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ABSTRACT

A partial matrix is a matrix with some entries specified whiie other unspecified entries
are free to be chosen. Completion of partial matrix is a $pechoice of unspecified
entries such that the resulting matrix satisfies a certaopgaty. This study considers
nonnegative 2matrix completion. The nonnegativg-Fmatrix completion problem de-
termines patterns of positions with the property that angigdlanonnegative f2matrix
that specifies the pattern can be completed to a nonnegatinea®ix. In particular the
study focusses on real 5x5 partial nonnegatiyerfatrices specifying digraphs for p =
5 and q = 3, where p is the number of vertices and q is the nunflecs. The study
establishes that all digraphs for p = 5, g = 3 which are eitlyeles or acyclic digraphs
have zero completion to nonnegativg®mpletion.



CHAPTER ONE

INTRODUCTION

1.1 Introduction

1.1.1 Matrices

A matrix is a rectangular array of numbers or expressions arrangessand columns.
When entries of a matrix are real such a matrix is referredsta@al matrix, and if
some or all the entries are complex then such a matrix isreefdéo ascomplex matrix.
The size of a matrix is defined by the number of rows and coluitrcentains. A matrix
with the same number of rows and columns is callsgd@are matrix, an n X n matrix is
known as a square matrix of order n.

A submatrix of a matrixA, is a smaller matrix obtained by deleting a collection of som
row(s) and/or column(s) from matriA. Let A be ann x n matrix, for o a subset of
{1,2,++eeevvm ,n}, theprincipal sub-matrix A(ca) is obtained by deleting all rows and
columns that are not ia.

Determinant is a scalar associated with square matrices Itis compusiad any choosen
row or column of the matrix using the formula dét= Z (- 1)'+J ajj detAjj, whereAj

denote the submatrix formed by deletiffyrow and |" column ofA. A principal minor
Is the determinant of a principal sub-matrix. Tleading principal minor is the determi-
nant of the leading principal sub-matrix obtained by dakgthe lasn - k rows andn - k
columns of a nxn matrix A. For ax n square matrix there areleading principal minors,
(Parthasaranthy,1994).

A permutation matrix is a matrix in which each entry is either 0 or 1 and there is #xac
one 1 in each row and in each column of a matrix. A permutatiatrimP is obtained
by interchanging the rows on the identity matrix. The peition of a matrixA is then
PAPT. This is represented on a digraph by renumbering the vertice

Matrices are of various classes and each class specifiesncproperties. Some of the
classes of matrices are: positive definite matrices, PioeatrR-matrices, M-matrices,
nonnegative P-matrices, nonnegatigeatrices and others. A real n x n matrix is called
a Po-matrix if all its principal minors are nonnegative. On the other dvanreal n x

n matrix is callednonnegative R-matrix if all its entries are nonnegative and all its
principal minors are nonnegative, i.e. it is gatrix whose entries are nonnegative.



1.1.2 Partial Matrix and Matrix Completion

A partial matrix is a matrix in which some entries are specified, while the reimg

4 2 X
(unspecified) entries are free to be chosen. ExarApte| 2 3 —1 | is 3x3 partial
4y 1

matrix with elements in positions (1,1), (1,2), (2,1), (2(2,3), (3,1), (3,3) specified while
elements in positions (1,3), (3,2) are unspecified. A fuflgafied principal sub-matrix
is a principal sub-matrix of a partial matrix which contaimsly the specified entries,
example is principal submatri&(1,2) of matrixA above. Apattern for n x n matrix is

a list of positions of the matrix, that is, a subsef &f2,......... nEx{1,2,......... ,n}

. A partial matrix specifies a pattern if its specified entaes those exactly listed in the
pattern, (Hogben, 2001).

A partial matrix is gpartial non-negative Py-matrix if determinants of all fully specified
principal submatrices are nonnegative and all specifiedesrdre nonnegative.

Completion of a partial matrix is a particular choice of \vedufor the unspecified en-
tries resulting in a conventional matrix. For a particuless[] of matrices, a pattern is
said to have]-completion if every partiaf]-matrix specifying the pattern can be com-
pleted to[]-matrix. Hence a pattern is said to have a nonnegatveofpletion if every
partial nonnegative fPmatrix specifying the pattern can be completed to a northaga
Po-matrix, (Choiet al, 2002).

Graphs and digraphs have been used effectively to studyxntaimpletion problems.
For positionally symmetric pattern Q that includes all diagl positions, the graph of
Q (pattern graph) is used to carry out the study. For a pattghout positional sym-
metry,directed graph must be used. For patterns that dooltde the diagonal entries
mardigraphs are used, (Hogben, 2001).

A Graph is ordered paiG=(V,E) comprising of a se¥ of vertices or nodes together with
a setE of edges or lines, while directed graph (Digraph) is a graph in which each edge
has been given a direction. The edges of directed graphferea® to asrcs. An arc that
is directed from vertex u to v is denoted by an ordered fai). Theorder of a (di)graph
is the number of vertices in the (di)graph while gizeof the (di)graph is the number of
arcs in the (di)graph. A (di)graph H is said to beub-(di)graph of D if every vertex of
H is also a vertex of D and every edge/arc of H is also an edgefdd, (Roman, 1989).

Let D be a digraph, a path that begins and ends at the same i®ralled acycle A
digraph that does not contain any cycles is cabegclic digraph. A chord is an arc
joining two vertices of acycle A digraph ischordal if any cycle of length > 3 has a
chord. A subset of a directed graph is callecligue if it contains at least three vertices
and for each pair of vertices and Vv in the subset, bothjv vj and v — v; are true,



(Hogben, 2001).
1.2 Statement of the Problem
Hogben (2001) and Choi (2003) investigated on patternsnatiinegative completion

where 3x3 and 4x4 matrices were considered. This study éstéeir work by consider-
ing 5x5 matrices specifying digraphs forp =5, q = 3.

1.3 Justification
Situations arise when a full set of data is not available nptseconomical to collect. With

the knowledge that the complete data set must have certayegies when arranged in a
matrix the values of the unavailable data can be suggested.

According to Hogben, extensive research has been done oix m@hpletion for classes
including positive definite matrices, M-matricesgivhatrices, completely positive ma-
trices and doubly nonnegative matrices. Not much has beea do nonnegativeP
matrices and hence the research.

1.4 Null Hypothesis

Digraphs for p=5, q=3 do not have nonnegatiyec®mpletion.

1.5 Objectives

1.5.1 General Objective

To determine which of the patterns specifying the digraph, =3 have nonnegative
Po-completion.

1.5.2 Specific Objectives

1. To determine all digraphs for p=5, q=3 that defines pastefrox5 partial nonnegative
Po-matrices.

2. To determine the 5x5 partial matrices specifying diggfar p =5, q = 3 that have
nonnegative matrix completion.

3. To determine the 5x5 partial matrices specifying digsafain p = 5, g = 3 that do not
have the nonnegativgyfatrix completion.



CHAPTER TWO

LITERATURE REVIEW

In this section review of previous studies which are closelgted to this work are dis-
cussed:

Johnsoret al (1996) studied, The combinatorially symmetric P-matrirgbetion prob-
lem, The and established that every partial P -matrix witmloimatorially symmetric
specified entries has a P-matrix completion. Also shown énstindy is that for every n
> 4, there is a partial P -matrix with exactly one unspecifieglyefor which there is no
P -matrix completion. The study also indicate that the masult does not generalize to
the R-case.

Dealbaet al (2000) studied, Completions of P -matrix patterns. Theysexended the
work of Johnson (1996). According to this new study it is shdwat a larger class of
patterns has P-completion including any 4x4 patterns wighteor fewer off-diagonal
positions. It is also shown that any pattern whose digrapttasos minimally chordal
symmetric-Hamiltonian induced subdigraph does not hagerRpletion.

Hogben (2001) studied, Graph theoretic methods for matirpetion problems. The
study surveyed the current state of researciijormatrix completion problems for many
subclasse§] of P - and B- matrices, including positive definite matrices, M-mags¢
inverse M-matrices, P-matrices and matrices defined bypwarsign symmetry and pos-
itivity conditions on B- and P-matrices. The study established that for nonnegB&giv
matrices, patterns of every nonseparable strongly coadéatiuced subdigraph has non-
negative g-completion. In the same study it is shown that all 3x3 mafricave nonneg-
ative Ry-completion.

Choi et al (2002) studied, The §® matrix completion problem. The study established
that every asymmetric partialpPmatrix has - completion. It is shown that all 4x4
patterns that include all diagonal positions are classdedither having §2 completion

or not having - completion. Also shown in the study is that any positiopaifmmetric
pattern whose graph is an n-cycle with s has a - completion.

Hogben (2003) studied, Matrix completion problems for paitrelated classes of matri-
ces. The study show that a pattern that has nonnegatgieeripletion also has nonnega-
tive P -completion.

Choi et al (2003) studied, The non-negativg-Pnatrix completion problem. The study
gives the proof that any pattern for a 3x3 matrix has non-teg&- completion. Main
results derived by the study is that a pattern for 4x4 madrtbat includes all diagonal
positions has non-negativge-Pmatrix completion if and only if its digraph is complete
when it has a 4-cycle. Also shown in the study is that any pstly symmetric pattern

4



that includes all diagonal positions and whose graph is aycie has non-negative,P
completion if and only if B=4.

Kamaku P. (2008) studied, ThegMnatrix completion problem for p = 4, q = 4 digraphs.
The study established that 4x4 partial matrices specifiedidnaphs p=4, =4 which are
either cycles or cliques do not have zero completion grivatrix, while those that are
neither cycles or cliques have zero completion tgddmpletion.

Njoroge J. Met al (2013) studied , M-matrix completion for digraphs of 5x5 matrices
with less than four directed lines. The study showed that M&partial matrices that
specifies a digraph with less than four directed lines hgsdmpletion when the digraph
Is not a cycle. The study further shows that for digraphs #éinatcycles the 5x5 partial
matrix specified have havedvcompletion.



CHAPTER THREE

METHODOLOGY

Since the study consider situations where all diagonalemnare specified, digraphs are
used. All possible digraphs that defines p=5, q=3 up to isptiem are derived.

Then partial 5x5 matrices specified by the digraphs are naetstd. The process of con-
structing the partial matrices involve using a specificyeaff wherei#j to signify pres-
ence of an arc and unspecified entyywith i | to represent absence of an arc witile
represents diagonal entries.

Patterns specifying the partial matrices are analyzedtabksh whether they have com-
pletion to non-negatived®matrix. The method used is:-

The zero completion method:- . The method involve settihthal unspecified entries to
zero. Then computating determinants of principal sub-icedrto find out whether they
are non-negative. If all the principal minors are non-nigaihe matrix is said to have
completion. If otherwise it is said to be uncompletable.

By use of the lemma below:

Lemma 3.0.1. The class of nonnegative Po-matricesis closed under permutation. ( Choi,
2002)

It is therefore possible to permute a partial nonnegatgrenBtrix and hence renumber
digraph vertices as convinient.

Example considering the following digraph for p =3 ,q =3



Figure 3.0.1: Digraph with vertices 1to 2, 1to3and 3to 2

Permuting the vertices results to the following digraphscivtare similar to the digraph
in figure 2.1.1

Figure 3.0.2: Permutations (123), (132), (23), (12), (13)

Hence each case considered in this study represents alosisébfe digraphs that result
by permuting the vertices of the digraph.



CHAPTER FOUR

ACYCLIC DIGRAPHS

4.1 Introduction

In this section, all 5x5 matrices specifying digraphs witheltices and 3 arcs that do not
contain any cycles are discussed.The aim is to determinadyaic digraphs with zero
completion to non-negativegFatrix.

4.2 Acyclic digraphs with 5 vertices and 3 arcs specifying 5x
matrices

1. Consider the digraph below:

[&)]

Figure 4.2.1: Digraph with directed lines 1to 2, 2to 1 and 8 to

Permuting the vertices gives other digraphs with similauhes, such as the one that fol-
lows:



Figure 4.2.2: Digraph isomorphic to digraph in figure 2.2btained via permutation
(13524)

Using the digraph in figure 2.2.1,

di1 a2 X13 X4 X5
a1 Op2 Xo3 Xo4 Xo5
LetA=| X31 X3 O3z azs Xz5 | be a partial nonnegativeyfnatrix specifying the
X41 X42 X43 Qag Xa5
Xs1 Xs2 Xs3 Xs4 Oss |

digraph. )

Determinants of the principal submatrices
DetA(1,2) =dj1022- azoan;

DetA(1,3)= d11d33- X13X31

DetA(1,4)= di11das- X14%X41

DetA(1,5)= di1ds5- X15Xs1

Det A(2,3) = dyod33- Xo3X32

DetA(2,4)= do0as- X24%42

DetA(2,5)= dzo0ss- X25Xs52

DetA(3,4)= d33das- a3a4Xa3

Det A(3,5) = d33dss- X35%53



Det A(4,5)= dg40s5- X45%54

DetA(1,2,3)= di11(dx2033- X23%32) - A12(821033- X23X31) + X13(821X32- U22X31)
DetA(1,2,4)= d11(dao0ss- X24X42) - A12(821044- X24Xa1) + X14(821Xa2- AooX41)
DetA(1,2,5)= di1(dz20ss- Xp5Xs52) - A12(821055- X25%51) + X15(821X52- U22Xs51)
DetA(1,3,4)= di1(d33das- a34Xa3) - X13(X31044- @34Xa1) + X14(X31X43- 033X41)
DetA(1,3,5)= di1(d33dss- X35Xs53) - X13(X31055- X35X51) + X15(X31X53- U33X51)
DetA(1,4,5)= di11(daadss- Xa5X54) - X14(Xa1055- Xa5X51) + X15(X41X54- Aa4Xs51)
DetA(2,3,4)= da2(d33das- a34Xa3) - X23(X32044- @34Xa2) + Xp4(X32Xa3- U33X42)
DetA(2,3,5)= da2(d33dss- X35Xs53) - X23(X32055- X35X52) + X25(X32X53- U33X52)
DetA(2,4,5)= dpo(daalss- X45X54) - Xoa(X42055- Xa5Xs52) + Xo5(X42X54- Ua4X52)
DetA(3,4,5)= d33(d440s5- X45X54) - 834(X43055- X45X53) + X35(X43X54- U24X53)

Det A(1,2,3,4)= d11{dr2(d33das- a34X43) - X23(X32044- 34X42) + X24(X32Xa3~ U33X42)} -
an2{ap1(d33das- a34Xa3) - X23(X31044- A3aXa1) + Xoa(X31Xa3- O33X41)} + Xa3{@p1(X32044-
a34X42) - 022(X31044- 8zaXa1) + Xo4(X31Xa2- X32Xa1)} - X14{ A21(X32X43- 033%42) - o2(X31X43-
d33X41) + X23(X31X4a2- X32X41)}

Det A(1,2,3,5)= d11{dz2(d330s5- X35X53) - X23(X32055- X35X52) + Xo5(X32X53- U33Xs2)} -
an2{az1(d330ss- X35%53) - X23(X310s5- X35X51) + Xo5(X31Xs3- U33Xs1 )} + Xaz{@p1(Xs20ss-
X35%52) - U22(X31055- X35%51) + X25(X31X52- X32X51)} - X15{@21(X32X53- U33Xs52) - U22(X31X53-
d33X51) + X23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(da40s5- Xa5X54) - Xoa(Xa20s5- X45Xs2) + Xo5(X42Xs4- UasXs2)} -
a12{a21(daadss- XasXs4) - X2a(Xa10s5- X45X51) + Xo5(Xa1Xs4 - UagXs1)} + Xra{@21(Xa20ss-
X45X52) - O22(X41055- Xa5X51) + Xo5(Xa1X52- Xa2X51)} - X15{@21(Xa2X54- UaaXs2) - Opo(Xa1Xs4-
dasxs1) + Xoa(Xa1X52- Xa2Xs51)}

Det A(1,3,4,5)= d11{d33(dsa40s5- X45X54) - A34(Xa30s55- Xa5X53) + X35(Xa3Xs4- daaXs3)} -
X13{X31(d44055- X45X54) - A34(X41055- X45X51) + X35(X41X54- a4X51)} + X14{X31(Xa3055- X45Xs53)
- U33(X41055- X45X%51) + X35(Xa1X53- X43X51)} - X15{X31(Xa3X54- U44X53) - d33(Xa1X54- UaaX51)
+ a34(X41X53- X43X51)}

Det A(2,3,4,5)= dz2{d33(das0ss- X45Xs54) - aza(Xa3dss- XasXs3) + X35(Xa3Xss- daaXs3)} -
X23{X32(d44055- X45X54) - A34(X42055- X45X52) + X35(X42X54- aaXs52)} + X24{X32(Xa3055- X45Xs53)
- U33(X42055- X45X%52) + X35(Xa2X53- X43X52)} - Xo5{X32(Xa3X54- Ua4Xs3) - d33(Xa2X54- UaaXs2)
+ a34(X42X53- X43X52)}
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DetA = d11[ do{d33(d440s55- Xa5X54) - 834(Xa3055-Xa5X53) + X35(Xa3X54- aaX53)} - Xo3{X32(d44055-
Xa5X54) - 834(Xa2055- Xa5X52) + X35(XaoX54- agX52)} + Xoa{X32(X43055- X45X53) - U33(X42055-
Xa5X52) + X35(Xa2X53- Xa3X52)} - Xos{X32(Xa3X54- UaaXs3) - A33(XaoXs4- OaaXsp) + aza(Xa2Xs3-
Xa3Xs2)}] -

a12[ @21{d33(d440s5- X45X54) - A34(Xa3055- X45X53) + X35(Xa3X54- Ua4Xs53)} - X23{X31(d440s55-
X45%54) - 834(Xa1055- X45X51) + X35(X41X54- daaXs1)} + Xo4{X31(X43055- X45X53) - d33(X410s5-
X45X51) + X35(X41X53- X43X51)} - Xo5{X31(X43X54- U44Xs3) - Uz3(Xa1X54- daaXs1) + A34(X41X53-
X43%51)}] +

X13[ @21{X32(044055- Xa5X54) - 834(Xa2055- Xa5X52) + X35(X42X54- aaX52)} - Aoo{X31(dssdss-
Xa5X54) - 834(Xa1055- X45X51) + X35(Xa1X54- A4aXs51)} + X24{X31(Xa2055- Xa5Xs52) - X32(X41055-
X45X51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(Xa2X54- Ua4Xs52) - X32(Xa1X54- daaXs1) + aza(Xa1Xs52-
Xa2Xs1)} -

X14] @21{X32(X43055- X45%53) - U33(Xa2055- X45X52) + X35(Xa2X53- X43X52)} - Op2{X31(X43055-
X45%53) - 033(X41055- X45X51) + Xa5(Xa1X53- Xa3X51)} + X23{X31(X42055- X45%52) - X32(X410s5-
X45X51) + X35(X41X52- X42X51)} - X25{X31(X42X53- X43X52) - X32(X41X53- X43X51) + 033(X41X52-
X42Xs1)} +

X15[ 821{X32(X43X54- U44X53) - O33(Xa2X54- OaaXsp) + Aza(Xa2Xs3- Xa3X52)} - Oo2{X31(Xa3X54-
d4aXs3) - d33(Xa1X54- JaaXs1) + 834(Xa1X53- Xa3Xs1)} + X23{X31(Xa2X54- daaXs2) - X32(Xa1X54-
daaxs1) + aza(Xa1Xs2- X42X51)} - Xoa{X31(Xa2X53- X43X52) - X32(Xa1X53- Xa3X51) + d33(Xa1X52-
X42X%51)}]

Performing zero completion by setting all the unspecifieiesnto zero i.ex;3= 0, X14=
0, x15= 0, X23= 0, X24= 0, Xo5= 0, X31= 0, X32= 0, X35= 0, X41= 0, X42= 0, X43= 0, X45= 0,
X51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =d11022- a10a21 > 0, sinceA(1,2) is fully specified.
DetA(1,3) =dj1d33 > 0
DetA(1,4) =dj1d4q > 0
DetA(1,5) =dj1d55 > 0
DetA(2,3) =dyd33 > 0
DetA(2,4) =dydgq > 0
DetA(2,5) =dyods5 > 0
DetA(3,4) =dzzdss > 0

DetA(3,5) =d33ds5 > 0
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DetA(4,5) =dg4ds5 > 0

Det A(l,2,3) =d11d22 d33- 8.128.21d33= d33(d11d22 - 8.12821) > 0, sinceA(l,Z) is fU||y
specified.

Det A(1,2,4) =d11022 dag- @10821044= dga(di1d22 - a10a21) > 0, sinceA(1,2) is fully
specified.

Det A(l,2,5) =d11d22 d55- 8.17_8.21d55= d55(d11d27_ - 8.17_821) > 0, sinceA(l,Z) is fU||y
specified.

DetA(1,3,4) =d11ds3daq > O
DetA(1,3,5) =d11ds3ds5 > 0
DetA(1,4,5) =d11dasdss > 0
DetA(2,3,4) =0po0s3das > O
DetA(2,3,5) =0po0s3dss > 0
DetA(2,4,5) =0p20a4ds5 > 0
DetA(3,4,5) =d33dasdss > O

DetA(1,2,3,4) =d1105 d33044- a12821033044= d33das(d11d22 - @10821) > 0, sinceA(1,2)
is fully specified.

Det A(1,2,3,5) =d11022 d33dss- a12a21033055= dzadss(d11d22 - a10a21) > 0, sinceA(1,2)
is fully specified.

DetA(1,2,4,5) =d11022 d440ss- @10821044055= daadss(d11022 - @12821) > 0, sinceA(1,2)
is fully specified.

DetA(1,3,4,5) =d11025 d33da4 > 0

Det A= d1102, 033044055~ a12821033044 dss5= O330440s55(d11022 - @12821) > 0, sinceA(1,2)
is fully specified.

Hence all the determinants are nonnegative and since alkkgmtre nonnegative the pat-
tern therefore has zero completion into nonnegatyrenfratrix.
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2. Consider the digraph below:

(&)

Figure 4.2.3: Digraph with directed lines 1 to 2, 2to 1 and 3 to

The digraph has similar results with other digraphs obthimg permuting its vertices,
such as the one that follows:

o e

Figure 4.2.4: Digraph isomorphic to the digraph in figure 2.Bbtained via permutation
(12345)
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Using the digraph in figure 2.2.3,

LetA=

digraph.-

di1
azi
X31
X41
X51

aji2
079
X32
X42
X52

X13
az3
ds3
X43
X53

X14
X24
X34
dag
X54

X15
X25
X35
X45
dss

be the partial nonnegativgfnatrix specifying the

Determinants of the principal submatrices

DetA(1,2) =d11d22- a0a21

DetA(1,3)= d11d33- X13%31

DetA(1,4) = d11daa- X14%X41

DetA(1,5)= d110s5- X15X51

DetA(2,3)= daod33- axaXan

Det A(2,4)= dyoUag- X24X42

DetA(2,5)= da20ss5- X25Xs52

Det A(3,4) = d33da4- X34X43

Det A(3,5) = d330ss5- X35X53

DetA(4,5)= da4dss- X45Xs4

DetA(1,2,3)= dy1(d2o033- ap3Xap) - a1o(ap103z- @23X31) + X13(821X32- O2oX31)

DetA(1,2,4)= d11(d2o0as- X24Xa2) - @12(821044- X24Xa1) + X14(821Xa2- U22X41)

DetA(1,2,5)= d11(d220s5- X25Xs52) - @12(821055- X25X51) + X15(821X52- O2oX51)

DetA(1,3,4)= di11(d33044- X34%X43) - X13(X31044- X34%a1) + X14(X31Xa3- O33%X41)

DetA(1,3,5)= d11(d33055- X35X53) - X13(X31055- X35X51) + X15(X31X53- O33X51)

DetA(1,4,5)= d11(dssdss- X45X54) - X14(Xa1055- Xa5X51) + X15(X41X54- U44Xs51)

DetA(2,3,4)= dz2(d33044- X34%X43) - 823(X32044- X34X42) + X24(X32X43- U33X42)

DetA(2,3,5)= dz2(d33055- X35X53) - 823(X32055- X35X52) + X25(X32X53- U33X52)

DetA(2,4,5)= da2(daadss- Xa5X54) - X24(Xa2055- X45X52) + Xo5(Xa2X54- Ua4Xs52)
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DetA(3,4,5)= d33(d4a0s5- Xa5X54) - X34(Xa3055- X45X53) + X35(Xa3X54- Ua4X53)

Det A(1,2,3,4)= d11{dr2(d330a4- X34X43) - a23(X32044- X34Xa2) + Xo4(Xa2Xa3- U33X42)} -
a12{ap1(d3zdas- X34X43) - A23(X31044- X34X41) + Xpa(X31Xaz- d33Xa1)} + Xyz{@2a(X320as-
X34%42) - O22(X31044- X34X41) + X24(X31Xa2- X32X41)} - X14{@21(X32X43- U33X42) - 22(X31X43-
d33X41) + @23(X31Xa2- X32X41)}

Det A(1,2,3,5)= d11{dr2(d330s5- X35X53) - @23(X32055- X35X52) + Xo5(X32Xs3- U33Xs2)} -
a12{@21(d330s5- X35X53)- A23(X31055- X35X51) + Xo5(X31X53- d33Xs1 )} + Xys{@21(Xs32dss-
X35X52) - Op2(X31055- X35X51) + X25(X31X52- X32X51)} - X15{@21(X32X53- A33Xs52) - U22(X31X53-
d33X51) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(da4055- Xa5X54) - X2a(Xa20s5- X45X52) + Xo5(X42Xs4- UasXs2)} -
a12{@21(0440s5- Xa5X54) - X24(X41055- Xa5X51) + Xo5(Xa1Xs54 - UagXs1)} + Xpa{@21(Xs20ss-
X45X52) - O22(X41055- X45X51) + Xo5(Xa1Xs52- XaXs51)} - Xa5{@21(Xa2Xs4- UaaXsp) - Ooo(Xa1Xs4-
daaXs1) + Xoa(Xa1X52- Xa2X51)}

Det A(1,3,4,5)= d11{d33(d4a0ss- X45X54) - X34(Xa3055- X45%53) + X35(Xa3Xs54- UaaXs3)} -
X13{X31(d440s5- X45X54) - X34(Xa1055- Xa5X51) + X35(Xa1X54- AaaXs51)} + X14{X31(X43055" X45Xs53)
- O33(X41055- X45X%51) + X35(X41X53- Xa3X51)} - X15{X31(X43X54- da4Xs3) - U33(X41X54- UasXs))
+ X34(X41X53- X43X51)}

Det A(2,3,4,5)= d22{d33(d4a0ss- X45X54) - X34(Xa3055- Xa5X53) + X35(Xa3Xs54- aaXs3)} -
A23{X32(d44055- X45X54) - X34(Xa2055- Xa5X%52) + X35(X42X54- UaaXs2)} + Xo4{X32(Xa3055- X45%53)
- 033(X42055- X45X%52) + X35(Xa2X53- Xa3X52)} - Xo5{X32(Xa3X54- Ua4X53) - d33(Xa2X54- UaaXs2)
+ X34(X42X53- X43X52)}

DetA = d11[ d2o{d33(d4adss5- Xa5X54) - X3a(X43055-Xa5X53) + X35(Xa3X54- UaaXs3)} - A23{ X32(d4a40s5-
Xa5X54) - X34(X42055- Xa5X52) + X35(Xa2X54- OaaXs2)} + Xoaf X32(Xa30s55- X45X53) - d33(X42055-
Xa5X52) + X35(Xa2X53- Xa3X52)} - Xo5{X32(Xa3X54- UaaX53) - U33(Xa2X54- AaaXs2) + X34(Xa2X53-
Xa3Xs2)}] -

a12[ @21{d33(da40s5- Xa5X54) - X34(Xa3055- X45X53) + X35(X43X54- UaaXs3)} - A23{X31(d440s55-
X45X54) - X34(Xa1055- Xa5X51) + X35(Xa1X54- UagXs1)} + X24{X31(X43055- X45X53) - d33(X410s5-
X45%51) + X35(X41X53- X43X51)} - Xo5{X31(X43X54- da4Xs53) - d33(X41X54- daaXs1) + X34(X41X53-
X43%s1)}] +

X13[ @21{X32(044055- Xa5X54) - X34(Xa42055- X45X52) + X35(X42X54- Ua4X52)} - oo X31(ds4ds55-
Xa5X54) - X34(Xa1055- Xa5X51) + X35(Xa1X54- a4X51)} + Xo4{X31(Xa2055- Xa5X52) - X32(X41055-
X45X51) + X35(X41X52- Xa2X51)} - X25{X31(X42X54- A44X52) - X32(Xa1X54- UaaXs1) + X34(Xa1Xs52-
Xa2Xs1)} -

X14] @21{X32(X43055- X45X53) - U33(Xa2055- X45X52) + X35(Xa2X53- Xa3X52)} - Ooof X31(Xa30s55-
Xa5X53) - O33(Xa1055- X45X51) + X35(Xa1X53- Xa3X51)} + @23{X31(Xa2055- Xa5Xs52) - X32(X41055-
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Xa5X51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(X42X53- X43X52) - X32(X41X53- X43X51) + O33(Xa1X52-
XaoXs1)}] +

X15[ @21{X32(Xa3X54- da4X53) - 33(Xa2X54- UaaXsp) + X3a(XaoXs3- Xa3Xs2)}- Ooo{X31(Xa3X54-
da4Xs53) - 033(Xa1X54- daaXs1) + X34(Xa1X53- Xa3X51)} + 823{X31(Xa2X54- UaaXs2) - X32(Xa1X54-
daaXs1) + X3a(X41X52- X42X51)} - X24{X31(Xa2X53- X43X52) - X32(Xa1X53- Xa3X51) + O33(Xa1X52-
Xa2X51)}

Performing zero completion by setting all the unspecifieiento zero i.exi3= 0, X14=
0, x15= 0, X24= 0, X25= 0, X31= 0, X32= 0, X34= 0, X35= 0, X41= 0, X42= 0, X43= 0, X45= 0,
x51= 0, X50= 0, X53= 0, Xs4 = 0. The determinants of principal submatrices will be ;

DetA(1,2) =d11d22- a10a21 > 0, sinceA(1,2) is fully specified.
DetA(1,3) =dj1d33 > 0
DetA(1,4) =dp1d4q > 0
DetA(1,5) =dj1ds55 > 0
DetA(2,3) =dyd33 > 0
DetA(2,4) =dgdsq > 0
DetA(2,5) =dyods5 > 0
DetA(3,4) =dzzdss > 0
DetA(3,5) =dz3ds5 > 0
Det A(4,5) =dgqdss5 > 0

Det A(l,2,3) =d11d22 d33- 8.17_8.21d33= d33(d11d27_ - 8.17_821) > 0, sinceA(l,Z) is fU||y
specified.

Det A(l,2,4) =d11d22 d44- 8.128.21d44= d44(d11d22 - 8.12821) > 0, sinceA(l,Z) is fuIIy
specified.

Det A(1,2,5) =d;102» dss- @i0a21055= dss(di1d22 - @10a21) > 0, sinceA(1,2) is fully
specified.

DetA(1,3,4) =d11033044 > 0
DetA(1,3,5) =d;110330s5 > 0
DetA(1,4,5) =d11d44055 > 0

DetA(2,3,4) =dyd33dsq > 0
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DetA(2,3,5) =dp20330s5 > 0
DetA(2,4,5) =dp20440s5 > 0
DetA(3,4,5) =d33da4ds5 > 0

DetA(1,2,3,4) =d11022 d33044- @10821033044= dz3daa(d11022 - @10821) > 0, sinceA(1,2)
is fully specified.

DetA(1,2,3,5) =d11022 d330s5- a12a21033055= d33dss(d11d22 - @10821) > 0, sinceA(1,2)
is fully specified.

DetA(1,2,4,5) =d11025 dsalss- a12821044055= dasdss(di1dos - @i0a21) > 0, sinceA(1,2)
is fully specified.

DetA(1,3,4,5) =dy1dy2 d33d44 > 0

Det A= d11d22 d33d440ss- 12821033044 dss= d33044ds5(d11022 - @12821) > 0, sinceA(1,2)
is fully specified.

Hence the pattern has zero completion into nonnegatven@trix since all the determi-
nants are nonnegative.
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3. Consider the digraph below:

s @

Figure 4.2.5: Diraph witharcs 1t02,2to 1 and 3to 2

Digraphs achieved by permuting the vertices of the aboveaglggives similar results,
example of the digraph that follows:

Figure 4.2.6: Digraph isomorphic to the digraph in figure£,.Bbtained via permutation
(25)(34)
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Using the digraph in the figure 2.2.5,

d11
a1
LetA=| X371
X41
X51

digraph.-

aji2
079
asz
X42
X52

X13
X23
ds3
X43
X53

X14
X24
X34
dag
X54

X15
X25
X35
X45
dss

be the partial nonnegativgfnatrix specifying the

Determinants of the principal submatrices

Det A(1,2) =d11d22- a0a21

DetA(1,3)= d11d33- X13%31

DetA(1,4) = d11daa- X14%X41

DetA(1,5)= d110s5- X15X51

DetA(2,3)= dyod33- X23a32

Det A(2,4)= dyodag- X24X42

DetA(2,5)= da20s5- X25Xs52

Det A(3,4) = d330a4- X34X43

Det A(3,5) = d330s5- X35X53

DetA(4,5)= da4dss- X45Xs4

DetA(1,2,3)= dy1(d22033- X23832) - @12(ap1033- X23%31) + X13(a21832- O20X31)

DetA(1,2,4)= d11(d2o0as- Xo4Xa2) - @12(821044- X24Xa1) + X14(821Xa2- U20X41)

DetA(1,2,5)= di11(d220s5- X25Xs52) - @12(821055- X25X51) + X15(821X52- O2oX51)

DetA(1,3,4)= d11(d33044- X34%X43) - X13(X31044- X34%a1) + X14(X31Xa3- O33%X41)

DetA(1,3,5)= di11(d33055- X35X53) - X13(X31055- X35X51) + X15(X31X53- O33X51)

DetA(1,4,5)= d11(dssdss- Xa5X54) - X14(Xa1055- Xa5X51) + X15(X41X54- U44Xs51)

DetA(2,3,4)= dro(d330a4- X34%X43) - X23(832044- X34X42) + Xo4(832X43- U33X42)

DetA(2,3,5)= dr2(dz3dss- X35X53) - X23(832055- X35X52) + X25(832X53- U33X52)

DetA(2,4,5)= da2(daadss- Xa5X54) - X24(Xa2055- X45X52) + Xo5(Xa2X54- Ua4Xs52)
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DetA(3,4,5)= d33(d4a0s5- Xa5X54) - X34(Xa3055- X45X53) + X35(Xa3X54- Ua4X53)

Det A(1,2,3,4)= d11{d22(d330as- X34Xa3) - X23(A32044- X34Xa2) + Xp4a(@32Xa3- U33X42)} -
a12{ap1(d3zdas- X34X43) - Xo3(X310aa- X34Xa1) + Xoa(X31Xa3~ U33Xa1)} + Xa3{azi(agadas-
X34%X42) - Oo2(X31044- X34Xa1) + X24(X31X42- @32%41)} - X14{@21(832X43- U33X42) - A22(X31X43-
d33X41) + X23(X31Xa2- A32X41)}

Det A(1,2,3,5)= d11{d22(d33dss- X35X53) - X23(A32055- X35X52) + Xo5(@32Xs53- U33Xs2)} -
a12{@21(d330s5- X35X53)- X23(X31055- X35X51) + Xo5(X31Xs53- U3sXsy )} + Xi3{azi(aszdss-
X35X52) - O22(X31055- X35X51) + X25(X31X52- A32X51)} - X15{@21(832X53- U33Xs52) - U22(X31X53-
d33X51) + X23(X31X52- @32X51)}

Det A(1,2,4,5)= d11{d22(da4055- Xa5X54) - X2a(Xa20s5- X45X52) + Xo5(X42Xs4- UasXs2)} -
a12{@21(0440s5- Xa5X54) - X24(X41055- Xa5X51) + Xo5(Xa1Xs54 - UagXs1)} + Xpa{@21(X42dss-
X45X52) - O22(X41055- X45X51) + Xo5(Xa1Xs52- XaXs1)} - Xa5{@21(Xa2Xs4- UaaXsp) - doo(Xa1Xs4-
daaXs1) + Xoa(Xa1X52- Xa2X51)}

Det A(1,3,4,5)= d11{d33(d4a0ss- X45X54) - X34(Xa3055- X45%53) + X35(Xa3X54- UaaXs3)} -
X13{X31(044055- X45X54) - X34(Xa1055- Xa5X51) + X35(Xa1X54- AaaXs51)} + X14{X31(X43055" X45%53)
- O33(X41055- X45X%51) + X35(X41X53- Xa3X51)} - X15{X31(X43X54- da4Xs3) - d33(X41X54- UasXs1)
+ X34(X41X53- X43X51)}

Det A(2,3,4,5)= d22{d33(d4a0s5- X45X54) - X34(Xa3055- Xa5X53) + X35(Xa3Xs54- aaXs3)} -
X23{@32(da40s5- X45Xs4) - X34(Xa20s5- Xg5X52) + X35(XaoXs4- daaXs2)} + Xoa{@z2(Xa3dss-
X45%53) - d33(Xa2055- X45X52) + X35(Xa2X53- X43X52)} - X25{@32(Xa3X54- UaaXs3) - d33(Xa2Xs4-
daaXs2) + X34(Xa2X53- X43X52)}

DetA = d11[ doo{d33(d44ds5- Xa5X54) - X34(X43055- Xa5X53) + X35(Xa3X54- UaaXs3)} - X23{@z2(d4adss-
Xa5X54) - X34(X42055- Xa5X52) + X35(Xa2X54- UaaXs2)} + X24{@32(X43055- Xa5X53) - d33(X42055-
X45X52) + X35(Xa2X53- Xa3X52)} - Xo5{832(X43X54- 0a4Xs3) - 033(XaoX54- AaaXs52) + X34(Xa2Xs53-
Xa3Xs2)}] -

a12[ @21{d33(da40s5- Xa5X54) - X34(Xa3055- Xa5X53) + X35(Xa3X54- AaaXs3)} - X23{X31(d440s55-
X45X54) - X34(Xa1055- Xa5X%51) + X35(Xa1X54- UagXs1)} + X24{X31(X43055- X45X53) - d33(X410s5-
X45%51) + X35(X41X53- Xa3X51)} - Xo5{X31(X43X54- da4Xs53) - 033(X41X54- daaXs1) + X34(X41X53-
X43%s1)}] +

X13[ @21{@32(d44055- X45X54) - X34(Xa2055- Xa5X52) + X35(X42X54- AaaX52)} - Aoo{X31(dssdss-
Xa5X54) - X34(X41055- Xa5X51) + X35(Xa1X54- OaaXs1)} + Xoaf X31(Xa20s55- X45X52) - a32(X41055-
X45X51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(Xa2X54- Ua4Xs52) - 832(Xa1X54- UagXs1) + X34(Xa1Xs52-
XaoXs1)} -

X14] @21{a@z2(Xa3055- Xa5X53) - Oaz(Xa2055- Xa5X52) + X35(Xa2X53- Xa3Xs2)} - Ooof X31(Xa3dss5-
Xa5X53) - O33(Xa1055- X45X51) + X35(Xa1X53- Xa3X51)} + Xo3{ X31(Xa20s55- X45X52) - a32(X41055-
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Xa5X51) + X35(Xa1X52- Xa2X51)} - Xos{ X31(Xa2X53- X43X52) - 832(X41X53- X43X51) + O33(Xa1X52-
XaoXs1)}] +

X15[ @21{@32(X43X54- d44X53) - U33(Xa2X54- UaaXs) + X3a(Xa2X53- Xa3X52)} - oofX31(Xa3X54-
da4Xs53) - 033(Xa1X54- daaXs1) + X34(Xa1X53- Xa3Xs1)} + X23{X31(Xa2X54- daaXs2) - 832(Xa1X54-
daaXs1) + X34(Xa1X52- Xa2X51)} - X2a{X31(X42X53- X43X52) - @32(X41X53- Xa3X51) + 033(Xa1X52-
Xa2X51)}

Performing zero completion by setting all the unspecifieiento zero i.exi3= 0, X14=
0, x15= 0, X23= 0, X24= 0, X25= 0, X31= 0, X34= 0, X35= 0, X41= 0, X42= 0, X43= 0, X45= 0,
x51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =d11d22- a12821>0, sinceA(1,2) is fully specified.
DetA(1,3) =dj1d33>0
DetA(1,4) =d11d44>0
DetA(1,5) =d;1d55>0
Det A(2,3) =d22d33>0
DetA(2,4) =d22d44>0
Det A(2,5) =d22d55>0
Det A(3,4) =d33d44>0
Det A(3,5) =d33d55>0
Det A(4,5) =d44d55>0

DetA(1,2,3) =d11022 d33- a10821033= d33(d11022 - a12a821)>0, sinceA(1,2) is fully spec-
ified.

DetA(1,2,4) =d11d22 d44- 812821d44= d44(d11d22 - 8.12821)20, sinceA(l,Z) is fuIIy Spec-
ified.

DetA(1,2,5) =dy1d22 dss- aj0a210s5= dss(d11022 - @10821) >0, sinceA(1,2) is fully spec-
ified.

DetA(1,3,4) =d11033044>0
DetA(1,3,5) =d11033055>0
DetA(1,4,5) =d11044055>0

DetA(2,3,4) =dy2033044>0
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DetA(2,3,5) =d22033055>0
DetA(2,4,5) =d22044055>0
DetA(3,4,5) =d33d44d55>0

DetA(1,2,3,4) =d11005 d33das- a12821033044= dazdas(d11022 - @10821) >0, sinceA(1,2) is
fully specified.

DetA(1,2,3,5) =t11022 d33dss- a12821033055= d33dss(d11022 - @10821)>0, sinceA(l1,2) is
fully specified.

DetA(1,2,4,5) =d1105 dgsdss- a10801044055= dagdss(di1doo - a10821)>0, sinceA(1,2) is
fully specified.

DetA(1,3,4,5) =d;1d2» d33d44>0

Det A= d11022 d330440s55- @12821033044 ds5= d33d440s55(d11022 - @12821)>0, sinceA(1,2)
is fully specified..

Hence all the determinants are found to be nonnegative arédftire the pattern have
zero completion into nonnegativg-Amatrix.
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4. Consider the digraph below:

[é)]

Figure 4.2.7: Digraph witharcs 1to 2,2to3and 3to 4

The digraph has similar results with the digraph that foBow

Figure 4.2.8: Digraph isomorphic to digraph in figure 2.2Btained via permutation
(13524)
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Using the digraph in the figure 2.2.7,

LetA=

digraph.-

di1 a2

X21
X31
X41
X51

079
X32
X42
X52

X13
az3
0%
X43
X53

X14
X24
az4
dag
X54

X15
X25
X35
X45
dss

be the partial nonnegativgfnatrix specifying the

Determinants of the principal submatrices

DetA(1,2) =d11d22- a12X21

DetA(1,3)= d11d33- X13%31

DetA(1,4) = d11daa- X14%X41

DetA(1,5)= d110s5- X15X51

DetA(2,3)= daod33- ax3Xan

Det A(2,4)= dyodas- X24X42

DetA(2,5)= da20s5- X25Xs52

DetA(3,4)= d33das- agaXas

Det A(3,5) = d330ss5- X35X53

DetA(4,5)= da4dss- X45Xs4

DetA(1,2,3)= di1(d2o0sz- apaxap) - a12(Xo1033- ap3Xa1) + X13(X21X32- 02oX31)

DetA(1,2,4)= d11(d2o0as- Xo4Xa2) - @12(X21044-X24%Xa1) + X14(X21Xa2- O22Xa1)

DetA(1,2,5)= d11(d220s5- X25Xs52) - @12(X21055- X25X51) + X15(X21X52- U22X51)

DetA(1,3,4)= di11(d3304a- 834X43) - X13(X31044- 834Xa1) + X14(X31X43- A33X41)

DetA(1,3,5)= di11(d33055- X35X53) - X13(X31055- X35X51) + X15(X31X53- O33X51)

DetA(1,4,5)= d11(dssdss- X45X54) - X14(Xa1055- Xa5X51) + X15(X41X54- d44Xs51)

DetA(2,3,4)= dr2(d33044- @34X43) - 823(X32044- 834X42) + X24(X32X43- U33X42)

DetA(2,3,5)= dz2(d33055- X35X53) - a23(X32055- X35X52) + X25(X32X53- 033X52)

DetA(2,4,5)= da2(daadss- X45X54) - X24(Xa2055- X45X52) + Xo5(Xa42X54- Ua4Xs52)
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Det A(3,4,5)= d33(dasdss- Xa5X54) - @34(Xaz0s5- Xa5X53) + X35(XazXs4- UaaXs3)

Det A(1,2,3,4)= d11{d22(d330da4- A34X43) - Qp3(X32044- A34X42) + Xoa(X32Xa3- U33X42)} -
a12{X21(033044- A34%X43) - A23(X31044- A34Xa1) + X2a(X31Xa3~ U33Xa1)} + X13{X21(X32044-
ag4X42) - Op2(X31044- A34X41) + X24(X31Xa2- X32X41)} - X14{X21(X32X43- U33X42) - A22(X31X43-
d33X41) + @23(X31Xa2- X32X41)}

Det A(1,2,3,5)= d11{dr2(d330ss- X35X53) - @23(X32055- X35X52) + Xo5(X32Xs3- U33Xs2)} -
a12{X21(d330s55- X35X53)- A23(X31055- X35X51) + Xo5(X31X53- U33Xsy )} + Xi3{Xo1(X32dss-
X35X52) - Oo2(X31055- X35X51) + X25(X31X52- X32X51)} - X15{X21(X32X53- d33Xs52) - U22(X31X53-
d33X51) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(da40s5- Xa5X54) - X2a(Xa20s5- Xg5X52) + Xo5(Xa42Xs4- UasXs2)} -
a12{X21(daa0s5~ X45X54) - X24(Xa1055- X45X51) + Xo5(Xa1X54 - daaXs1)} + Xpa{X21(X420s55-
X45%52) - U22(Xa1055- Xa5X51) + Xo5(Xa1X52- Xa2X51)} - X15{X21(Xa2X54- UaaXs2) - d22(Xa1X54-
daaXs1) + Xoa(Xa1X52- Xa2X51)}

Det A(1,3,4,5)= d11{d33(da40s5- Xa5X54) - @za(Xa30ss- XasXs53) + X35(Xa3Xs4- daaXs3)}-
X13{X31(044055- X45X54) - 834(X41055- X45X51) + X35(Xa1X54- daaXs1)} + X14{X31(X43055- X45X53)
- d33(X41055- X45X51) + X35(X41X53- Xa3X51)}- X15{X31(Xa3X54- Ua4Xs53) - U33(Xa1X54- UasXs1)
+ ag4(X41X53- X43%51)}

Det A(2,3,4,5)= dzo{d33(dasdss- XasXs54) - @za(Xa30ss- XasXs3) + Xa5(Xa3Xss- daaXs3)} -
A23{X32(da40s5- Xa5X54) - A3a(X420s5- Xa5X52) + X35(Xa2Xs54- UaaXs2)} + Xoa{X32(X43dss-
X45%53) - d33(Xa2055- X45X52) + X35(X42X53- X43X52)} - Xo5{X32(X43X54- Ua4Xs3) - d33(Xa2Xs4-
dagXs2) + Ag4(Xa2X53- X43X52)}

DetA= dy1[d22{d33(ds44055- Xa5X54) - 834(X43055-Xa5X53) + X35(X43X54- Ua4X53)} - Boa{X32(d440s5-
Xa5X54) - 834(Xa2055- Xa5X52) + X35(XaoX54- agX52)} + Xoa{X32(X43055- X45X53) - U33(X42055-
X45X52) + X35(Xa2X53- Xa3X52)} - Xo5{X32(Xa3X54- 44X53) - A33(Xa2X54- UaaXsp) + @z4(XaoXs3-
X43%52)}] -

a12[ X21{d33(da40s5- X45X54) - Az4(Xa30s5- X45X53) + X35(X43X54- UaaXs3)} - A23{X31(d44ds5-
X45%54) - 834(Xa1055- X45X51) + X35(X41X54- daaXs1)} + Xoa{X31(X43055- X45X53) - d33(X410s5-
X45X51) + X35(X41X53- X43X51)} - X25{X31(X43X54- U44Xs53) - d33(Xa1X54- daaXs1) + A34(X41X53-
X43%51)}] +

X13[ X21{X32(d44055- X45X54) - 834(X42055- X45X52) + X35(X42X54- Ua4X52)} - oo{X31(ds4ds5-
Xa5X54) - 834(Xa1055- X45X51) + X35(Xa1X54- A4aXs51)} + X24{X31(Xa2055- Xa5Xs52) - X32(X41055-
X45X51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(Xa2X54- Ua4Xs52) - X32(X41X54- daaXs1) + Aza(Xa1Xs52-
Xa2Xs1)} -

X14[ X21{X32(Xa3055- Xa5X53) - A33(Xa2055- Xa5Xs52) + X35(XaoXs3- X43X52)} - O2of X31(Xa3ds55-
X45X53) - O33(Xa1055- X45X51) + X35(Xa1X53- Xa3X51)} + @23{X31(Xa2055- Xa5Xs52) - X32(X41055-
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Xa5X51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(X42X53- X43X52) - X32(X41X53- X43X51) + O33(Xa1X52-
XaoXs1)}] +

X15[ X21{X32(Xa3X54- UaaXs3) - O33(XaoX54- AaaXs2) + 834(XaoXs3- Xa3X52)}- U22{X31(Xa3X54-
da4Xs3) - 033(Xa1X54- OaaXs1) + @34(Xa1X53- X43X51)} + A23{X31(Xa2X54- UaaXs2) - X32(Xa1X54-
daaXs1) + 834(Xa1X52- Xa2X51)} - X24{X31(Xa2X53- Xa3X52) - X32(X41X53- Xa3X51) + 033(Xa1X52-
Xa2X51)}

Performing zero completion by setting all the unspecifietiento zero i.exi3= 0, X14=
0, X15= 0, X21= 0, X24= 0, 5= 0, X31= 0, X32= 0, X35= 0, X41= 0 X42= 0, X43= 0, X45= O,
x51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =dy1dpp > 0
DetA(1,3) =dy1dg3 > 0
DetA(1,4) =dq1dsq > 0
DetA(1,5) =dq1ds5 > 0
DetA(2,3) =dpods3 > 0
DetA(2,4) =dpodsg > 0
DetA(2,5) =dpodss > 0
DetA(3,4) =dsgdsg > 0
DetA(3,5) =dsgdss > 0
DetA(4,5) =dadss > 0
DetA(1,2,3) =dq10b daz > 0
DetA(1,2,4) =dy10b dag > 0
DetA(1,2,5) =dy10b, dss > 0
DetA(1,3,4) =di1dzatas > O
DetA(1,3,5) =di1dsadss > O
DetA(1,4,5) =di1ds4dss > O
DetA(2,3,4) =dpodzadas > O

DetA(2,3,5) =dp20330s5 > 0
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DetA(2,4,5) =dpo0asdss > O
DetA(3,4,5) =ds3daadss > O

DetA(1,2,3,4) =ty10 daadas > 0
DetA(1,2,3,5) =10 daadss > 0
DetA(1,2,4,5) =ty10 dasdss > O
DetA(1,3,4,5) =10 daadas > O
DetA(2,3,4,5) =dyo033044d55 > O
DetA = dj1d22 d33da4ds5 > O

With all the determinants are nonnegative, the pattern hak@completion into nonneg-
ative Ry- matrix.

5. Consider the digraph below:

X

Figure 4.2.9: Digraph witharcs 1to 2,3to2and 3to 4

Permuting the vertices of the digraph gives other digraptissimilar results, such as the
one that follows:
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Figure 4.2.10: Digraph isomorphic to digraph in figure 2,2Btained via permutation
(14253)

Using the digraph in figure 2.2.9,

di1 a2 %13 X4 Xi5
Xo1 G2 Xo3 Xo4 X5
LetA= | x31 ag» d33 ass xgzs5 | be the partial nonnegativefnatrix specifying the
Xa1 Xa2 X43 Oasa X5
Xs1 Xs2 Xs3 Xs4 Uss

digraph.-
Determinants of the principal submatrices
DetA(1,2) =d1102- a12X01
DetA(1,3) = d11033- X13X31
DetA(1,4)= d11d44- X14%41
DetA(1,5)= d110ss- X15%X51
DetA(2,3) = da2033- X23832
DetA(2,4)= dao0ag- Xoa%a2
DetA(2,5)= dz20s5- X25%s52
DetA(3,4)= d33das- agaXs3
Det A(3,5)= d330s5- X35X53
Det A(4,5)= dg40s5- X45%54

28



DetA(1,2,3)= di1(d22033- X23832) - @12(X21033- X23%31) + X13(X21832- U22X31)
DetA(1,2,4)= di1(d220as- XpaXa2) - 12(X21044-X24X41) + X14(X21X42- O22X41)

DetA(1,2,5)= di1(dz20s5- X25Xs52) - A12(X21055- X25X51) + X15(X21X52- O22Xs51)
DetA(1,3,4)= d11(d330ss- 834X43) - X13(X31044- 834Xa1) + X14(X31X43- U33%41)
DetA(1,3,5)= di1(d33dss- X35Xs53) - X13(X31055- X35X51) + X15(X31X53- U33X51)
DetA(1,4,5)= di11(daadss- Xa5X54) - X14(Xa1055- Xa5X51) + X15(X41X54- Aa4Xs51)
DetA(2,3,4)= do(d330a4- @34Xa3) - Xo3(832044- 834Xa2) + X24(832Xa3- A33Xa2)
DetA(2,3,5)= d2(d330s5- X35X53) - X23(832055- X35X52) + X25(832X53- U33X52)
DetA(2,4,5)= dpo(daass- X45X54) - Xo4(X42055- Xa5X52) + Xo5(X42X54- Oa4X52)
DetA(3,4,5)= d33(ds40s5- X45X54) - 34(Xa3055- Xa5X53) + X35(X43X54- 044%53)

Det A(1,2,3,4)= d11{d22(d33044- 834X43) - X23(A32044- AzaXa2) + Xza(32Xa3- d33X42)} -
A12{X21(033044- 834X43) - X23(X31044- A3aX41) + Xoa(X31Xa3- U33X4a1)} + X13{X21(8z2044-
a34X42) - Op2(X31044- A34%X41) + X24(X31Xa2- A32X41)} - X14{X21(832X43- 33X42) - A22(X31X43-
d33X41) + X23(X31X42- A32X41)}

Det A(1,2,3,5)= d11{dx2(d33dss- X35X53) - X23(A32055- X35X52) + Xo5(@32Xs53- U33Xs2)} -
A12{X21(d33055- X35X53)- X23(X31055- X35X51) + Xo5(X31X53- U3zXsy )} + X13{X21(az20ss-
X35%52) - U22(X31055~ X35X51) + X25(X31X52- A32X51)} - X15{X21(a32X53- U33Xs52) - U22(X31X53-
d33X51) + X23(X31X52- A32X51)}

Det A(1,2,4,5)= d11{dx2(daadss- Xa5X54) - X2a(Xa20s5- XasX52) + Xo5(XaoXsa- daaXs2)} -
A12{X21(da40s5- Xa5X54) - Xoa(Xa1055- Xas5X51) + Xo5(Xa1Xs54 - daaXs1)} + X1a{Xo1(X420ss-
Xa5X52) - Ooo(Xa10s5- XasXs1) + Xo5(Xa1Xs2- Xa2X51)} - X15{X21(Xa2Xs4- daaXs2) - Ua(Xa1X64-
dasxs1) + Xoa(Xa1X52- Xa2Xs51)}

Det A(1,3,4,5)= d11{d33(daa0ss- X45X54) - a3a(Xa30s5- X45X53) + X35(X43X54- Ua4Xs53)}-
X13{X31(d440s5- X45X54) - A34(X41055- X45X51) + X35(X41X54- a4X51)} + X14{X31(Xa3055- X45Xs53)
- U33(X41055- X45X%51) + X35(X41X53- X43X51)} - X15{X31(Xa3X54- U44Xs3) - d33(Xa1X54- UaaXs1)
+ a34(X41X53- X43%51)}

Det A(2,3,4,5)= dz2{d33(das0ss- X45Xs54) - aza(Xa3dss- XasXs3) + X35(Xa3Xs4- UaaXs3)} -
Xo3{@32(daalss XasXsa) - A3a(Xa20s5- Xas5Xs2) + X35(Xa2Xs4- daaXs2)} + Xoa{@sa(Xa3dss-
X45%53) - d33(Xa2055- X45X52) + X35(Xa2X53- X43X52)} - Xo5{@32(Xa3X54- UaaXs3) - d33(Xa2Xs4-
d44Xs52) + @za(Xa2Xs3- Xa3Xs52)}

DetA= di1[ d22{d33(d44055- Xa5X54) - 834(X43055-Xa5X53) + X35(X43X54- A44X53)} - X23{ @z2(da40ss5-
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Xa5X54) - 834(Xa2055- Xa5Xs52) + X35(X42X54- UaaXs2)} + X24{832(X43055- Xa5X53) - 033(X42055-
Xa5X52) + X35(Xa2X53- Xa3X52)} - Xo5{@32(Xa3X54- UaaXs3) - U33(Xa2X54- UaaXs) + @z4(XaoXs3-
Xa3Xs2)} -

a12[ X21{d33(da40s5- X45X54) - za(Xa30s5 Xa5X53) + X35(Xa3X54- UaaXs3)} - X23{X31(d44ds55-
X45X54) - 34(X41055- Xa5X51) + X35(X41X54- UaaX51)} + X24{X31(X43055- X45X53) - d33(X410s5-
X45%51) + X35(Xa1X53- X43X51)} - X25{X31(X43X54- Ua4Xs53) - U33(Xa1X54- dagXs1) + A34(X41X53-
X43%51)}] +

X13[ X21{X32(d440s55- X45X54) - 834(X42055- X45X52) + X35(X42X54- Ua4X52)} - Ao X31(ds4ds5-
Xa5X54) - 834(Xa1055- Xa5X51) + X35(Xa1X54- AaaXs1)} + Xoa{X31(X42055- X45X52) - 832(X41055-
Xa5X51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(Xa2X54- 44X52) - 832(Xa1X54- JaaXs1) + @z4(Xa1Xs2-
Xa2X51)}] -

X14[ X21{@32(X43055- X45X53) - 033(Xa2055- X45X52) + X35(Xa2X53- X43X52)} - Op2{X31(X43055-
X45X53) - 033(Xa1055- Xa5X51) + X35(X41X53- X43X51)} + X23{X31(Xa2055- X45Xs52) - 8z2(X41055-
X45%51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(Xa2X53- Xa3X52) - A32(X41X53- X43Xs51) + U33(X41X52-
Xa2X51)}] +

X15[ X21{832(X43X54- OaaXs3) - O33(XaoXs4- daaXs2) + 8za(XaoXs3- Xa3Xs2)}- O22{X31(Xa3X54-
da4Xs3) - 033(Xa1X54- OaaXs1) + @34(Xa1X53- X43X51)} + X23{X31(Xa2X54- da4X52) - 832(Xa1X54-
daaXs1) + 834(Xa1Xs2- Xa2X51)} - Xo4{X31(Xa2X53- X43X52) - 832(X41X53- X43X51) + O33(Xa1X52-
Xa2X51)}]

Performing zero completion by setting all the unspecifieiento zero i.exi3= 0, X14=
0, x15= 0, X21= 0, X23= 0, X24= 0, X25= 0, X31= 0, X35= 0, X41= 0, X42= 0, X43= 0, X45= 0,
X51= 0, X50= 0, X53= 0, Xs4= 0. The determinants of principal submatrices will be ;

DetA(1,2) =dq1dpp > 0
DetA(1,3) =dq1ds3 > 0
DetA(1,4) =dq1dsq > 0
DetA(1,5) =dq1ds5 > 0
DetA(2,3) =dpodgs > 0
DetA(2,4) =dpodsg > 0
DetA(2,5) =dpodss > 0
DetA(3,4) =dsgdsg > 0

DetA(3,5) =d33dss > 0
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DetA(4,5) =daqdss > 0
DetA(1,2,3) =dq10ay da3 > 0
DetA(1,2,4) =dy1dp dag > O
DetA(1,2,5) =dy 10y dss > 0
DetA(1,3,4) =dy1ds3das > O
DetA(1,3,5) =dy1ds3dss > 0
DetA(1,4,5) =dy1d4dss > O
DetA(2,3,4) =dpodsadas > 0
DetA(2,3,5) =dpodsadss > 0
DetA(2,4,5) =dpodasdss > 0
DetA(3,4,5) =ds30asdss > O
DetA(1,2,3,4) =d; 10y daadas > O
DetA(1,2,3,5) =d; 10y daadss > O
DetA(1,2,4,5) =1 107 daqdss > O
DetA(1,3,4,5) =d;10pp daadas > O
DetA(2,3.4,5) =dps0s30aq0ss > O
Det A = dy10>2 d33dssdss > O

Hence all the determinants are nonnegative and thereferestitern have zero completion
into nonnegative § matrix.
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6. Consider the digraph below:

w

Figure 4.2.11: Dgraph witharcs2to 1,2to3and 3to 4

Permuting the vertices of the digraph via permutation @3)gives digraph that follows,
which is amongst other digraphs with similar results.

n @

Figure 4.2.12: Digraph isomorphic to digraph in figure 212 dbtained via permutation
(14)(23)
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Using the digraph in the figure 2.2.11,

LetA=

digraph.-

di1
azi
X31
X41
X51

X12
079
X32
X42
X52

X13
az3
ds3
X43
X53

X14
X24
az4
dag
X54

X15
X25
X35
X45
dss

be the partial nonnegativgfnatrix specifying the

Determinants of the principal submatrices

Det A(1,2) =d11d22- X10821

DetA(1,3)= d11d33- X13%31

DetA(1,4) = d11daa- X14%X41

DetA(1,5)= d110s5- X15X51

DetA(2,3)= dyod33- ax3Xan

Det A(2,4)= dyodag- X24X42

DetA(2,5)= da20s5- X25Xs52

DetA(3,4)= d33das- agaXas

Det A(3,5) = d330s5- X35X53

DetA(4,5)= da4dss- X45Xs4

DetA(1,2,3)= d11(d22033- a23X32) - X12(821033- @23%X31) + X13(821X32- 22X31)

DetA(1,2,4)= d11(d2204aa- X24%42) - X12(821044- X24X41) + X14(821Xa2- O22Xa1)

DetA(1,2,5)= di1(d220ss5- X25Xs52) - X12(821055- X25X51) + X15(821X52- U22X51)

DetA(1,3,4)= d11(d33044- 834X43) - X13(X31044- 834Xa1) + X14(X31X43- A33X41)

DetA(1,3,5)= d11(d33055- X35X53) - X13(X31055- X35X51) + X15(X31X53- O33X51)

DetA(1,4,5)= d11(dasdss- X45X54) - X14(Xa1055- Xa5X51) + X15(X41X54- d44Xs51)

DetA(2,3,4)= d2(d33044- @34X43) - 823(X32044- 834X42) + X24(X32X43- U33X42)

DetA(2,3,5)= dz2(d33055- X35X53) - 823(X32055- X35X52) + X25(X32X53- U33X52)

DetA(2,4,5)= da2(daadss- X45X54) - X24(Xa2055- X45X52) + Xo5(Xa2X54- Ua4Xs52)
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Det A(3,4,5)= d33(dasdss- Xa5X54) - @34(Xaz0s5- Xa5X53) + X35(XazXs4- UaaXs3)

Det A(1,2,3,4)= d11{d22(d330da4- A34X43) - Qp3(X32044- A34X42) + Xoa(X32Xa3- U33X42)} -
X12{@21(d33da4- @34X43) - A23(X31044- @34X41) + X24(X31Xa3- U33Xa1)} + Xa3{a@z1(Xs20as-
agaXa2) - U22(X31044- azaXa1) + Xoa(X31Xa2- X32Xa1)} - X14{@21(X32X43- U33X42) - 22(X31X43-
d33X41) + @23(X31Xa2- X32X41)}

Det A(1,2,3,5)= d11{dz2(d330s5- X35X53) - @23(X32055- X35X52) + Xo5(X32Xs3- U33Xs2)} -
X12{@21(d330s5- X35X53)- A23(X31055- X35X51) + Xo5(X31X53- U33Xsy )} + X13{@zi(X320ss-
X35X52) - Op2(X31055- X35X51) + X25(X31X52- X32X51)} - X15{@21(X32X53- A33Xs52) - U22(X31X53-
d33X51) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(da4055- Xa5X54) - X24(Xa20s5- X45X52) + Xo5(Xa42Xs4- UasXs2)} -
X12{@21(da40s5- Xa5X54) - X24(Xa1055- Xa5X51) + Xo5(Xa1Xs54 - daaXs1)} + X14{@21(Xa20ss-
X45X52) - O22(Xa1055 X45X51) + Xo5(Xa1Xs52- XaXs1)} - Xa5{@21(Xa2Xs4- UaaXsp) - oo(Xa1Xs4-
daaXs1) + Xoa(Xa1X52- Xa2X51)}

Det A(1,3,4,5)= d11{d33(da40s5- Xa5X54) - @za(Xa30ss- XasXs53) + X35(Xa3Xs4- daaXs3)}-
X13{X31(044055- X45X54) - 834(X41055- X45X51) + X35(Xa1X54- daaX51)} + X14{X31(X43055- X45X53)
- d33(X41055- X45X51) + X35(X41X53- Xa3X51)}- X15{X31(Xa3X54- Ua4Xs53) - U33(Xa1X54- UasXs1)
+ aga(X41X53- X43%51)}

Det A(2,3,4,5)= dzo{d33(dasdss- X4sX54) - aza(Xa3dss- XasXs3) + Xa5(XazXss- daaXs3)} -
A23{X32(da40s5- Xa5X54) - A3a(X420s5- Xa5X52) + X35(Xa2Xs54- UasXs2)} + Xoa{X32(X43dss-
X45%53) - d33(X42055- X45X52) + X35(Xa42X53- X43X52)} - Xo5{X32(X43X54- UaaXs3) - d33(Xa2Xs4-
dagXs2) + Ag4(Xa2X53- X43X52)}

DetA= dy1[d22{d33(d44055- Xa5X54) - 834(X43055-Xa5X53) + X35(X43X54- Ua4X53)} - Bo3{X32(d440s5-
Xa5X54) - 834(Xa2055- Xa5X52) + X35(XaoX54- agX52)} + Xoa{X32(X43055- X45X53) - U33(X42055-
X45X52) + X35(Xa2X53- Xa3X52)} - Xo5{X32(Xa3X54- 44X53) - A33(Xa2X54- UaaXsp) + @34(XaoX53-
X43%52)}] -

X12[ @21{033(d440s5- X45%54) - Bga(Xa30ss- Xa5X53) + X35(Xa3X54- UaaXs3)} - Ap3{X31(dasdss-
X45%54) - 834(Xa1055- X45X51) + X35(X41X54- daaXs1)} + Xoa{X31(X43055- X45X53) - d33(X410s5-
X45X51) + X35(X41X53- X43X51)} - X25{X31(X43X54- U44Xs53) - d33(Xa1X54- daaXs1) + A34(X41X53-
X43%51)}] +

X13[ @21{X32(044055- Xa5X54) - X34(X42055- X45X52) + X35(X42X54- U44X52)} - oo X31(ds4ds5-
Xa5X54) - 834(Xa1055- X45X51) + X35(Xa1X54- A4aX51)} + X24{X31(Xa2055- Xa5Xs52) - X32(X41055-
X45X51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(Xa2X54- Ua4Xs52) - X32(X41X54- daaXs1) + aza(Xa1Xs52-
Xa2Xs1)} -

X14[ @21{X32(X43055- X45X53) - U33(Xa2055- X45X52) + X35(Xa2X53- Xa3X52)} - O2of X31(Xa30s55-
Xa5X53) - O33(Xa1055- X45X51) + X35(Xa1X53- Xa3X51)} + a23{X31(Xa2055- Xa5Xs52) - X32(X41055-
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Xa5X51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(X42X53- X43X52) - X32(X41X53- X43X51) + O33(Xa1X52-
XaoXs1)}] +

X15[ @21{X32(Xa3X54- Ua4X53) - O33(XaoX5a- aaXsp) + 834(XaoXs3- Xa3Xs2)}- Ooo{X31(XazX54-
da4Xs3) - 033(Xa1X54- OaaXs1) + @34(Xa1X53- X43X51)} + @23{X31(Xa2X54- UaaXs2) - X32(Xa1X54-
daaXs1) + 834(Xa1Xs2- Xa2X51)} - X24{X31(Xa2X53- Xa3X52) - X32(X41X53- Xa3X51) + 033(Xa1X52-
Xa2X51)}

Performing zero completion by setting all the unspecifieiento zero i.ex;2= 0, X13=
0, x14= 0, X15= 0, X24= 0, X25= 0, X31= 0, X32= 0, X35= 0, X41= 0, X42= 0, X43= 0, X45= 0,
x51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =dq1dpp > 0
DetA(1,3) =dy1dg3 > 0
DetA(1,4) =dq1dsq > 0
DetA(1,5) =dq1ds5 > 0
DetA(2,3) =dpods3 > 0
DetA(2,4) =dpodsg > 0
DetA(2,5) =dpodss > 0
DetA(3,4) =dsgdsg > 0
DetA(3,5) =dsgdss > 0
DetA(4,5) =dadss > 0
DetA(1,2,3) =dy10b daz > 0
DetA(1,2,4) =dy10b dag > 0
DetA(1,2,5) =dq10b5 dss > 0
DetA(1,3,4) =di1dgatas > O
DetA(1,3,5) =di1dsadss > O
DetA(1,4,5) =di1ds4dss > O
DetA(2,3,4) =dpodzatas > O

DetA(2,3,5) =dp20330s5 > 0
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DetA(2,4,5) =dpo0asdss > O
DetA(3,4,5) =ds3daadss > O

DetA(1,2,3,4) =ty10 daadas > 0
DetA(1,2,3,5) =10 daadss > 0
DetA(1,2,4,5) =ty10 dasdss > O
DetA(1,3,4,5) =10 daadas > O
DetA(2,3,4,5) =dyo033044d55 > O
DetA = dj1d22 d33da4ds5 > O

The pattern have all the determinants nonnegative andftinerigave zero completion into
nonnegative i matrix.

7. Consider the digraph below:

Figure 4.2.13: Digraph witharcs 1to 2,2to3and 4to 3

By using permutation (15)(24) the following digraph is ab&d which is amongst others
with similar results.
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1@

Figure 4.2.14: Digraph isomorphic to digraph in figure 232 dbtained via permutation
(15)(24)

Using the digraph in figure 2.2.13

di1 a2 X13 X4 X5
X1 Op2 @23 Xo4 Xo5
LetA= | x31 X3» d3z X34 X35 | be the partial nonnegativefnatrix specifying the
X41 Xa2 3 Oaa X5
Xs1 Xs2 Xs3 Xs4 Osg

digraph._
Determinants of the principal submatrices
DetA(1,2) =d1102- a12X01
Det A(1,3)= d11d33- X13%31
DetA(1,4)= di11das- X14%X41
DetA(1,5)= di1dss- X15%s51
Det A(2,3)= dyod33- arsXso
DetA(2,4)= dao0as- X24%42
DetA(2,5)= da20ss5- X25%s2
DetA(3,4)= d33das- X34843

Det A(3,5) = d33dss- X35%53
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Det A(4,5)= dg40s5- X45%54

DetA(1,2,3)= di1(d22033- @23X32) - A12(X21033- 23X31) + X13(X21X32- O22X31)
DetA(1,2,4)= d11(dro0as- X24%X42) - A12(X21044-X0aXa1) + X14(X21X42- O2oX41)

DetA(1,2,5)= di1(d220s5- X25Xs52) - 812(X21055- X25X51) + X15(X21X52- O22X51)
DetA(1,3,4)= d11(d330as- X34843) - X13(X310a4- X34Xa1) + X14(X31843- d33X41)
DetA(1,3,5)= di1(d330ss- X35X53) - X13(X31055- X35X51) + X15(X31X53- U33X51)
DetA(1,4,5)= di11(daadss- Xa5X54) - X14(Xa1055- Xa5X51) + X15(X41X54- Aa4Xs51)
DetA(2,3,4)= da2(d330ss- X34843) - 23(X32044- X34X42) + X24(X32843- U33X42)
DetA(2,3,5)= da2(d330s5- X35X53) - 823(X32055- X35X52) + Xo5(X32X53- U33X52)
DetA(2,4,5)= dpo(daass- X45X54) - Xo4(X42055- Xa5X52) + Xo5(X42X54- Oa4X52)
DetA(3,4,5)= d33(d440s5- X45X54) - X34(843055- X45X53) + X35(843X54- U44X53)

Det A(1,2,3,4)= d11{dx2(d33044- X34843) - @23(X32044- X34X42) + X24(X32843- U33X42)} -
a12{X21(d330a4- X34843) - Qp3(X31044- X3aX41) + Xoa(X31243- U33X41)} + Xa3{X21(X32044-
X34%X42) - O22(X31044- X34X41) + X24(X31Xa2- X32X41)} - X14{X21(X32843- U33X42) - Op2(X31843-
d33X41) + A23(X31Xa2- X32X41)}

Det A(1,2,3,5)= d11{dr2(d330ss- X35X53) - @23(X32055- X35X52) + Xo5(X32X53- U33Xs52)} -
a12{X21(d33055- X35X53)- A23(X31055- X35X51) + Xo5(X31X53- O33Xs1 )} + Xaa{X21(X320ss-
X35X52) - O22(X31055- X35X51) + X25(X31X52- X32X51)} - X15{X21(X32X53- U33Xs52) - U22(X31X53-
d33X51) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(da40s5- Xa5X54) - Xoa(Xa20s5- X45Xs2) + Xo5(X42Xs4- UasXs2)} -
a12{X21(044055- X45X54) - X24(Xa1055- Xa5X51) + Xo5(Xa1X54 - daaXs1)} + X14{X21(Xa20ss-
X45X52) - U22(X41055- X45X51) + Xo5(X41X52- Xa2X51)} - X15{X21(Xa2X54- UaaXs2) - Opo(Xa1X54-
daaxs1) + Xoa(Xa1X52- Xa2Xs51)}

Det A(1,3,4,5)= d11{d33(d440s5- X45X54) - X34(A43055- X45X53) + X35(2u3Xs54- UaaXs3)}-
X13{X31(d44055- X45X54) - X34(Xa1055- X45X51) + X35(X41X54- U44X51)} + X14{X31(2u3055- X45Xs53)
- U33(X41055- X45X51) + X35(Xa1X53- X43X51)} - X15{X31(843X54- U44X53) - d33(Xa1X54- UaaXs1)
+ X34(X41X53- 843%51)}

Det A(2,3,4,5)= dp2{d33(daa0ss- Xa5X54) - X34(Au30s5- X45X53) + X35(2u3Xss- daaXs3)} -
a23{X32(0a40s5~ Xa5X54) - X34(Xa20s55- Xa5X52) + X35(Xa2X54- daaXsp)} + Xoa{X32(2430ss5-
X45%53) - d33(Xa2055- X45X52) + X35(Xa2X53- 43Xs52)} - Xo5{X32(A43X54- UagXs3) - d33(Xa2Xs4-
d44X52) + X34(Xa2X53- A43X52)}
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DetA = d11[ d2o{d33(d44ads5- Xa5X54) - X34(843055-Xa5X53) + X35(843X54- UaaX53)} - @23{X32(0440ds55-
Xa5X54) - X34(X42055- Xa5X52) + X35(Xa2X54- UaaXs2)} + X24{X32(a43055- X45X53) - d33(X42055-
Xa5X52) + X35(Xa2X53- 8u3X52)} - X25{X32(843X54- UaaXs3) - Oa3(Xa2Xs4- UaaXs2) + X3a(Xa2Xs53-
as3%s2)}] -

a12[ Xo1{ 033(d440s5- X45X54) - X34(A43055- Xa5X53) + X35(843X54- UaaX53)} - @o3{*31(d440s55-
X45X54) - X34(X41055- Xa5X51) + X35(Xa1X54- AaaXs1)} + X24{X31(Q43055- X45X53) - d33(X410s5-
X45X51) + X35(X41X53- A43X51)} - Xo5{X31(Qu3Xs4- U4aXs3) - U33(Xa1X54- daaXs1) + X34(X41X53-
ay3xs1)}] +

X13[ X21{X32(044055- Xa5X54) - X34(Xa2055- Xa5X52) + X35(Xa42X54- UaaXs2)} - doo{X31(044ds55-
Xa5X54) - X34(X41055- Xa5X51) + X35(Xa1X54- a4X51)} + Xo4{X31(Xa2055- Xa5X52) - X32(X41055-
X45X51) + X35(X41X52- Xa2X51)} - X25{X31(X42X54- A44X52) - X32(Xa1X54- UaaXs1) + X34(Xa1Xs52-
XaoXs1)} -

X14[ X21{X32(243055- X45X53) - U33(Xa2055- Xa5X52) + X35(Xa2X53- Qa3Xs2)} - U2 X31(A43055-
X45%53) - 033(Xa1055- X45X51) + X35(X41X53- A43X51)} + 23{X31(X42055- Xa5Xs52) - X32(X410s5-
X45X51) + X35(Xa1X52- X42X51)} - Xo5{X31(X42X53- A43X52) - X32(X41X53- A43X51) + 033(X41X52-
X42Xs1)}] +

X15[ X21{X32(@43X54- OaaXs3) - O33(Xa2X54- UaaXs2) + X3a(XaoXs3- A43X52)}- Ooo{X31(8u3X54-
d4aXs3) - d33(Xa1X54- daaXs1) + X34(Xa1X53- 843X51)} + A23{X31(Xa2X54- JaaXs2) - X32(Xa1X54-
daaxXs1) + X34(X41X52- Xa2X51)} - X24{X31(Xa2X53- Bu3Xs52) - X32(X41X53- B43X51) + d33(Xa1X52-
X42X%51)}]

Performing zero completion by setting all the unspecifieiesnto zero i.ex;3= 0, X14=
0, x15= 0, X21= 0, X24= 0, Xo5= 0, X31= 0, X32= 0, X34= 0, X35= 0, X41= 0, X42= 0, X45= 0,
X51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =d11025 > 0
DetA(1,3) =dy1033 > 0
DetA(1,4) =d11044 > 0
DetA(1,5) =dy10s5 > 0
DetA(2,3) =dpp0a3 > 0
DetA(2,4) =dpptag > 0
DetA(2,5) =dpp0ss > 0
DetA(3,4) =daatas > 0

DetA(3,5) =d33dss > 0
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DetA(4,5) =daqdss > 0
DetA(1,2,3) =dq10ay da3 > 0
DetA(1,2,4) =dy1dp dag > O
DetA(1,2,5) =dy 10y dss > 0
DetA(1,3,4) =dy1ds3das > O
DetA(1,3,5) =dy1ds3dss > 0
DetA(1,4,5) =dy1d4dss > O
DetA(2,3,4) =dyydsadas >0
DetA(2,3,5) =dpodsadss > 0
DetA(2,4,5) =dpodasdss > 0
DetA(3,4,5) =ds3dasdss > O
DetA(1,2,3,4) =d; 10y daadas > O
DetA(1,2,3,5) =d; 10y daadss > O
DetA(1,2,4,5) =d; 107 daqdss > O
DetA(1,3,4,5) =d; 10y daadas > O
DetA(2,3.4,5) =dps0s30aq0ss > O
Det A = dy10>, d33dssdss > O

Determinants for the pattern are all nonnegative and tbexehe pattern have zero com-
pletion into nonnegatived® matrix.
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8. Consider the digraph below:

Figure 4.2.15: Digraph witharcs 1t0 3,2to1and 2to 3

The digraph has similar results with the following digraph:

Figure 4.2.16: Digraph isomorphic to digraph in figure 252 dbtained via permutation
(2534)

Using the digraph in figure 2.2.15:
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d11
a1
LetA=| X371
X41
X51

digraph.-

X12
079
X32
X42
X52

ai3
az3
ds3
X43
X53

X14
X24
X34
dag
X54

X15
X25
X35
X45
dss

be the partial nonnegativgfnatrix specifying the

Determinants of the principal submatrices

Det A(1,2) =d11d22- X10821

DetA(1,3)= d;1d33- a13%X31

DetA(1,4) = d11daa- X14%X41

DetA(1,5) = d11d55- X15X51

DetA(2,3)= dyod33- ax3Xan

Det A(2,4)= dyodag- X24X42

DetA(2,5): d27_d55- XogX52

Det A(3,4) = d33da4- X34X43

Det A(3,5)= d330s5- X35X53

DetA(4,5)= da4dss- X45Xs4

DetA(1,2,3)= d11(d22033- 823X32) - X12(821033- @23%X31) + @13(821X32- O22X31)

DetA(1,2,4)= d11(d2204aa- X24%42) - X12(821044- X24X41) + X14(821Xa2- O22Xa1)

DetA(1,2,5)= di1(d220ss- X25%s52) - X12(821055- X25X51) + X15(821X52- U22X51)

DetA(1,3,4)= d11(d3304a- X34%X43) - A13(X31044- X34X41) + X14(X31X43- U33X41)

DetA(1,3,5)= di11(d33055- X35X53) - @13(X31055- X35X51) + X15(X31X53- U33X51)

DetA(1,4,5)= d11(dssdss- X45X54) - X14(Xa1055- Xa5X51) + X15(X41X54- d44Xs51)

DetA(2,3,4)= d(d330a4- X34%X43) - @23(X32044- X34Xa2) + X24(X32X43- 033%X42)

DetA(2,3,5)= dz2(d33055- X35X53) - 823(X32055- X35X52) + X25(X32X53- 033X52)

DetA(2,4,5)= da2(daadss- Xa5X54) - X24(Xa2055- X45X52) + Xo5(Xa2X54- Ua4Xs52)

DetA(3,4,5)= d33(ds4ds5- X45X54) - X34(X43055- Xa5X53) + X35(X43X54- Ua4X53)
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Det A(1,2,3,4)= d11{dr2(d330as- X34X43) - a23(X32044- X3aXa2) + Xo4(Xa2Xa3~ U33X42)} -
X12{@21(d33da4- X34X43) - A23(X31044- X3aXa1) + X2a(X31Xa3- O33X41)} + A13{a@z1(Xs20as-
X34%42) - O22(X31044- X34%X41) + X24(X31Xa2- X32X41)} - X14{@21(X32X43- U33X42) - 22(X31X43-
d33X41) + A23(X31X42- X32X41)}

Det A(1,2,3,5)= d11{dr2(d330ss- X35X53) - @23(X32055- X35X52) + Xo5(X32Xs3- U33Xs2)} -
X12{@21(d330s5- X35X53)- A23(X31055- X35X51) + Xo5(X31X53- U33Xs1 )} + A1z{a@zi(X32dss-
X35X52) - Op2(X31055- X35X51) + X25(X31X52- X32X51)} - X15{@21(X32X53- A33Xs52) - U22(X31X53-
d33Xs1) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{dz2(d440s5- X45X54) - Xoa(Xa20s5- Xa5X52) + Xo5(XazXs4- UaaXs2)} -
X12{@21(da40s5- Xa5X54) - X24(Xa1055- Xa5X51) + Xo5(Xa1X54 - daaXs1)} + X1a{@21(Xa20ss-
X45Xs52) - O22(Xa1055- X45X51) + Xo5(Xa1X52- Xa2X51)} - X15{@21(Xa2Xs4- UaaXsp) - Oo2(Xa1X54-
dagXs1) + Xoa(Xa1X52- Xa2X51)}

Det A(1,3,4,5)= d11{d33(das0ss- Xa5%54) - X34(Xa3055- Xa5X53) + X35(Xa3X54- UaaXs3)}-
a13{X31(d44055- X45X54) - X34(X41055- Xa5X%51) + X35(X41X54~ Ua4X51)} + X14{X31(X43055- X45%53)
- d33(Xa1055- X45X51) + X35(X41X53- Xa3X51)}- X15{X31(Xa3X54- da4Xs53) - U33(X41X54- UaaXs1)
+ X34(X41X53- X43X51)}

Det A(2,3,4,5)= d2x{d33(das0ss- X45Xs54) - X34(Xa3055- Xa5X53) + X35(Xa3Xsa- dasXs3)} -
A23{X32(d44055- X45X54) - X34(Xa2055- Xa5X%52) + X35(X42X54- UaaXs2)} + Xoa{X32(Xa3055- X45%53)
- 033(X42055- X45X%52) + X35(Xa2X53- Xa3X52)} - Xo5{X32(Xa3X54- Ua4X53) - d33(Xa2X54- UaaXs2)
+ X34(X42X53- X43X52)}

DetA= dy1[ d22{d33(daadss- Xa5X54) - X34(X43055-X45X53) + X35(Xa3X54- A44X53)} - A23{X32(0440s55-
Xa5X54) - X34(X42055- Xa5X52) + X35(Xa2X54- OaaXs2)} + Xoaf X32(Xa30s55- X45X53) - d33(X42055-
X45X52) + X35(Xa2X53- Xa3X52)} - Xo5{X32(Xa3X54- UaaX53) - U33(Xa2X54- AaaXs2) + X34(Xa2X53-
Xa3%52)}] -

X12[ @21{033(da40s5- Xa5X54) - X34(Xa3055- X45X53) + X35(Xa3X54- Ua4Xs53)} - Ap3{X31(da4dss-
X45X54) - X34(Xa1055- Xa5X51) + X35(Xa1X54- UagXs1)} + X24{X31(X43055- X45X53) - d33(X410s5-
X45X%51) + X35(X41X53- X43X51)} - Xo5{X31(X43X54- daaXs3) - U33(Xa1X54- UaaXs1) + X34(Xa1X53-
X43%s1)}] +

aga[ a21{Xa2(daadss- X45X54) - X34(Xa2055- X45X52) + X35(Xa2X54- OaaX52)} - Aoo{X31(da4055-
Xa5X54) - X34(Xa1055- Xa5X51) + X35(Xa1X54- a4X51)} + Xo4{X31(Xa2055- Xa5X52) - X32(X41055-
Xa5X51) + X35(Xa1X52- Xa2X51)} - Xos{X31(X42X54- OaaX52) - X32(X41X54- OaaXs1) + X34(Xa1Xs52-
Xa2Xs1)} -

X14[ @21{X32(X43055- X45%53) - U33(Xa2055- X45X52) + X35(X42X53- X43X52)} - Op2{X31(X43055-
X45X53) - O33(Xa1055- X45X51) + X35(Xa1X53- X43X51)} + A23{X31(X42055- X45%s52) - X32(X410s5-
X45%51) + X35(Xa1X52- X42X51)} - Xo5{X31(Xa2X53- X43Xs52) - X32(X41X53- X43X51) + 033(X41X52-
X42Xs1)}] +
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X15[ @21{X32(Xa3X54- 44Xs3) - d33(Xa2X54- agXs2) + X3a(Xa2Xs3- X43X52)}- Ooo{X31(X43X54-
d44Xs53) - d33(X41X54- daaXs1) + X3a(Xa1X53- Xa3X51)} + A23{X31(Xa2X54- aaXs2) - X32(Xa1X54-
daaX51) + X34(X41X52- X42X51)} - X24{X31(Xa2X53- X43X52) - X32(X41X53- Xa3X51) + U33(Xa1X52-
X42X51)}]

Performing zero completion by setting all the unspecifiemiesnto zero i.ex;2= 0, X14=
0, x15= 0, X24= 0, X25= 0, X31= 0, X32= 0, X34= 0, X35= 0, X41= 0, X42= 0, X43= 0, X45= 0,
x51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =dq1dpp > 0
DetA(1,3) =dq1dg3 > 0
DetA(1,4) =dy1dsg > O
DetA(1,5) =dq1ds5 > 0
DetA(2,3) =dpodgs > 0
DetA(2,4) =dpodsg > 0
DetA(2,5) =dpdss > 0
DetA(3,4) =dsgdas > 0
DetA(3,5) =dsdss > 0
DetA(4,5) =dasdss > 0
DetA(1,2,3) =dq10h daz > 0
DetA(1,2,4) =dq10h dag > 0
DetA(1,2,5) =dq10b5 dss > 0
DetA(1,3,4) =di1ds3tas > O
DetA(1,3,5) =di1dsadss > O
DetA(1,4,5) =di1daadss > O
DetA(2,3,4) =dpdzadas > O
DetA(2,3,5) =dpodsadss > O
DetA(2,4,5) =dpodsadss > O

Det A(3,4,5) =d330440s5 > 0
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DetA(1,2,3,4) =d; 107 daadas > O
DetA(1,2,3,5) =d1 107 daadss > O
DetA(1,2,4,5) =ty10 dasdss > O
DetA(1,3,4,5) =dy1d22 d33d44 > 0
DetA(2,3,4,5) =tpods3daqdss > O
DetA = dy1d22 d33da4ds5 > O

All the determinants are nonnegative and therefore thepakttave zero completion into
nonnegative i matrix.

9. Consider the digraph below:

Figure 4.2.17: Digraph witharcs 1to 2,2to 3and 2to 4

When the vertices of the digraph are permuted other digraptissimilar results are
obtained, such as the one that follows:
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Figure 4.2.18: Digraph isomorphic to digraph in figure 272 dbtained via permutation
(1234)

Using the digraph in figure 2.2.17:

di1 a2 X3 X4 X5
X1 Op2 @23 a4 Xos5
LetA= | X31 X3» 033 Xas Xsz5 | be a partial nonnegativeyfnatrix specifying the
X41 X42 X43 Qag Xa5
Xs1 Xs2 Xs3 Xs4 Oag

digraph. )
Determinants of the principal submatrices
DetA(1,2) =d11020- a1o%21
DetA(1,3)= d11d33- X13%31
DetA(1,4)= d110a4- X14X41
DetA(1,5)= d11ds5- X15X51
DetA(2,3)= d2d33- ax3X32
DetA(2,4)= dao0as- ap4Xa2
DetA(2,5)= dyodss- Xo5X5)

DetA(3,4)= d33das- X34%X43
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Det A(3,5) = d33ds5- X35X53

DetA(4,5)= dssdss- X45Xs54

DetA(1,2,3)= di1(d22033- @23X32) - A12(X21033- X23%31) + X13(X21X32- 022X31)
DetA(1,2,4)= d11(dro0ss- @24X42) - @12(X21044-824Xa1) + X14(X21X42- O22X41)
DetA(1,2,5)= di1(d220s5- X25Xs52) - A12(X21055- X25X51) + X15(X21X52- O22X51)
DetA(1,3,4)= di11(dz3das- X34%43) - X13(X31044- X34%X41) + X14(X31X43- d33X41)
DetA(1,3,5)= di1(d330ss X35Xs3) - X13(X31055- X35X51) + X15(X31X53- U33%51)
DetA(1,4,5)= di11(daadss- Xa5X54) - X14(Xa1055- Xa5X51) + X15(X41X54- Aa4Xs51)
DetA(2,3,4)= dx2(d330a4- X34%X43) - @23(X32044- X34Xa2) + @pa(X32Xa3- U33X42)
DetA(2,3,5)= d2(d330s5- X35X53) - 823(X32055- X35X52) + Xo5(X32X53- U33X52)
DetA(2,4,5)= d2(da40s5- Xa5X54) - A24(Xa2055- Xa5X52) + Xo5(Xa2X54- da4Xs52)
DetA(3,4,5)= d33(d440s5- X45X54) - X34(Xa3055- Xa5X53) + X35(X43X54- U44Xs53)

Det A(1,2,3,4)= d11{dr2(d330as- X34X43) - @23(X32044- X34Xa2) + A24(X32X4a3- U33X42)} -
a12{X21(d33044- X34%43) - A23(X31044- X34Xa1) + A2a(X31Xa3- U33Xa1)} + Xa3{Xo1(X320a4-
X34%X42) - Op2(X31044- X34Xa1) + A24(X31X42- X32X41)} - X14{X21(X32X43- U33X42) - U22(X31X43-
d33X41) + A23(X31X42- X32X41)}

Det A(1,2,3,5)= d11{dr2(d330ss- X35X53) - @23(X32055- X35X52) + Xo5(X32X53- U33Xs52)} -
a12{X21(d33055- X35X53)- A23(X31055- X35X51) + Xo5(X31Xs3- d3sXsy )} + Xya{X21(Xs20ss-
X35X52) - U22(X31055- X35X51) + X25(X31X52- X32X51)} - X15{X21(X32X53- U33Xs52) - U22(X31X53-
d33Xs1) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(d440ss- X45X54) - @2a(Xa20ss- X45X52) + Xo5(Xa2Xs4- UaaXs2)} -
a12{*21(da40s5~ X45X54) - A24(Xa1055- Xa5X51) + Xo5(Xa1X54 - daaXs1)} + Xaa{X21(Xsa20s5-
Xa5X52) - O22(Xa1055- XasX51) + Xo5(Xa1X52- Xa2X51)} - X15{X21(Xa2X54- daaXsp) - d22(Xa1Xs4-
daaXs1) + @2a(Xa1Xs2- Xa2Xs51)}

Det A(1,3,4,5)= d11{d33(das0ss- Xa5%54) - X34(X43055- Xa5X53) + X35(Xa3X54- UaaXs3)}-
X13{X31(0a40s5- X45X54) - X34(X41055- Xa5X51) + X35(Xa1X54- UaaX51)} + X14{X31(Xa3055- X45X53)
- d33(X41055- X45X51) + X35(X41X53- Xa3X51)}- X15{X31(X43X54- da4Xs53) - U33(X41X54- UaaXs1)
+ X34(X41%53- X43X51)}

Det A(2,3,4,5)= doo{d33(dsaalss- Xa5X54) - X34(Xa30s5- Xa5X53) + Xa5(Xa3Xsa- UaaXs3)} -
a23{X32(0s40s5- X45X54) - X34(Xa20s55- XasXs2) + X35(XaoXs4- OaaXso)} + @pa{X32(X43dss5-
Xa5X53) - O033(Xa2055- X45X52) + X35(Xa2X53- Xa3X52)} - Xo5{X32(Xa3X54- A44Xs53) - A33(Xa2X54-
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daaXs2) + X34(X42X53- Xa3X52)}

DetA= dy1] dr2{d33(d440s5- X45X54) - X34(X43055-X45X53) + X35(Xa3X54- Ua4X53)} - A23{X32(da4dss-
Xa5X54) - X34(X42055- Xa5X52) + X35(Xa2X54- UaaXs2)} + 824{X32(X43055- Xa5X53) - U33(X42055-
Xa5X52) + X35(Xa2X53- X43X52)} - Xo5{X32(X43X54- a4Xs53) - U33(Xa2X54- AaaXs2) + X3a(Xa2Xs53-
X43%52)}] -

a12[ X21{ d33(d44ds5- X45X54) - X34(X43055- X45X53) + X35(Xa3X54- UaaXs3)} - Ap3{X31(d440ss-
X45X54) - X34(X41055- X45X51) + X35(Xa1X54- AaaXs1)} + A24{X31(X43055- X45X53) - d33(X410s5-
X45X51) + X35(X41X53- X43X51)} - Xo5{X31(X43X54- UaaXs53) - 033(Xa1X54- daaXs1) + X34(X41X53-
X43%51)}] +

X13[ X21{X32(044055- Xa5X54) - X34(Xa2055- Xa5X52) + X35(X42X54- UaaXs2)} - doo{X31(044ds55-
Xa5X54) - X34(X41055- Xa5X51) + X35(Xa1X54- OaaXs1)} + @za{X31(Xa2055- Xa5Xs52) - X32(X41055-
Xa5X51) + X35(Xa1X52- Xa2X51)} - Xos{X31(Xa2X54- 0aaXs2) - X32(X41X54- OaaXs1) + X34(Xa1Xs2-
Xa2Xs1)} -

X14[ X21{X32(Xa3055- X45X53) - U33(Xa20s5- Xa5X52) + X35(X42X53- Xa3X52)} - Oo2{X31(X43055-
X45%53) - 033(Xa1055- X45X51) + X35(Xa1X53- X43X51)} + A23{X31(Xa2055- X45Xs52) - X32(X410s5-
X45X51) + X35(X41X52- Xa2X51)} - X25{X31(Xa2X53- X43X52) - X32(X41X53- X43X51) + 033(X41X52-
X42Xs1)} +

X15[ X21{X32(Xa3X54- d44X53) - O33(XaoXs4- daaXs) + X3a(Xa2X53- Xa3X52)}- O22{X31(Xa3X54-
daaXs3) - d33(Xa1X54- JaaXs1) + X34(Xa1X53- Xa3X51)} + A3{X31(Xa2X54- d4aXs2) - X32(Xa1X54-
daaxs1) + X3a(Xa1X52- Xa2X51)} - A24{X31(Xa2X53- X43X52) - X32(Xa1X53- Xa3X51) + d33(Xa1X52-
X42X%51)}]

Performing zero completion by setting all the unspecifiemiesnto zero i.ex;3= 0, X14=
0, x15= 0, X21= 0, Xo5= 0, X31= 0, X32= 0, X34= 0, X35= 0, X41= 0, X42= 0, X43= 0, X45= 0,
X51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =d110p5 > 0
DetA(1,3) =d11033 > 0
DetA(1,4) =d11044 > 0
DetA(1,5) =dy1ds5 > 0
DetA(2,3) =dpptaz > 0
DetA(2,4) =dpptaq > 0
DetA(2,5) =dptss > 0

DetA(3,4) =d33dss > 0
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DetA(3,5) =d3adss > 0
DetA(4,5) =daqdss > 0
DetA(1,2,3) =dy10p daz > 0
DetA(1,2,4) =dy1dp dag > 0
DetA(1,2,5) =dy 10y dss > 0
DetA(1,3,4) =dy1ds3das > O
DetA(1,3,5) =dy1ds3dss > 0
DetA(1,4,5) =dy1d4dss > O
DetA(2,3,4) =dpodsadas > 0
DetA(2,3,5) =dpodsadss > 0
DetA(2,4,5) =dpo0asdss > O
DetA(3,4,5) =ds3dasdss > O
DetA(1,2,3,4) =d; 10y daadas > O
DetA(1,2,3,5) =d; 10y daadss > O
DetA(1,2,4,5) =1 107 daqdss > O
DetA(1,3,4,5) =d;10pp daadas > O
DetA(2,3.4,5) =das0s3daqdss > O
Det A = dy10>2 d33dssdss > O

Since all the determinants are nonnegative the patteraftirerhave zero completion into
nonnegative i matrix.
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10. Consider the digraph below:

Figure 4.2.19: Digraph with arcs 1 to 2, 2to 3 and 4 to 2

Similar results are obtained from digraphs got by permutinegvertices of the digraph,
example digraph that follows:

Figure 4.2.20: Digraph isomorphic to digraph in figure 292 dbtained via permutation
(13524)
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Using the digraph in figure 2.2.19:

let A=

digraph.-

di1 a2

X21
X31
X41
X51

(0793
X32
as2
X52

X13
az3
ds3
X43
X53

X14
X24
X34
dag
X54

X15
X25
X35
X45
dss

be a partial nonnegativepfnatrix specifying the

Determinants of the principal submatrices

Det A(1,2) =d11d22- a12X21

DetA(1,3)= d11d33- X13X31

DetA(1,4) = d11daa- X14%X41

DetA(1,5)= d110s5- X15X51

DetA(2,3)= daod33- ax3Xan

DetA(2,4)= d22044- X24842

DetA(2,5)= da20s5- X25Xs52

Det A(3,4) = d33da4- X34X43

Det A(3,5) = d330ss5- X35X53

DetA(4,5)= da4dss- X45Xs4

DetA(1,2,3)= di1(d2o0sz- apaxap) - a12(Xo1033- a23Xa1) + X13(X21X32- U2oX31)

DetA(1,2,4)= d11(d2204a- X24842) - @12(X21044-X24%Xa1) + X14(X21842- A22Xa1)

DetA(1,2,5)= d11(d220s5- X25Xs52) - @12(X21055- X25X51) + X15(X21X52- U22X51)

DetA(1,3,4)= d11(d33044- X34%X43) - X13(X31044- X34%a1) + X14(X31Xa3- O33%X41)

DetA(1,3,5)= di11(d33055- X35X53) - X13(X31055- X35X51) + X15(X31X53- O33X51)

DetA(1,4,5)= d11(dssdss- Xa5X54) - X14(Xa1055- Xa5X51) + X15(X41X54- U44Xs51)

DetA(2,3,4)= dro(d330a4- X34%43) - @23(X32044- X34842) + X24(X32X43- U33842)

DetA(2,3,5)= dz2(d33055- X35X53) - 823(X32055- X35X52) + X25(X32X53- 033X52)

DetA(2,4,5)= do(daadss- Xas5Xs4) - X24(842055- Xa5X52) + Xo5(@u2Xs4- da4Xs5))
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DetA(3,4,5)= d33(d4a0s5- Xa5X54) - X34(Xa3055- X45X53) + X35(Xa3X54- Ua4X53)

Det A(1,2,3,4)= di1{d22(d330a4- X34Xa3) - @23(X320a4- X34242) + X2a(Xs2Xa3- d33a42)}
- 2{X21(d33044- X34X43) - A23(X31044- X34X41) + X24(X31X43- U33X41)} + X13{X21(X32044-
X34842) - Op2(X31044- X34X41) + X24(X31842- X32X41)} - X14{X21(X32X43- U33842) - U22(X31X43-
d33X41) + @23(X31842- X32X41)}

Det A(1,2,3,5)= d11{dz2(d330s5- X35X53) - @23(X32055- X35X52) + Xo5(X32Xs3- U33Xs2)} -
A12{X21(d330s55- X35X53)- A23(X31055- X35X51) + Xo5(X31X53- U33Xsy )} + Xi3{Xo1(X32dss-
X35X52) - Oo2(X31055- X35X51) + X25(X31X52- X32X51)} - X15{X21(X32X53- d33Xs52) - U22(X31X53-
d33X51) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(d440s5- X45Xs54) - X24(2u20s5- Xa5Xs52) + Xos(uoXss- UasXs2)} -
12{X21(da40s5- X45X54) - X2a(Xa10s5- Xg5X51) + Xo5(Xa1X54 - UaaXs1)} + Xya{Xz1(242dss-
X45X52) - O22(X41055- X45X51) + Xo5(Xa1X52- 8u2X51)} - X15{X21(A4u2X54- UagXs2) - O22(X41X54-
daaX51) + X24(X41X52- A42X51)}

Det A(1,3,4,5)= d11{d33(dss0s5- X45%54) - X34(Xa3055- Xa5X53) + X35(Xa3X54- UaaXs3)}-
X13{X31(044055- X45X54) - X34(Xa1055- Xa5X51) + X35(Xa1X54- AaaXs51)} + X14{X31(X43055~ X45X53)
- d33(X41055- X45X51) + X35(X41X53- Xa3X51)}- X15{X31(Xa3X54- U44Xs53) - U33(Xa1X54- UasXs1)
+ X34(X41X53- X43X51)}

Det A(2,3,4,5)= d22{d33(d4a0s5- X45X54) - X34(Xa3055- Xa5X53) + X35(Xa3Xs54- aaXs3)} -
A23{X32(da40s5- Xa5X54) - X34(@42055- X45X52) + X35(Aa2Xs4- UasXs2)} + Xoa{X32(X43dss-
X45%53) - d33(Qa2055- Xa5X52) + X35(Au2Xs3- Xa3X52)} - Xos{X32(X43X54- dasaXs3) - d33(ay2Xss-
dagXs2) + X34(8u2X53- X43X52)}

DetA = d11[ doo{d33(d4ads5- Xa5X54) - X3a(X43055-Xa5X53) + X35(Xa3X54- UaaXs3)} - A23{ X32(d4a40s55-
Xa5X54) - X34(842055- X45X52) + X35(42X54- OaaXs2)} + Xo4{X32(Xa3055- X45X53) - O3z(as20ss5-
X45X52) + X35(842X53- X43X52)} - X25{X32(Xa3X54- U44X53) - A33(8u2X54- UaaXs) + X34(8u2Xs53-
Xa3Xs2)}] -

a12[ X21{d33(da40s5- X45X54) - X34(X43055- X45X53) + X35(X43X54- UaaXs3)} - A23{X31(d440s55-
X45X54) - X34(Xa1055- Xa5X51) + X35(Xa1X54- UagXs1)} + X24{X31(X43055- X45X53) - d33(X410s5-
X45%51) + X35(X41X53- Xa3X51)} - Xo5{X31(X43X54- da4Xs3) - d33(Xa1X54- daaXs1) + X34(X41X53-
X43%s1)}] +

X13[ X21{X32(d44055- X45X54) - X34(A42055- Xa5X52) + X35(AuX54- AaaXs2)} - Aop{X31(dssdss-
Xa5X54) - X34(X41055- Xa5X51) + X35(Xa1X54- OaaXs1)} + Xoa{ X31(842055- Xa5Xs52) - X32(X41055-
X45X51) + X35(Xa1X52- B42X51)} - X25{X31(Bu2X54- UaaX52) - X32(Xa1X54- AasX51) + X34(Xa1Xs52-
asXs1)} -

X14[ X21{X32(Xa3055- X45X53) - O33(842055- Xa5X52) + X35(Au2X53- Xa3Xs2)} - Ooof X31(Xa3dss5-
Xa5X53) - O33(Xa1055- Xa5X51) + X35(Xa1X53- Xa3X51)} + 823{X31(842055- X45X52) - X32(X41055-
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XasX51) + X35(Xa1X52- Q42X51)} - Xo5{X31(A42X53- Xa3X52) - X32(X41X53- X43X51) + O33(Xa1X52-
asXs1)}] +

X15[ X21{X32(Xa3X54- 44X53) - 33(AuX54- aaXsp) + X3a(BuoXs3- Xa3Xs2)}- Ooo{X31(Xa3X54-
da4Xs53) - 033(Xa1X54- OaaXs1) + X3a(Xa1X53- Xa3Xs1)} + aza{Xa1(8uoXs4- 0aaXs2) - X32(Xa1X54-
daaXs1) + X34(Xa1X52- B42X51)} - X24{X31(842X53- Xa3X52) - X32(X41X53- X43X51) + O33(Xa1X52-
as2Xs1)}]

Performing zero completion by setting all the unspecifieiento zero i.exi3= 0, X14=
0, x15= 0, X21= 0, X24= 0, X25= 0, X31= 0, X32= 0, X34= 0, X35= 0, X41= 0, X43= 0, X45= 0,
x51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =dq1dpp > 0
DetA(1,3) =dy1dg3 > 0
DetA(1,4) =dq1dsq > 0
DetA(1,5) =dq1ds5 > 0
DetA(2,3) =dpods3 > 0
DetA(2,4) =dpodsg > 0
DetA(2,5) =dpodss > 0
DetA(3,4) =dsgdag > 0
DetA(3,5) =dsgdss > 0
DetA(4,5) =dadss > 0
DetA(1,2,3) =dy10b daz > 0
DetA(1,2,4) =dy10b dag > 0
DetA(1,2,5) =dq10b, dss > 0
DetA(1,3,4) =dy1dgadas > O
DetA(1,3,5) =di1dsadss > O
DetA(1,4,5) =di1ds4dss > O
DetA(2,3,4) =dpodzadas > O

DetA(2,3,5) =dp2d330s5 > 0
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DetA(2,4,5) =dpo0asdss > O
DetA(3,4,5) =ds3daadss > O
DetA(1,2,3,4) =ty10 daadas > 0
DetA(1,2,3,5) =10 daadss > 0
DetA(1,2,4,5) =ty10 dasdss > O
DetA(1,3,4,5) =10 daadas > O
DetA(2,3,4,5) =dyo033044d55 > O
DetA = dj1d22 d33da4ds5 > O

The pattern have zero completion into nonnegatiyerRatrix since all the determinants
are nonnegative.

11. Consider the digraph below:

Figure 4.2.21: Digraph witharcs 1to 2, 3to 2and 4to 2

Permuting the vertices of the digraph gives other digrapitis similar results, example
of the one that follows:

54



Figure 4.2.22: Digraph isomorpic to digraph in figure 2.2.@fitained via permutation
(12)(35)

Using the diagraph in figure 2.2.21

di1 a2 X13 X4 X5
X1 Op2 X3 Xo4 Xo5
LetA= | x31 az» d3z X34 X35 | be the partial nonnegativefnatrix specifying the
X41 2 X43 Oag Xa5
Xs1 Xs2 Xs3 Xs4 Osg

digraph._
Determinants of the principal submatrices
DetA(1,2) =dj1d22- ajo%01
DetA(1,3)= d11d33- X13X31
DetA(1,4)= di11das- X14%X41
DetA(1,5)= di1ds5- X15X%51
DetA(2,3)= dz2033- X23832
DetA(2,4)= da20a4- X24842
DetA(2,5)= dzo0ss- X25Xs52
DetA(3,4)= d33das- X34%X43

Det A(3,5) = d33dss- X35%53
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Det A(4,5)= dg40s5- X45%54

DetA(1,2,3)= di1(d22033- X23832) - @12(X21033- X23X31) + X13(X21832- O22X31)
DetA(1,2,4)= d11(dro04s- X24842) - A12(X21044-X24%X41) + X14(X21842- O22X41)
DetA(1,2,5)= di1(d220s5- X25Xs52) - 812(X21055- X25X51) + X15(X21X52- O22X51)
DetA(1,3,4)= di11(dz3das- X34%43) - X13(X31044- X34%X41) + X14(X31X43- U33X41)
DetA(1,3,5)= di1(d330ss X35X53) - X13(X31055- X35X51) + X15(X31X53- U33X51)
DetA(1,4,5)= di11(daadss- Xa5X54) - X14(Xa1055- Xa5X51) + X15(X41X54- Aa4Xs51)
DetA(2,3,4)= da2(d330as- X34X43) - X23(832044- X34842) + X24(832X43- U33342)
DetA(2,3,5)= d2(d33dss- X35X53) - X23(A32055- X35X52) + Xo5(832X53- U33Xs52)
DetA(2,4,5)= dro(daadss- Xa5X54) - Xoa(Ba20s5- Xa5X52) + Xo5(8a2X54- UasXs))
DetA(3,4,5)= d33(d440s5- X45X54) - X34(Xa3055- Xa5X53) + X35(X43X54- U44X53)

Det A(1,2,3,4)= d11{d22(d330as- X34X43) - X23(az20as- X34Xa2) + Xo4(Az2Xa3- d33342)}
- a12{Xp1(d33044- X34X43) - X23(X31044- X34X41) + X24(X31X43- U33X41)} + X13{Xp1(8320l44-
X34842) - Op2(X31044- X34X41) + X24(X31842- A32X41)} - X14{X21(A32X43- d33842) - d22(X31X43-
d33X41) + X23(X31242- A32X41)}

Det A(1,2,3,5)= d11{dr2(d33dss- X35X53) - X23(A32055- X35X52) + Xo5(@32X53- U33Xs2)} -
a12{X21(d33055- X35X53)- X23(X31055- X35X51) + Xo5(X31Xs3- UazXsy )} + Xa3{X21(ag2dss-
X35%52) - U22(X31055~ X35X51) + X25(X31X52- A32X51)} - X15{X21(a32X53- d33Xs52) - U22(X31X53-
d33X51) + X23(X31X52- A32X51)}

Det A(1,2,4,5)= d11{d22(da4dss- X45Xs4) - Xpa(2u2dss- XasXs2) + Xos(uoXss- UasXs2)} -
a12{X21(da40s5~ X45X54) - X24(Xa10s5- Xa5X51) + Xo5(Xa1Xs4 - dagXs1)} + X1a{X21(2420s5-
X45%52) - O22(Xa1055- X45X51) + Xo5(Xa1X52- Qu2X51)} - X15{X21(Qu2X54- agXs2) - d22(Xa1X54-
dasaXs1) + X24(X41X52- A42X%51)}

Det A(1,3,4,5)= d11{d33(das0ss- Xa5%54) - X34(Xa3055- Xa5X53) + X35(Xa3X54- UaaXs3)}-
X13{X31(d44055- X45X54) - X34(X41055- X45X51) + X35(Xa1X54 Aa4X51)} + X14{X31(X43055" X45%53)
- d33(X41055- X45X51) + X35(X41X53- Xa3X51)}- X15{X31(X43X54- da4Xs53) - U33(X41X54- UaaXs1)
+ X34(X41%53- X43X51)}

Det A(2,3,4,5)= d22{d33(dsadss- X45Xs4) - X34(Xa3055- Xa5X53) + X35(Xa3X54- UaaXs3)} -
X23{a32(d4a0ss- Xa5X54) - X3a(u20ss- XasXsp) + Xas(uoXsa- UasXsp)} + Xza{asa(Xasdss-
X45%53) - 033(A42055- Xq5Xs52) + Xas(Qu2Xs3- X43X52)} - Xo5{@32(X43X54- daaXs3) - d33(u2Xs4-
d44X52) + X34(@a2X53- X43X52)}
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DetA= di1[ dpo{d33(ds4055- Xa5X54) - X34(X43055-Xa5X53) + X35(Xa3X54- Ua4Xs53)} - X23{@32(dasdss-
X45X54) - X34(Q42055- X45X52) + X35(2u2X54- UaaXs2)} + Xoa{z2(Xa30s5- X45X53) - U33(Au2dss-
X45X52) + X35(Qu2X53- X43X52)} - Xo5{@32(Xa3X54- UaaXs3) - U33(AuXs4- dagXs2) + X3a(y2Xs3-
X43X52)}] - A12[ X21{d33(d44055- Xa5X54) - X34(X43055- X45X53) + X35(X43X54- Ua4X53)} - X23{X31(044055-
X45X54) - X34(Xa1055- Xa5X%51) + X35(Xa1X54- UagXs1)} + Xo4{X31(X43055- X45X53) - d33(X410s5-
X45%51) + X35(X41X53- Xa3X51)} - Xo5{X31(X43X54- Ua4Xs53) - d33(X41X54- daaXs1) + X34(X41X53-
X43Xs1)}H + Xua[Xo1{@z2(daq0ss- XasXs4) - X34(@azdss- XasXs2) + Xas(AuoXss- agXs2)} -
O22{X31(da40s5- Xa5X54) - X3a(Xa1055 XasX51) + X35(X41X54- UaaXs1)} + Xo4{X31(2420s5-
X45X52) - 832(X41055- X45X51) + X35(X41X52- Qu2X51)} - Xo5{X31(Au2X54- Ua4Xs)2) - A32(Xa1X54-
dagXs1) + X34(Xa1Xs2- upXs1)}] - Xual X21{@s2(Xa3lss- X4sXs3) - d33(@uzdss- XasXsz) +
X35(8u2X53- X43X52)} - O22{X31(Xa3055- X45Xs53) - d33(Xa10s5- Xa5X51) + X35(Xa1X53- X43X51)}

+ X23{X31(Q42055- X45X52) - @32(Xa10s5- X45X51) + X35(Xa1X52- Au2X51)} - Xos{X31(B42X53-
X43X52) - 832(X41X53- X43X51) + U33(X41X52- A42X51)}] + X15[X21{@32(X43X54- UaaXs53) - da3(@aoX54-
d44X52) + X34(A42X53- Xa3X52)}- U2 X31(Xa3X54- aaXs3) - 33(Xa1X54- UagXs1) + X34(X41X53-
X43%51)} + X23{X31(A42X54- Ua4Xs52) - A32(Xa1X54- UaaXs1) + X34(Xa1X52- Ba2X51)} - X24{X31(Qu2X53-
X43X52) - 832(X41X53- X43X52) + d33(Xa1X52- A42X51)}]

Performing zero completion by setting all the unspecifiemiesnto zero i.ex;3= 0, X14=
0, x15= 0, X21= 0, X23= 0, X24= 0, X25= 0, X31= 0, X34= 0, X35= 0, X41= 0, X43= 0, X45= 0,
X51= 0, X50= 0, X53= 0, Xs4= 0. The determinants of principal submatrices will be ;

DetA(1,2) =dq1dpp > 0
DetA(1,3) =dq1ds3 > 0
DetA(1,4) =dq1dsq > 0
DetA(1,5) =dq1ds5 > 0
DetA(2,3) =dpodgs > 0
DetA(2,4) =dpodsg > 0
DetA(2,5) =dpdss > 0
DetA(3,4) =dsgdag > 0
DetA(3,5) =dsgdss > 0
DetA(4,5) =dgdss > 0
DetA(1,2,3) =dq10b daz > 0
DetA(1,2,4) =dy10b dag > 0

DetA(1,2,5) =d11022ds5 > 0

57



DetA(1,3,4) =dq10a3das > O
DetA(1,3,5) =d10a3dss > O
DetA(1,4,5) =dy1d4dss > O
DetA(2,3,4) =dpodsadas > 0
DetA(2,3,5) =dposadss > 0
DetA(2,4,5) =dpodssdss > 0
DetA(3,4,5) =dsadasdss > 0
DetA(1,2,3,4) =ty10 daadas > O
DetA(1,2,3,5) =tq102 daadss > 0
DetA(1,2,4,5) =dy1d22 dagdss > 0
DetA(1,3,4,5) =d;10pp daadas > O
DetA(2,3.4,5) =dps0s30a40s5 > O
Det A = dy10>5 d33dssdss > O

All the determinants are nonnegative and therefore thepaktave zero completion into
nonnegative i matrix.
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12. Consider the digraph below:

Figure 4.2.23: Digraph witharcs 2to 1,2to 3and 2to 4

The digraph has similar results as the digraph that follows:

Figure 4.2.24: Digraph isomorphic to digraph in figure 23 @btained via permutation
(12)(35)

Using the digraph in figure 2.2.23:
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d11
az1
LetA=| X371
X41
X51

digraph.-

X12
079
X32
X42
X52

X13
az3
ds3
X43
X53

X14
a4
X34
dag
X54

X15
X25
X35
X45
dss

be the partial nonnegativgnatrix specifying the

Determinants of the principal submatrices

Det A(1,2) =d11d22- X10821

DetA(1,3)= d11d33- X13%31

DetA(1,4) = d11daa- X14%X41

DetA(1,5)= d110s5- X15X51

DetA(2,3)= dyod3sz- ax3Xan

Det A(2,4)= dyodag- apaXar

DetA(2,5)= da20s5- X25Xs52

Det A(3,4) = d33da4- X34X43

Det A(3,5) = d330s5- X35X53

DetA(4,5)= da4dss- X45Xs4

DetA(1,2,3)= d11(d22033- a23X32) - X12(821033- @23%X31) + X13(821X32- 22X31)

DetA(1,2,4)= d11(d220aa- 824Xa2) - X12(8210da4-824Xa1) + X14(821Xa2- O22X41)

DetA(1,2,5)= di1(d220ss- X25%s52) - X12(821055- X25X51) + X15(821X52- U22X51)

DetA(1,3,4)= d11(d33044- X34%X43) - X13(X31044- X34%a1) + X14(X31Xa3- O33%X41)

DetA(1,3,5)= d11(d33055- X35X53) - X13(X31055- X35X51) + X15(X31X53- O33X51)

DetA(1,4,5)= d11(dssdss- X45X54) - X14(Xa1055- Xa5X51) + X15(X41X54- U44Xs51)

DetA(2,3,4)= d2(d330a4- X34%X43) - @23(X32044- X34Xa2) + @pa(X32Xa3- U33X42)

DetA(2,3,5)= dz2(d33055- X35X53) - 823(X32055- X35X52) + X25(X32X53- 033X52)

DetA(2,4,5)= dp2(d4a055- Xa5X54) - 824(X42055- Xa5X52) + Xo5(Xa2X54- Ua4X52)

DetA(3,4,5)= da3(daadss- X45X54) - X34(X43055- Xa5X53) + X35(X43X54- OaaX53)
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Det A(1,2,3,4)= d11{dr2(d33das- X34X43) - @23(X32044- X34Xa2) + A24(X32Xa3- U33X42)} -
X12{@21(d33das- X34X43) - A23(X310a4- X3aXa1) + A4(X31X43- d3zXa1)} + Xa3{a@z1(Xs2das-
X34%X42) - O22(X31044- X34%X41) + Q24(X31X42- X32X41)} - X14{@21(X32X43- U33X42) - 22(X31X43-
d33X41) + A23(X31X42- X32X41)}

Det A(1,2,3,5)= d11{dz2(d330s5- X35X53) - @z3(X32055- X35X52) + Xo5(X32Xs3- U33Xs2)} -
X12{@21(d33055- X35X53) - A23(X31055- X3sX51) + Xo5(X31X53- d33Xs1 )} + X13{a@z1(X320ss-
X35X52) - Op2(X31055- X35X51) + X25(X31X52- X32X51)} - X15{@21(X32X53- A33Xs52) - U22(X31X53-
d33Xs1) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(ds40s5- X45X54) - @24(Xa2055- Xa5X52) + Xo5(Xa2Xs4- dasaXsp)} -
X12{@21(da40ss- Xa5Xs4) - A24(X41055- Xa5X51) + Xo5(Xa1X54 - daaXs1)} + Xpa{@z1(Xa20s5-
X45%52) - O22(Xa1055- Xa5X51) + X25(Xa1X52- Xa2X51)} - X15{@21(Xa2X54- daaXs2) - O22(Xa1X54-
d44X51) + @24(Xa1X52- Xa2X51)}

Det A(1,3,4,5)= d11{d33(das0ss- Xa5%54) - X34(Xa3055- Xa5X53) + X35(Xa3X54- UaaXs3)}-
X13{X31(044055- X45X54) - X34(Xa1055- Xa5X51) + X35(Xa1X54- AaaX51)} + X14{X31(X43055" X45%53)
- 033(X41055- X45%51) + X35(Xa1X53- X43X51)} - X15{X31(Xa3X54- U44X53) - d33(Xa1X54- Ua4X51)
+ X34(X41X53- X43X51)}

Det A(2,3,4,5)= d2x{d33(das0ss- X45X54) - X34(Xa3055- X45X53) + X35(Xa3Xsa- daaXs3)} -
A23{X32(da40s5- Xa5X54) - X34(Xa2055- XasXs52) + X35(Xa2Xsa- UagXsp)} + Aza{X32(X43dss-
X45%53) - d33(Xa2055- X45X52) + X35(X42X53- X43X52)} - Xo5{X32(X43X54- Ua4Xs3) - d33(Xa2Xs4-
dagXs2) + X3a(Xa2X53- X43%52)}

DetA = d11[ doo{d33(d44ds5- Xa5X54) - X3a(X43055-Xa5X53) + X35(Xa3X54- UaaXs3)} - A23{ X32(d4a40s55-
Xa5X54) - X34(X42055- Xa5X52) + X35(Xa2X54- UaaXs2)} + 824{X32(X43055- X45X53) - d33(X42055-
X45X52) + X35(Xa2X53- Xa3X52)} - Xo5{X32(Xa3X54- UaaX53) - U33(Xa2X54- AaaXs2) + X34(Xa2X53-
Xa3Xs2)} -

X12[ @21{033(d440s5- Xa5X54) - X34(Xa30s55- X45X53) + X35(Xa3X54- Ua4Xs53)} - A23{X31(da4dss-
X45X54) - X34(X41055- X45X%51) + X35(Xa1X54- AaaXs1)} + A2a{X31(X43055- X45X53) - d33(X410s5-
X45X%51) + X35(X41X53- X43X51)} - Xo5{X31(X43X54- daaXs3) - U33(Xa1X54- UaaXs1) + X34(Xa1X53-
X43%s1)}] +

X13[ @21{X32(044055- Xa5X54) - X34(X42055- X45X52) + X35(X42X54- Ua4X52)} - oo X31(ds4ds5-
Xa5X54) - X34(X41055- Xa5X51) + X35(Xa1X54- OaaXs1)} + @za{X31(Xa2055- Xa5Xs52) - X32(X41055-
Xa5X51) + X35(Xa1X52- Xa2X51)} - Xos{X31(X42X54- OaaXs52) - X32(X41X54- OaaXs1) + X34(Xa1Xs52-
Xa2Xs1)} -

X14] @21{X32(X43055- X45%53) - U33(Xa2055- X45X52) + X35(Xa2X53- X43X52)} - Op2{X31(X43055-
X45X53) - 33(Xa1055- X45X51) + X35(Xa1X53- X43X51)} + A23{X31(X42055- X45%s52) - X32(X410s5-
X45%51) + X35(Xa1X52- X42X51)} - X25{X31(Xa2X53- X43Xs52) - X32(X41X53- X43X51) + 033(X41X52-
X42Xs1)}] +
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X15[ @21{X32(Xa3X54- Ua4Xs53) - A33(Xa2X54- UaaXs2) + X34(Xa2X53- Xa3X52)} - Ooo{X31(X43X54-
d44Xs53) - d33(X41X54- daaXs1) + X3a(Xa1X53- Xa3X51)} + A23{X31(Xa2X54- aaXs2) - X32(Xa1X54-
d44X51) + X34(X41X52- Xa2X51)} - A24{X31(Xa2X53- X43X52) - X32(X41X53- X43X51) + U33(X41X52-
X42X51)}]

Performing zero completion by setting all the unspecifieiesnto zero i.ex;>= 0, X13=
0, x14= 0, X15= 0, X25= 0, X31= 0, X32= 0, X34= 0, X35= 0, X41= 0, X42= 0, X43= 0, X45= 0,
x51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =dq1dpp > 0
DetA(1,3) =dq1dg3 > 0
DetA(1,4) =dy1dsg > 0
DetA(1,5) =dq1ds5 > 0
DetA(2,3) =dpodgs > 0
DetA(2,4) =dpodsg > 0
DetA(2,5) =dpdss > 0
DetA(3,4) =dsgdas > 0
DetA(3,5) =dsdss > 0
DetA(4,5) =dasdss > 0
DetA(1,2,3) =dq10h daz > 0
DetA(1,2,4) =dq10b dag > 0
DetA(1,2,5) =dq10b5 dss > 0
DetA(1,3,4) =di1ds3tas > O
DetA(1,3,5) =di1dsadss > O
DetA(1,4,5) =di1daadss > O
DetA(2,3,4) =dpodzadas > O
DetA(2,3,5) =dpodsadss > O
DetA(2,4,5) =dpodsadss > O

Det A(3,4,5) =d33d440s5 > 0
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DetA(1,2,3,4) =d; 107 daadas > O
DetA(1,2,3,5) =d1 107 daadss > O
DetA(1,2,4,5) =ty10 dasdss > O
DetA(1,3,4,5) =dy1d22 d33d44 > 0
DetA(2,3,4,5) =tpods3daqdss > O
DetA = dy1d22 d33da4ds5 > O

With all the determinants nonnegative, the pattern has eemgpletion into nonnegative
Po- matrix.

13. Consider the digraph below:

Figure 4.2.25: Digraph with arcs 1 to 2, 2 to 3 and 4 to5

Permuting the vertices of the digraph results to other gigsavith similar results, such
as the following digraphs:
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Figure 4.2.26: Digraph isomorphic to digraph in figure 252 @btained via peermutation
(45)

Using the digraph in the figure 2.2.25:

di1 a2 X13 X4 X5
X1 Op2 @23 Xo4 Xo5
LetA=| x31 X3 O3z Xza X35 | be the partial nonnegativematrix specifying the
X41 X2 X43 Oag ays
Xs1 Xs2 Xs53 Xs4 Oss

digraph._
Determinants of the principal submatrices
DetA(1,2) =d11020- a1oX21
DetA(1,3)= d11d33- X13%31
DetA(1,4)= d110a4- X14X41
DetA(1,5)= d11ds5- X15%51
DetA(2,3)= d2d33- ax3X32
DetA(2,4)= d22044- X24X42
DetA(2,5)= dyodss- Xo5X5)

DetA(3,4)= d33das- X34%X43

64



Det A(3,5) = d33ds5- X35X53

DetA(4,5)= dssdss- assX54

DetA(1,2,3)= di1(d22033- @23X32) - @12(X21033- a23X31) + X13(X21X32- O22X31)
DetA(1,2,4)= d11(drodas- X24%X42) - A12(X21044- X24%X41) + X14(X21Xa2- U22X41)
DetA(1,2,5)= di1(d220s5- X25Xs52) - A12(X21055- X25X51) + X15(821X52- U22X51)
DetA(1,3,4)= di11(dz3das- X34%X43) - X13(X31044- X34%X41) + X14(X31X43- U33X41)
DetA(1,3,5)= di1(d330ss- X35X53) - X13(X31055- X35X51) + X15(X31X53- U33X51)
DetA(1,4,5)= d11(ds40s5- As5Xs4) - X14(X41055- A45X51) + X15(X41X54- da4Xs1)
DetA(2,3,4)= d2(d330a4- X34%X43) - @23(X32044- X34Xa2) + X24(X32X43- 033%X42)
DetA(2,3,5)= d2(d330s5- X35X53) - 823(X32055- X35X52) + Xo5(X32X53- U33X52)
DetA(2,4,5)= d2(da40s5- a45Xs4) - X24(Xa20s5- A4sXs2) + Xo5(Xa2Xs4- UagXs2)
DetA(3,4,5)= d33(daalss- aysXsa) - X34(Xa30s5- AusXs3) + Xa5(Xa3Xs54- UaaXs3)

Det A(1,2,3,4)= d11{dro(d330as- X34X43) - @23(X32044- X34Xa2) + Xo4(X32Xa3~ U33X42)} -
a12{X21(d330a4- X34%43) - A23(X31044- X3aXa1) + Xoa(X31Xa3- U33Xa1)} + Xa3{X21(X32044-
X34%42) - O22(X31044- X34Xa1) + X24(X31Xa2- X32X41)} - X14{X21(X32X43- 0U33%X42) - O22(X31X43-
d33X41) + A23(X31X42- X32X41)}

Det A(1,2,3,5)= d11{dr2(d330ss- X35X53) - @23(X32055- X35X52) + Xo5(X32X53- U33Xs52)} -
a12{X21(d33055- X35X53)- A23(X31055- X35X51) + Xo5(X31Xs3- O3sXs1 )} + Xaa{X21(Xs20ss-
X35X52) - U22(X31055- X35X51) + X25(X31X52- X32X51)} - X15{X21(X32X53- U33Xs52) - U22(X31X53-
d33Xs1) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(da40s5- a45X54) - X2a(Xa2055- AusXs2) + Xo5(XaoXss- aaXs2)} -
a12{X21(d44055- ausX54) - Xo4(Xa10s55- ausXs1) + Xo5(X41X54 - daaXs1)} + X1a{X21(Xa20ss5-
a45X52) - O22(X41055- AysXs1) + Xo5(X41X52- Xa2X51)} - X15{X21(Xa2X54- daaXs2) - O22(Xa1X54-
daaXs1) + Xoa(Xa1X52- Xa2X51)}

Det A(1,3,4,5)= d11{d33(d440s5- assXs4) - X34(Xa3055- AysXs3) + X35(Xa3Xs4- UaaXs3)}-
X13{X31(d44055- QusXs4) - X34(Xa1055- AysXs1) + Xas(Xa1Xs4- agXs1)} + X14{X31(Xa30s5-
ay5Xs53) - 033(X41055- A45X51) + X35(X41X53- Xa3X51)}- X15{X31(X43X54- UagXs3) - d33(Xa1X54-
daaX51) + X34(X41X53- Xa3X51)}

Det A(2,3,4,5)= dyx{d33(dss0ss- ausXsa) - X34(Xa30s5- @asXs3) + X35(Xa3Xs5a- dasXsz)} -
a23{X32(0s40s5- As5X54) - X3a(Xa20s5- AusXsp) + Xas(XaoXsa- dasXso)} + Xoa{X32(X43dss5-
ay5X53) - O33(Xa2055- BusXs2) + X35(Xa2X53- Xa3X52)} - Xo5{X32(Xa3X54- d44X53) - 033(Xa2X54-
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daaXs2) + X34(X42X53- Xa3X52)}

DetA = di1[ do2{d33(da4055- a45X54) - X34(Xa3055-a45X53) + X35(X43X54- U44X53)} - A23{ X32(0440s55-
ay5X54) - X34(X42055- B45X52) + X35(Xa2X54- UaaXs2)} + X24{X32(Xa3055- 45X53) - d33(Xa2055-
ausX52) + X35(Xa2X53- X43X52)} - Xo5{X32(X43X54- Ua4X53) - U33(Xa2X54- AasXs2) + X34(XaoXs53-
X43%52)}] -

a12[ Xo1{033(d440s5- BusX54) - X34(Xa3055- AusX53) + X35(Xa3X54- Ua4X53)} - @23{X31(d440s55-
ay5Xs54) - X34(X41055- Q4sXs1) + X35(Xa1Xs4- UaaXs1)} + X24{X31(X43055- a45Xs3) - d33(X410s55-
as5X51) + X35(X41X53- Xa3X51)} - Xo5{X31(X43X54- UaaXs53) - 033(X41X54- UaaXs1) + X34(X41X53-
X43%s1)}] +

X13[ X21{X32(044055- @45X54) - X34(Xa2055- 8usX52) + X35(Xa2Xs54- OaaXs2)} - doo{X31(044ds55-
ay5X54) - X34(X41055- A45X51) + X35(Xa1X54- OaaXs1)} + Xoa{ X31(Xa20s55- 845X5)) - X32(Xa1055-
aysXs51) + X35(Xa41X52- Xa2X51)} - Xos{X31(X42X54- UaaXs2) - X32(Xa1X54- UaaXs1) + X3a(Xa1X52-
Xa2Xs1)} -

X14[ X21{X32(X43055- A45X53) - U33(Xa20s5- AusXs52) + X35(Xa2X53- X43X52)} - Oo2{X31(X43055-
ay5Xs53) - 033(Xa1055- AusX51) + X35(Xa1X53- X43X51)} + A23{X31(Xa2055- A45Xs52) - X32(X410s55-
assX51) + X35(X41X52- X42X51)} - Xo5{X31(Xa2X53- X43X52) - X32(X41X53- Xa3X51) + U33(Xa1X52-
X42Xs1)}] +

X15[ X21{X32(Xa3X54- d44X53) - O33(XaoXs4- daaXs) + X3a(Xa2X53- Xa3X52)}- O22{X31(Xa3X54-
d4aXs3) - d33(Xa1X54- JaaXs1) + X34(Xa1X53- Xa3X51)} + a3{X31(Xa2X54- d4aXs2) - X32(Xa1X54-
daaxs1) + X3a(Xa1Xs2- Xa2X51)} - X24{X31(X42X53- Xa3X52) - X32(Xa1X53- Xa3X51) + d33(Xa1X52-
X42%51)}]

Performing zero completion by setting all the unspecifiemiesnto zero i.ex;3= 0, X14=
0, x15= 0, X21= 0, X24= 0, Xo5= 0, X31= 0, X32= 0, X34= 0, X35= 0, X41= 0, X42= 0, X43= 0,
X51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =d110p5 > 0
DetA(1,3) =d11033 > 0
DetA(1,4) =d11044 > 0
DetA(1,5) =dy10s5 > 0
DetA(2,3) =dppta3 > 0
DetA(2,4) =dpptag > 0
DetA(2,5) =dppdss > 0

DetA(3,4) =d33dss > 0
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DetA(3,5) =d3adss > 0
DetA(4,5) =daqdss > 0
DetA(1,2,3) =dy10p daz > 0
DetA(1,2,4) =dy1dp dag > 0
DetA(1,2,5) =dy 10y dss > 0
DetA(1,3,4) =dy1ds3das > O
DetA(1,3,5) =dy1ds3dss > 0
DetA(1,4,5) =dy1d4dss > O
DetA(2,3,4) =dpodsadas > 0
DetA(2,3,5) =dpodsadss > 0
DetA(2,4,5) =dpo0asdss > O
DetA(3,4,5) =ds3dasdss > O
DetA(1,2,3,4) =d; 10y daadas > O
DetA(1,2,3,5) =d; 10y daadss > O
DetA(1,2,4,5) =1 107 daqdss > O
DetA(1,3,4,5) =d;10pp daadas > O
DetA(2,3.4,5) =das0s3daqdss > O
Det A = dy10>2 d33dssdss > O

Hence the pattern have zero completion into nonnegagveBtrix since all the determi-
nants are nonnegative
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14. Consider the digraph below:

Figure 4.2.27: Digraph witharcs 1to2,3to2and 4to 5

The following digraph obtained is among other digraphs wéhme results as one above.

Figure 4.2.28: Digraph isomorphic to digraph in figure 272 dbtained via permutation
(2534)

Using the digraph in the figure 2.2.27
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d11
X21
LetA=| X371
X41
X51

digraph )

aji2
079
asz
X42
X52

X13
X23
ds3
X43
X53

X14
X24
X34
dag
X54

X15
X25
X35
a4s
dss

be the partial nonnegativeRatrix specifying the

Determinants of the principal submatrices

Det A(1,2) =d11d22- a12X21

DetA(1,3)= d11d33- X13X31

DetA(1,4) = d11daa- X14%X41

DetA(1,5) = d11d55- X15X51

DetA(2,3)= daod33- Xp3a32

Det A(2,4)= dyodag- X24X42

DetA(2,5): d27_d55- XogX52

Det A(3,4) = d33da4- X34X43

Det A(3,5)= d330ss5- X35X53

DetA(4,5)= dg4dss- a45Xs4

DetA(1,2,3)= di1(d22033- X23832) - @12(X21033- X23X31) + X13(X21832- U20X31)

DetA(1,2,4)= di1(d2o0as- Xo4Xa2) - @12(X21044-X24Xa1) + X14(X21Xa2- A22Xa1)

DetA(1,2,5)= di11(d220s5- X25Xs52) - @12(X21055- X25X51) + X15(X21X52- U22X51)

DetA(1,3,4)= d11(d33044- X34%X43) - X13(X31044- X34%a1) + X14(X31Xa3- O33%X41)

DetA(1,3,5)= d11(d33055- X35X53) - X13(X31055- X35X51) + X15(X31X53- O33X51)

DetA(1,4,5)= d11(d440s5- @a5X54) - X14(X41055- Ba5X51) + X15(X41X54- AaaXs1)

DetA(2,3,4)= dro(d330a4- X34%X43) - X23(832044- X34X42) + Xo4(832X43- 33X42)

DetA(2,3,5)= dr2(dz3dss- X35X53) - X23(832055- X35X52) + X25(832X53- U33X52)

DetA(2,4,5)= da2(daads5- aysXsa) - X24(Xa20s5- A4sX52) + Xo5(Xa2X54- Ua4Xs52)

DetA(3,4,5)= d33(ds40s5- AusX54) - X34(Xa3055- Aa5X53) + X35(X43X54- U44X53)
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Det A(1,2,3,4)= d11{d22(d33das- X34Xa3) - X23(A32044- X34Xa2) + Xpa(@32Xa3- U33X42)} -
a12{X21(033044- X34X43) - X23(X31044- X34Xa1) + X2a(X31Xa3- U33X41)} + Xy3{Xz1(ag20as-
X34X42) - 022(X31044- X34X41) + X24(X31Xa2- 832X41)} - X14{X21(832X43- U33X42) - U22(X31X43-
d33X41) + X23(X31X42- A32X41)}

Det A(1,2,3,5)= d11{d22(d33dss- X35X53) - X23(A32055- X35X52) + Xo5(@32Xs53- U33Xs2)} -
A12{X21(d33055- X35X53)- X23(X31055- X35X51) + Xo5(X31Xs3- U33Xs1 )} + Xyz{Xz1(aszdss-
X35X52) - Op2(X31055- X35%51) + Xo5(X31X52- @32X51)} - X15{X21(832X53- U33Xs52) - U22(X31X53-
d33Xs51) + X23(X31X52- 832X51)}

Det A(1,2,4,5)= d11{d22(d44055- @s5Xs54) - X24(Xa2055- @usXsp) + Xo5(Xa2Xsa- daaXs2)} -
a12{X21(044055- aysXs4) - X2a(Xa10s5- AusXs1) + Xo5(Xa1Xsa - dasXs1)} + X1a{X21(Xa2Oss-
a45X52) - O22(Xa1055- AysXs1) + Xo5(Xa1Xs2- Xa2X51)} - X15{X21(Xa2X54- daaXs2) - doo(Xa1X54-
daaXs1) + X24(X41X52- X42X51)}

Det A(1,3,4,5)= d11{d33(d440s5- ausXs4) - X34(Xa3055- AssX53) + X35(Xa3Xs4- daaXs3)} -
X13{X31(d440s5- aysXs4) - X34(X41055- AssXs51) + X35(Xa1X54- UagXs1)} + Xy4{X31(Xa30s5-
aysXs53) - d33(X41055- AasX51) + X35(Xa1X53- X43X51)} - X15{X31(X43X54- da4Xs53) - d33(Xa1X54-
daaXs1) + X34(Xa1X53- X43%51)}

Det A(2,3,4,5)= dp2{d33(d440ss- ausXss) - X34(Xa3055- AasXs3) + X35(Xa3Xs4- dasXs3)} -
X23{@32(da40s5- AusX54) - X34(Xa20s5- AasXs2) + Xas(XazXssa- UasXs2)} + Xoa{@z2(Xa3dss-
ay5Xs53) - d33(Xa20s5- AusXs2) + X35(X42Xs3- X43X52)} - X25{@32(X4a3X54- aaXs3) - d33(XaoXs4-
daaXs2) + X3a(Xa2X53- X43X52)}

DetA = d11[ d2o{d33(d440s5- 845X54) - X34(Xa3055-845X53) + X35(X43X54- UaaXs53)} - Xo3{ 832(0a4ds55-
ay5X54) - X34(X42055- B45X52) + X35(Xa2X54- UaaXs2)} + Xoa{@32(X43055- X45X53) - A33(Xa2055-
ay5X52) + X35(Xa2X53- Xa3X52)} - Xo5{@32(X43X54- UaaXs3) - d33(Xa2X54- OaaXsp) + X3a(Xa2X53-
Xa3Xs2)}] -

a12[ X21{d33(da40s5- A45X54) - X34(X430s55- Aa5X53) + X35(Xa3X54- UaaXs53)} - X23{X31(d44ds55-
ay5Xs54) - X34(X41055- Q4sXs51) + X35(Xa1Xs4- UaaXs1)} + X24{X31(X43055- A45Xs3) - d33(X410s55-
assXs1) + X35(Xa1X53- X43X51)} - Xo5{X31(Xa3X54- UaaXs3) - d33(X41X54- aaXs1) + X34(X41X53-
X43%s1)}] +

X13[ X21{832(d44055- B45X54) - X34(Xa2055- AusXs2) + X35(Xa2X54- UaaXs2)} - doo{X31(0aadss-
ay5X54) - X34(X41055- B4sX51) + X35(Xa1X54- UaaXs1)} + X24{X31(Xa2055- 8u5X52) - A32(Xa1055-
aysXs51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(Xa2X54- d44Xs2) - 832(X41X54- OaaXs1) + X3a(Xa1X52-
Xa2Xs1)} -

X14[ X21{@32(X43055- usXs3) - U33(X42055- AasXs2) + X35(Xa2X53- X43X52)} - Ooo{X31(X43055-
ay5Xs53) - 033(Xa1055- A4sX51) + X35(Xa1X63- X43X51)} + X23{X31(X42055- A4sX52) - A32(X41055-
ausXs1) + X35(Xa1X52- Xa2X51)} - Xo5{X31(Xa2X53- X43X52) - @32(Xa1X53- X43X51) + d33(Xa1X52-
X42Xs1)} +
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X15[ X21{832(X43X54- UaaX53) - A33(Xa2X54- aaXsp) + X3a(XaoXs3- Xa3Xs2)}- O22{X31(Xa3X54-
daaXs3) - d33(Xa1X54- JaaXs1) + X34(Xa1X53- Xa3X51)} + Xo3{X31(X42X54- UaaXs?) - 832(Xa1X54-
daaXs51) + X34(Xa41X52- Xa2X51)} - X2a{X31(X42X53- X43X52) - @32(Xa1X53- Xa3X51) + O33(Xa1X52-
X42X%51)}]

Performing zero completion by setting all the unspecifieiesnto zero i.ex;3= 0, X14=
0, x15= 0, X21= 0, X23= 0, X24= 0, X25= 0, X31= 0, X34= 0, X35= 0, X41= 0, X42= 0, X43= 0,
x51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =dq1dpp > 0
DetA(1,3) =dq1dg3 > 0
DetA(1,4) =dy1dsg > O
DetA(1,5) =dq1ds5 > 0
DetA(2,3) =dpodgs > 0
DetA(2,4) =dpodsg > 0
DetA(2,5) =dpdss > 0
DetA(3,4) =dsgdas > 0
DetA(3,5) =dssdss > 0
DetA(4,5) =dasdss > 0
DetA(1,2,3) =dq10h daz > 0
DetA(1,2,4) =dq10b dag > 0
DetA(1,2,5) =dq10b dss > 0
DetA(1,3,4) =di1ds3tas > O
DetA(1,3,5) =dy10a30s5 >0
DetA(1,4,5) =di1da4dss > O
DetA(2,3,4) =dpodzadas > O
DetA(2,3,5) =dpodsadss > O
DetA(2,4,5) =dpodsadss > O

Det A(3,4,5) =d330440s5 > 0
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DetA(1,2,3,4) =d; 107 daadas > O
DetA(1,2,3,5) =d1 107 daadss > O
DetA(1,2,4,5) =ty10 dasdss > O
DetA(1,3,4,5) =dy1d22 d33d44 > 0
DetA(2,3,4,5) =tpods3daqdss > O
DetA = dy1d22 d33da4ds5 > O

With all the determinants nonnegative, the pattern have zempletion into nonnegative
Po- matrix.

15. Consider the digraph below:

Figure 4.2.29: Digraph witharcs2to1,2to3and 4to 5

By permuting the vertices of the above digraph other digsegnle obtained with results
similar to it, such as one that follows:
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Figure 4.2.30: Digraph isomorphic to the digraph in figur229, obtained via permuta-
tion (12345)

Using the digraph in figure 2.2.29:

di1 X12 X13 X14 X5
a1 Oz @23 X4 Xo5
LetA= | x31 X3» d3z X34 X35 | be the partial nonnegativefnatrix specifying the
X41 Xa2 X43 Oag ays
Xs1 Xs2 Xs3 Xs4 Osg

digraph._
Determinants of the principal submatrices
DetA(1,2) =dj1d22- X10a21
DetA(1,3)= d11d33- X13X31
DetA(1,4)= di11das- X14%X41
DetA(1,5)= di1ds5- X15Xs1
Det A(2,3)= dyod33- arsXso
DetA(2,4)= do0as- X24%42
DetA(2,5)= dzoUss- X25Xs2
DetA(3,4)= d33das- X34%X43

Det A(3,5) = d33dss- X35%53
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Det A(4,5)= dg40s5- a45Xs4

DetA(1,2,3)= d11(dao033- @23X32) - X12(821033- 823%X31) + X13(821%32- O22X31)
DetA(1,2,4)= d11(daodss- X24X42) - X12(821044-X24Xa1) + X14(B21Xa2- OooX41)

DetA(1,2,5)= di1(d220s5- Xo5X52) - X12(A21055- Xo5X51) + X15(821X52- O22X51)
DetA(1,3,4)= di11(dz3das- X34%43) - X13(X31044- X34X41) + X14(X31X43- U33X41)
DetA(1,3,5)= di1(d330ss- X35X53) - X13(X31055- X35X51) + X15(X31X53- U33X51)
DetA(1,4,5)= d11(daqdss- a45Xs4) - X14(Xa1055- 45X51) + X15(Xa1X54- da4X51)
DetA(2,3,4)= da2(dz30ss- X34%X43) - @23(X32044- X34X42) + X24(X32X43- U33X42)
DetA(2,3,5)= d2(d330s5- X35X53) - 823(X32055- X35X52) + Xo5(X32X53- U33X52)
DetA(2,4,5)= da2(daq0ss- a45Xs4) - X24(Xa2055- a5Xs52) + Xo5(Xa2X54- UagXs?)
DetA(3,4,5)= d33(daalss- AysXsa) - X34(Xa30s5- AusXs3) + X35(Xa3Xs54- UaaXs3)

Det A(1,2,3,4)= d11{d22(033044- X34%43) - @23(X32044- X34Xa2) + Xo4(X32X4a3- U33Xa2)} -
X12{@21(d33044- X34X43) - A23(X31044- X34X41) + Xoa(X31X43- d33X41)} + X13{@21(X32044-
X34%X42) - Op2(X31044- X34Xa1) + X24(X31Xa2- X32X41)} - X14{@21(X32X43- U33X42) - d22(X31X43-
d33X41) + A23(X31X42- X32X41)}

Det A(1,2,3,5)= d11{dr2(d330ss- X35X53) - @23(X32055- X35X52) + Xo5(X32X53- U33Xs2)} -
X12{@21(d33055- X35X53)- A23(X31055- X35X51) + Xo5(X31X53- O33Xs1 )} + Xiz{a@za(Xs20ss-
X35%52) - U22(X31055- X35%51) + X25(X31X52- X32X51)} - X15{@21(X32X53- U33Xs52) - U22(X31X53-
d33%51) + @23(X31X52- X32X51)}

Det A(1,2,4,5)= d11{d22(dasdss- ausXss) - Xoa(Xa20ss- AusXs2) + Xo5(XaoXs4- UaaXs2)} -
X12{@21(ds40s55- aysXs4) - X2a(Xa10s5- AusXs1) + Xo5(Xa1Xs54 - dasXs1)} + Xpa{@2a(Xa2dss-
ay5X52) - O2o(Xa1055- AysXs1) + Xo5(Xa1Xs2- Xa2Xs1)} - Xas{@z1(Xa2Xs4- daaXs2) - d22(Xa1X54-
dasxs1) + Xoa(Xa1X52- Xa2Xs51)}

Det A(1,3,4,5)= d11{d33(d440s5- QusXs4) - X34(X43055- AssXs3) + X35(Xa3Xs4- daaXs3)} -
X13{X31(044055- QysXs4) - X34(Xa1055- AssXs1) + Xas(Xa1Xsa- UaaXs1)} + Xra{X31(Xa30ss-
ay5Xs53) - d33(X41055- AasX51) + X35(Xa1X53- X43X51)} - X15{X31(X43X54- da4Xs53) - d33(Xa1X54-
da4X51) + X34(X41X53- X43X51)}

Det A(2,3,4,5)= dp2{d33(daa0ss- au5X54) - X34(X43055- AysXs3) + X35(XasXss- daaXs3)} -
A23{X32(da40s5- ysXs4) - X34(Xa20s5- AasXs2) + Xas(XaoXsa- UasXs2)} + Xoa{X32(X43dss-
ay5Xs53) - d33(Xa20s5- Aas5Xs52) + X35(Xa2X53- X43X52)} - Xo5{X32(X43X54- daaXs3) - d33(XaoXs4-
O44X52) + X34(X42X53- Xa3Xs52)}
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DetA = di1[ d22{d33(da4055- a45X54) - X34(Xa3055-a45X53) + X35(X43X54- U44X53)} - A23{ X32(0440s55-
ay5X54) - X34(X42055- B45X52) + X35(Xa2X54- UaaXs2)} + X24{X32(Xa3055- 45X53) - d33(Xa2055-
ausX52) + X35(Xa2X53- X43X52)} - Xo5{X32(X43X54- Ua4X53) - U33(Xa2X54- AasXs2) + X34(XaoXs53-
Xa3Xs2)}] -

X12[ 8p1{d33(da4s5- A45X54) - X34(Xa3055- AysXs3) + X35(X43X54- UaaXs53)} - A23{X31(da40s5-
ay5X54) - X34(X41055- Q4sXs1) + X35(Xa1Xs4- UaaXs1)} + X24{X31(X43055- A4sXs3) - d33(X410s55-
as5X51) + X35(X41X53- Xa3X51)} - Xo5{X31(X43X54- UaaXs53) - 033(X41X54- UaaXs1) + X34(X41X53-
X43%51)}] +

X13[ X21{X32(044055- @45X54) - X34(Xa2055- BusXs52) + X35(Xa2X54- OaaXs2)} - doo{X31(044ds55-
ay5Xs4) - X34(X41055- 45X51) + X35(Xa1X54- OaaXs1)} + Xoa{ X31(Xa2055- 845X5)) - X32(Xa1055-
ausXs1) + X35(Xa1X52- Xa2X51)} - Xo5{X31(X42X54- da4X52) - X32(Xa1X54- UaaXs1) + X34(Xa1X52-
Xa2Xs1)} -

X14] @21{X32(X43055- QusXs53) - U33(X42055- AusXs2) + X35(Xa2X53- X43X52)} - Oo2{X31(X43055-
ay5Xs53) - 033(Xa1055- AusX51) + X35(Xa1X63- X43X51)} + A23{X31(Xa2055- A45Xs52) - X32(X410s55-
assXs51) + X35(X41X52- Xa2X51)} - Xo5{X31(X42X53- X43X52) - X32(X41X53- X43X51) + d33(X41X52-
X42Xs1)} +

X15[ 821{X32(X43X54- UaaX53) - A33(Xa2X54- aaXsp) + X3a(Xa2Xs3- Xa3Xs2)}- O22{X31(Xa3X54-
d4aXs3) - d33(Xa1X54- JaaXs1) + X34(Xa1X53- Xa3X51)} + @3{X31(Xa2X54- d4aXs2) - X32(Xa1X54-
daaxs1) + X3a(Xa1Xs2- Xa2X51)} - X24{X31(X42X53- Xa3X52) - X32(Xa1X53- Xa3X51) + d33(Xa1X52-
X42%51)}]

Performing zero competion by setting all the unspecifiedento zero i.exi2= 0, X;3=
0, x14= 0, X15= 0, X24= 0, Xo5= 0, X31= 0, X32= 0, X34= 0, X35= 0, X41= 0, X42= 0, X43= 0,
X51= 0, X52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =d11025 > 0
DetA(1,3) =dy1033 > 0
DetA(1,4) =d11044 > 0
DetA(1,5) =dy10s5 > 0
DetA(2,3) =dpp0a3 > 0
DetA(2,4) =dpptag > 0
DetA(2,5) =dpp0ss > 0
DetA(3,4) =daatas > 0

DetA(3,5) =d33dss > 0
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DetA(4,5) =daqdss > 0
DetA(1,2,3) =dq10ay da3 > 0
DetA(1,2,4) =dy1dp dag > O
DetA(1,2,5) =dy 10y dss > 0
DetA(1,3,4) =dy1ds3das > O
DetA(1,3,5) =dy1ds3dss > 0
DetA(1,4,5) =dy1d4dss > O
DetA(2,3,4) =dpodsadas > 0
DetA(2,3,5) =dpodsadss > 0
DetA(2,4,5) =dpodasdss > 0
DetA(3,4,5) =ds30asdss > O
DetA(1,2,3,4) =d; 10y daadas > O
DetA(1,2,3,5) =d; 10y daadss > O
DetA(1,2,4,5) =1 107 daqdss > O
DetA(1,3,4,5) =d;10pp daadas > O
DetA(2,3.4,5) =dps0s30aq0ss > O
Det A = dy10>2 d33dssdss > O

Hence all the determinants are nonnegative and thereferestitern have zero completion
into nonnegative § matrix.

Therefore it can be found that all patterns specifying acytibraphs forp =5and q = 3,
have zero completion to non-negativgRatrix
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CHAPTER FIVE

CYLES

5.1 Introduction
This section focuses on digraphs with 5Svertices and 3 arassa/ipaths start and end

at the same point. The objective is to determine whether yioke€ have nonnegative
Po-completion or not.

5.2 DIGRAPHS WITH 5 VERTICES AND THREE ARCS THAT
ARE CYCLES

Consider the digraph below:

5 @

Figure 5.2.1: A cycle witharcs 1t03,2to 1 and 3to 2

Permuting the vertices of the above digraph gives otheragigg with similar results,
example of the one that follows:
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Figure 5.2.2: Cycle isomorphic to digraph in figure 3.2.1aated via permutation (1532)

Using the cycle in figure 3.2.1:

di1 X2 a3 X4 X5
a1 O22 X23 Xo4 Xo5
LetA= | x31 azx d33 X34 X35 | be the partial nonnegativefnatrix specifying the
Xa1 Xa2 X43 Oaa X5
Xs1 Xs2 Xs3 Xs4 Oss

digraph.

Determinants of the principal submatrices
DetA(1,2) =d11022- X12821

DetA(1,3)= d11d33- a13Xa1

DetA(1,4)= di11das- X14%X41

Det A(1,5) = dj10s5- X15Xs51

DetA(2,3)= dy20d33- X23a32

DetA(2,4)= dpotas- Xpa%a2

Det A(2,5)= dyoss- Xo5X5)

DetA(3,4)= d33das- X3a%43

Det A(3,5)= d330s5- X35X53

78



Det A(4,5)= dg40s5- X45%54

DetA(1,2,3)= d11(dr2033- X23832) - X12(821033- X23X31) + a13(a21832- d22X31)
DetA(1,2,4)= d11(daodss- Xo4X42) - X12(821044-X24Xa1) + X14(B21Xa2- OooX41)

DetA(1,2,5)= di1(d22055- Xo5Xs52) - X12(821055- X25X51) + X15(821X52- O22X51)
DetA(1,3,4)= di11(dz3dss- X34%X43) - A13(X31044- X34X41) + X14(X31X43- U33X41)
DetA(1,3,5)= di1(d33dss- X35Xs53) - A13(X31055- X35X51) + X15(X31X53- A33X51)
DetA(1,4,5)= di11(daadss- Xa5X54) - X14(Xa1055- Xa5X51) + X15(X41X54- Aa4Xs51)
DetA(2,3,4)= d2(d33044- X34X43) - X23(832044- X34X42) + X24(832X43- U33X42)
DetA(2,3,5)= da2(d330s5- X35X53) - X23(8320055- X35X52) + X25(832X53- U33X52)
DetA(2,4,5)= dpo(daass- X45X54) - Xo4(X42055- Xa5X52) + Xo5(X42X54- Oa4X52)
DetA(3,4,5)= d33(d440s5- X45X54) - X34(Xa3055- Xa5X53) + X35(X43X54- U44Xs53)

Det A(1,2,3,4)= d11{02(033044- X34%43) - X23(832044- X34%42) + X24(832Xa3- U33X42)} -
X12{@21(d33044- X34X43) - X23(X31044- X34Xa1) + X2a(X31X43- d33X41)} + arz{azi(agzdas-
X34%X42) - O22(X31044- X34X41) + X24(X31X42- @32X41)} - X14{@21(832X43- U33X42) - U22(X31X43-
O33X41) + X23(X31X42- A32X41)}

Det A(1,2,3,5)= d11{dr2(d33dss- X35X53) - X23(A32055- X35X52) + Xo5(@32X53- U33Xs2)} -
X12{@21(d33055- X35X53)- X23(X310s55- X35X51) + Xo5(X31Xs3- d33Xsy )} + aus{azi(as2dss-
X35X52) - O22(X31055- X35X51) + Xo5(X31X52- @32%51)} - X15{a21(a32Xs53- d33Xs2) - U22(X31X53-
d33X51) + X23(X31X52- A32X51)}

Det A(1,2,4,5)= d11{d22(da40s5- Xa5X54) - Xoa(Xa20s5- X45Xs2) + Xo5(Xa2Xs4- UasXs2)} -
X12{@21(d44055- Xa5X54) - X24(Xa10s5- XasXs1) + Xo5(X41Xs4 - UagXs1)} + Xpa{@2a(Xa20ss-
X45X52) - O22(X41055- Xa5X51) + Xo5(Xa1X52- Xa2X51)} - X15{@21(Xa2Xs54- UaaXs2) - Ooo(Xa1Xs4-
daaxs1) + Xoa(Xa1X52- Xa2Xs51)}

Det A(1,3,4,5)= d11{d33(das0ss- X45X54) - X34(Xa3055- X45X53) + X35(Xa3Xs4- daaXs3)} -
a13{X31(0a4055~ X45X54) - X34(Xa1055~ Xa5X51) + X35(X41X54- AaaX51)} + X14{X31(Xa3055- X45Xs53)
- U33(X41055- X45X%51) + X35(X41X53- X43X51)} - X15{X31(Xa3X54- U44X53) - d33(Xa1X54- UaaXs1)
+ X34(X41%53- X43X51)}

Det A(2,3,4,5)= d22{d33(d4a0ss- X45X54) - X34(Xa3055- Xa5X53) + X35(Xa3X54- UaaXs3)} -
Xo3{@32(daass XasXs4) - X34(Xa20ss- XgsXs2) + X35(XaoXsa- daaXs2)} + Xoa{@sa(Xasdss-
X45%53) - d33(Xa2055- X45X52) + X35(Xa2X53- X43X52)} - Xo5{@32(Xa3X54- UaaXs3) - d33(Xa2Xs4-
O44X52) + X34(X42X53- Xa3X52)}
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DetA = d11[ doo{d33(d4ads5- Xa5X54) - X34(X43055- Xa5X53) + X35(Xa3X54- U4aX53)} - X23{@z2(d44dss-
Xa5X54) - X34(X42055- Xa5X52) + X35(Xa2X54- UaaXs2)} + X24{@32(X43055- Xa5X53) - d33(X42055-
Xa5X52) + X35(Xa2X53- Xa3X52)} - Xos{@32(Xa3X54- U4aXs3) - O33(Xa2Xs4- UaaXs2) + X3a(Xa2Xs3-
Xa3Xs2)} -

X12[ @p1{d33(da4s5- X45Xs54) - X34(Xa3055- Xa5X53) + X35(X43X54- Ua4Xs53)} - X23{X31(a40s5-
X45X54) - X34(Xa1055- Xa5X%51) + X35(Xa1X54- UagXs1)} + X24{X31(X43055- X45X53) - d33(X410s5-
X45X51) + X35(X41X53- X43X51)} - Xo5{X31(X43X54- Ua4X53) - A33(Xa1X54- daaXs1) + X34(X41X53-
X43%s1)}] +

aga[ ax1{az2(da40s55- Xa5X54) - X34(Xa2055- Xa5X52) + X35(X42X54- Aa4X52)} - Aoo{X31(d44055-
Xa5X54) - X34(X41055- Xa5X51) + X35(Xa1X54- OaaXs1)} + Xoaf X31(Xa20s55- X45X52) - 832(X41055-
X45X51) + X35(Xa1X52- Xa2X51)} - Xo5{X31(Xa2X54- Ua4Xs52) - 832(Xa1X54- UagXs1) + X34(Xa1Xs52-
Xa2Xs1)} -

X14] @21{@32(X43055- X45X53) - d33(X42055- Xa5X52) + X35(Xa2X53- X43X52)} - O22{X31(X43055-
X45%53) - 033(Xa1055- X45X51) + X35(Xa1X53- X43X51)} + X23{X31(Xa2055- X45X52) - @32(X410s5-
X45X51) + X35(Xa1X52- X42X51)} - X25{X31(X42X53- X43X52) - z2(X41X53- X43X51) + 033(X41X52-
X42Xs1)} +

X15[ 821{@32(Xa3X54- d44X53) - U33(Xa2X54- OaaXsp) + X3a(XaoXs3- Xa3Xs2)}- O22{X31(XazXs4-
d4aXs3) - d33(Xa1X54- JaaXs1) + X34(Xa1X53- Xa3X51)} + Xo3{X31(X42X54- UaaXs2) - 832(Xa1X54-
daaxXs1) + X3a(Xa1X52- Xa2X51)} - X24{X31(X42X53- Xa3X52) - @32(Xa1X53- Xa3X51) + d33(Xa1X52-
X42X%51)}]

Performing zero completion setting all the unspecifiediestio zero i.ex;o= 0, X14= 0,
X15= 0, X23= 0, X24= 0, Xo5= 0, X31= 0, X34= 0, X35= 0, X41= 0, X42= 0, X43= 0, X45= 0, X51=
0, x52= 0, X53= 0, X54= 0. The determinants of principal submatrices will be ;

DetA(1,2) =d11025 > 0
DetA(1,3) =dy1033 > 0
DetA(1,4) =d11044 > O
DetA(1,5) =dy10s5 > 0
DetA(2,3) =dpp0a3 > 0
DetA(2,4) =dpptag > 0
DetA(2,5) =dpp0ss > 0
DetA(3,4) =daatas > 0

DetA(3,5) =d33dss > 0
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DetA(4,5) =dgqds5 > 0
DetA(1,2,3) =d11022 d33 + a13a21a32 > 0, since all entries are nonnegative
DetA(1,2,4) =d110p2dgq > 0
DetA(1,2,5) =d11022 ds5 > 0
DetA(1,3,4) =d;1d33dss > 0
DetA(1,3,5) =d;1d33ds5 > 0
DetA(1,4,5) =d11d44ds5 > 0
DetA(2,3,4) =dpodzsdss > 0
DetA(2,3,5) =dp2d33dss > 0
DetA(2,4,5) =dp2d44ds5 > 0
DetA(3,4,5) =dz3d44ds5 > 0

DetA(1,2,3,4) =d1105 d33daat+aszaniagodas= daa(di10ro daz + agzapiazn) > 0, since Det
A(1,2,3)>0

Det A(1,2,3,5) =d11022 d330s55+ a13821832055= ds5 (11022 O3z + ajzapiazz)> 0, since
DetA(1,2,3)>0

DetA(1,2,4,5) =d;1d22 dagdss > 0
DetA(1,3,4,5) =dy1d22 d33d44 > 0
DetA(2,3,4,5) =d>2033044d55 > O

Det A = dy1022 d33dasdss+ ag3ap1832044055= daadss(d11022 daz + agzapia3p) > 0, since
DetA(1,2,3)>0

The pattern therefore have zero completion into nonneg&vmatrix since all the de-
terminants are nonnegative.

Hence digraph which is a cycle has zero completion to nortivegd-matrix.
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CHAPTER SIX

CONCLUSION AND RECOMENDATIONS

6.1 Conclusion

The study established that all the partial matrices sp@gfgigraphs p =5, g = 3, which
are either cycles or acyclic digraphs have zero completiorohnegative {2matrix.

6.2 Recommendation

Further research can be done to extend the findings of thity stucover 5 x 5 partial
matrices specifying digraphs with 5 vertices and more thanc8 and also 6 x 6, ........ ,
n x n matrices partial matrices. For cases whete 4, zero completion method would
be not appropriate to carry out the completion since it wayilet results that are not
conclusive, hence an approprite method should be derived.
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