formula<-CNRPTB.~Malesprops+HIVprops+Avg_Age+

f(CID,model="besag",graph="ken.graph",

adjust.for.con.comp = FALSE)+

f(CID.unstruc,model="iid")+f(Time,model="rw1")

model<-inla(formula,family="poisson",E=pop,
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data=ken_data,control.compute=list(dic=TRUE,cpo=TRUE)

,verbose=TRUE)

save(model, file="model_poisson Positive TB Cases1005.RData")

load("model_poisson Positive TB Cases1005.RData")

summary(model)

exp(model$summary.fixed)

#calculating and mapping the risk

fitted<-model$summary.linear.predictor$mean

RR<-exp(fitted)

std_dev<-model$summary.fitted.values$sd

ken_data$RR<-RR

ken_data$std_dev<-std_dev

write.table(ken_data,file="Kenya TB Positive cases only_1305.csv.csv",

row.names=F,sep=",")

plot(model)
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A.7 SAE INLA R Code for All TB Cases in Kenya

# SAE INLA R CODE For All TB cases in Kenya

rm(list=ls())

# Packages required

library("ctv")

library("sp")

library(maptools)

library(rgdal)

library(spdep)

require(INLA)

setwd("F:/DCM_140415/DCM and ICM plots_040515 and SAE/SAE RESULTS_040515")

ken_data<- read.csv("F:/DCM_140415/DCM and ICM plots_040515

and SAE/SAE RESULTS_040515/Kenya TB_AllcasesWithout_DOTBY_1005.csv")

head(ken_data) names(ken_data)

#GLM CODE ~ Helps in choosing the covariates

to include in the spatial model

#Only include significant covariates

glm_model<-glm(TBPOSK~malesProp+HIVprops+

Dots_byprops+Avg_weight+Avg_BMI+Avg_Age,

family=poisson(link="log"),offset=log(pop),data=ken_data)

summary(glm_model)

# we need to add a new column as an index cannot be

# used twice, i.e the index "SLID" cannot be used

# for two f-function, the structured and unstructured

# random effect. ken_data<-cbind(ken_data, CID.unstruc= ken_data$CID)

ken_data<-cbind(ken_data, poptb= (ken_data$Population)/3) head(ken_data)

ken<- readShapePoly("kenCounty.shp") plot(ken)

adj_ken<-poly2nb(ken)

#Creates adjacency for kenya adj_ken

#### plot the neighbourood structure plot(ken, border=gray(.5))

plot(adj_ken, coordinates(ken), add=TRUE)

nb2INLA("ken.graph",adj_ken) #INLA graph file

#spdep command

#spatially unstructured and spatially unstructured

and correlated time as random effects

formula<-TBAllCases~malesProp+HIVprops+Avg_weight+

Avg_Age+DOTS_BY+f(CID,model="besag"
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,graph="ken.graph",adjust.for.con.comp = FALSE)+

f(CID.unstruc,model="iid")+f(Time,model="rw1")

model<-inla(formula,family="poisson",E=pop,

data=ken_data,control.compute=list(dic=TRUE,cpo=TRUE,

verbose=TRUE)

save(model, file="model_poisson All TB Cases.RData")

load("model_poisson All TB Cases.RData")

summary(model)

names(ken_data)

exp(model$summary.fixed)

#calculating and mapping the risk

fitted<-model$summary.linear.predictor$mean

RR<-exp(fitted)

std_dev<-model$summary.fitted.values$sd

ken_data$RR<-RR

ken_data$std_dev<-std_dev

write.table(ken_data,file="Kenya TB_Allcases_1305.csv.csv"

,row.names=F,sep=",")

plot(model)
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A.8 Branching Process Code

# Program spuRs/resources/scripts/bp.r

# branching process simulation

bp <- function(gen, rv.sim, ...) {

# population of a branching process from generation 0 to gen

# rv.sim(n, ...) simulates n rv's from the offspring distribution

# Z[i] is population at generation i-1; Z[1] = 1

Z <- rep(0, gen+1)

Z[1] <- 1

for (i in 1:gen) {

if (Z[i] > 0) {

Z[i+1] <- sum(rv.sim(Z[i], ...))

}

}

return(Z)

}

bp.plot <- function(gen, rv.sim, ..., reps = 1, logplot = TRUE) {

# simulates and plots the population of a branching process

# from generation 0 to gen; rv.sim(n, ...) simulates n rv's

# from the offspring distribution

# the plot is repeated reps times

# if logplot = TRUE then the population is plotted on a log scale

# Z[i,j] is population at generation j-1 in the i-th repeat

Z <- matrix(0, nrow = reps, ncol = gen+1)

for (i in 1:reps) {

Z[i,] <- bp(gen, rv.sim, ...)

}

if (logplot) {

Z <- log(Z)

}

plot(c(0, gen), c(0, max(Z)), type = "n", xlab = "generation",

ylab = if (logplot) "log population" else "population")

for (i in 1:reps) {

lines(0:gen, Z[i,])

}

return(invisible(Z))

}
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bp.plot(63, rbinom, size=3, prob=.26, reps=1000, logplot = FALSE)

##########################################################################

##Second plot

##########################################################################

bp.sim <- function(gen, rv.sim, ...) {

# population of a branching process at generation gen

# rv.sim(n, ...) simulates n rv's from the offspring distribution

Z <- 1

for (i in 1:gen) {

if (Z > 0) {

Z <- sum(rv.sim(Z, ...))

}

}

return(Z)

}

# set parameter values

gen <- 63

size <- 3

prob <- seq(0.3, 0.6, by = 0.01)

n.reps <- 1000# sample size for estimating E Z

# estimate E Z for each value of prob

mu <- rep(0, length(prob))

Z.mean <- rep(0, length(prob))

for (i in 1:length(prob)) {

Z.sum <- 0

for (k in 1:n.reps) {

Z.sum <- Z.sum + bp.sim(gen, rbinom, size, prob[i])

}

mu[i] <- size*prob[i]

Z.mean[i] <- Z.sum/n.reps

}

# plot estimates

# note that values of log(0) (= -infinity) are not plotted

plot(mu, log(Z.mean), type = "o", xlab = "E family size"

, ylab = paste("log pop at gen", gen))
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A.9 Monthly Reproduction Numbers (R0) Code

rm(list=ls())

library(R0) library(epitools)

setwd("F:/Branching Process/

Branching Process Simulation_010615/RO")

data<-read.csv("F:/Branching Process/

Branching Process Simulation_010615/RO/HK_MonthlyPTB_110715_1214.csv")

data$TIME<-as.Date(data$Time,format="%d %B %Y")

head(data);tail(data);str(data)

data2<-data$PTB

# check incid in input

check.incid(data2,date.first.obs = "2012-01-01",time.step = 31)

# create generation time : gamma distribution,

with mean 2.6 time units and standard deviation 1 time unit

GT.TB<-generation.time("gamma", c(15,1))

res.R<-estimate.R(data2,GT=GT.TB,begin="2012-01-01",end="2014-12-21",

date.first.obs = "2012-01-01",time.step=31,

methods=c("EG","ML","SB","TD"))

# applies methods EG, ML, SB, TD to the dataset plot(res.R)

# diplays results

res.R

# displays fit to the epidemic curve plotfit(res.R)

#sensitivity analysis according to choice

of time window for exponential growth

sensitivity.analysis(data2, GT.TB, begin=1:18,

end=19:36, est.method="EG", sa.type="time")

#sensitivity analysis according to generation time

# The use of the exact same call as

for the internal sensitivity analysis function

# sa.type = "GT"

# Here we will test GT with means of 1 to 15,

each time with SD constant (1)

# GT and SD can be either fixed value or vectors of values

sensitivity.analysis(data2, GT.type="gamma",

GT.mean=seq(1,36,1), GT.sd.range=1, begin=1, end=36,

est.method="EG", sa.type="GT")

# Actual value in simulations may differ, as they are adapted according
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to the distribution type

tmp<-sensitivity.analysis(sa.type="GT", incid=data2,

GT.type="gamma", GT.mean=seq(1,36,1),

GT.sd.range=1, begin=1, end=36, est.method="EG")

## Results are stored in a matrix,

each line dedicated to a (mean,sd)

couple plot(x=tmp[,"GT.Mean"], xlab="mean GT (Years)",

y=tmp[,"R"], ylim=c(0,1.5), ylab="R0 (95% CI)",

type="p", pch=19, col="black", main="Sensitivity of R0 to mean GT")

arrows(x0=as.numeric(tmp[,"GT.Mean"]),

y0=as.numeric(tmp[,"CI.lower"]),

y1=as.numeric(tmp[,"CI.upper"]),

angle=90, code=3, col="black", length=0.05)

mGT<-generation.time("gamma", c(1,1))

sen<-sensitivity.analysis(sa.type="time", data2,

GT=mGT, begin=1:18, end=19:36,est.method="EG")

# ...

# Warning message: # If 'begin' and 'end' overlap, c

ases where begin >= end are skipped.

# These cases often return Rsquared = 1 and are thus ignored.

## A list with different estimates of reproduction ratio,

exponential growth rate and 95%CI

## With different pairs of begin and end dates in

form of data frame is returned.

## If method is "EG", results will

include growth rate and deviance R-squared measure

plot(sen, what=c("criterion","heatmap"))

## Returns complete data.frame of best R0 value for each time period

## (allows for quick visualization)

## The "best.fit" is the time period over which the estimate is the more robust

# $best.fit

# Time.period Begin.dates End.dates R Growth.rate Rsquared CI.lower. CI.upper.
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A.10 Yearly Reproduction Numbers (R0) Code

rm(list=ls())

library(R0) library(epitools)

setwd("F:/Branching Process/Branching Process Simulation_010615/RO")

data<-read.csv("F:/Branching Process/

Branching Process Simulation_010615/RO/TB Cases 1987_2014.csv")

#data$TIME<-as.Date(data$Time,format="%d %B %Y")

head(data);tail(data);str(data)

data2<-data$Smear.Positive.Pulmonary.TB

# check incid in input

check.incid(data2,date.first.obs = "1987-12-31",time.step = 365)

# create generation time : gamma distribution,

with mean 2.6 time units and

standard deviation 1 time unit GT.TB<-generation.time("gamma", c(1,1))

#Applying the methods

res.R<-estimate.R(data2,GT=GT.TB,begin="1987-12-31",end="2014-12-24",

date.first.obs = "1987-12-31",time.step=365,methods=c("EG","ML","SB","TD"))

# applies methods EG, ML, SB, TD to the dataset

plot(res.R)

# diplays results

res.R

# displays fit to the epidemic curve plotfit(res.R)

#sensitivity analysis according to choice of time

window for exponential growth

sensitivity.analysis(data2, GT.TB, begin=1:14,end=15:28,

est.method="EG", sa.type="time")

#sensitivity analysis according to generation time

# The use of the exact same call as

for the internal sensitivity analysis function

# sa.type = "GT"

# Here we will test GT with means of 1 to 15,

each time with SD constant (1)

# GT and SD can be either fixed value or vectors of values

sensitivity.analysis(data2,

GT.type="gamma",GT.mean=seq(1,28,1), GT.sd.range=1, begin=1,

end=28,est.method="EG", sa.type="GT")

# Actual value in simulations may differ,
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as they are adapted according to the distribution type

tmp<-sensitivity.analysis

(sa.type="GT", incid=data2, GT.type="gamma", GT.mean=seq(1,28,1),

GT.sd.range=1, begin=1, end=28, est.method="EG")

## Results are stored in a matrix, each line dedicated to a (mean,sd)

couple plot(x=tmp[,"GT.Mean"], xlab="mean GT (Years)",

y=tmp[,"R"], ylim=c(1.2, 5), ylab="R0 (95% CI)",

type="p", pch=19, col="black", main="Sensitivity of R0 to mean GT")

arrows(x0=as.numeric(tmp[,"GT.Mean"]), y0=as.numeric(tmp[,"CI.lower"]),

y1=as.numeric(tmp[,"CI.upper"]), angle=90, code=3, col="black", length=0.05)

mGT<-generation.time("gamma", c(1,1))

sen=sensitivity.analysis(sa.type="time", data2, GT=mGT,

begin=1:14, end=15:28,est.method="EG")

# ...

# Warning message:

# If 'begin' and 'end' overlap, cases where begin >= end are skipped.

# These cases often return Rsquared = 1 and are thus ignored.

## A list with different estimates of reproduction ratio,

exponential growth rate and 95%CI

## With different pairs of begin and end dates in

form of data frame is returned.

## If method is "EG", results will include

growth rate and deviance R-squared measure

plot(sen, what=c("criterion","heatmap"))

## Returns complete data.frame of

best R0 value for each time period

## (allows for quick visualization)

## The "best.fit" is the time period over

which the estimate is the more robust

# $best.fit # Time.period Begin.dates

End.dates R Growth.rate Rsquared CI.lower. CI.upper.
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